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Abstract

By measuring accelerations and angular rates with the help of inertial measurement units
(IMU), attitude, velocity and position of a mobile platform in motion can be computed. The
integration of errors inherent to the signals leads to a drift of the solution over time. In order
to reduce this drift while keeping the advantages of an autonomous measurement principle,
quantum sensors are a promising concept. In experiments with cold atom interferometers
(CAI), great sensitivities and long term stability for the measurement of accelerations and
angular rates have been demonstrated. This technology uses wave-particle characteristics of
atoms, which are manipulated by a series of light pulses in order to realize different interfer-
ometer schemes. In the Mach-Zehnder pulse pattern, the internal states are split, reversed
and recombined, making the setup sensitive to accelerations as well as angular rates. Accurate
measurement with this technology is limited to a small bandwidth of signals. The preparation
of the atomic wave packet needs time in which the assembly is not able to measure. Ad-
ditionally, the sinusoidal observation equation of the CAI is generally ambiguous. For those
reasons, hybridization with high rate, large bandwidth conventional inertial sensors is the pro-
posed scheme for mobile applications. Up to now, this combination has mainly been explored
for stationary experiments with accelerometers only. A full quantum inertial navigation sys-
tem (QINS) demands inclusion of gyroscope measurement as well as experiments in dynamic
applications to validate the models and to further understand the behavior of CAI. The final
step toward such a QINS consequently has not yet been taken.
This thesis pursues an engineering approach to model CAI and QINS. Using methods from
the navigation and physics community, a kinematic model for the center of mass of the atom
wave packet is developed and applied, the velocity and position of the atoms computed, and
the phase shift ambiguity solved. This allows to integrate gyroscope measurements in the for-
mulation, as well as lever arm and misalignment between the sensor frame of the CAI and the
IMU, enabling a parametrization of the often unknown transfer function between the systems.
The error state kinematics of the wave packets furthermore allow an assessment of the limits
of the CAI and the hybridization in the light of dynamic applications. With the help of an
extended Kalman filter (EKF), the biases of the classical IMU are estimated. It can be shown
that the acceleration biases are always observable, while the observability of the gyroscope
biases demands a displacement or velocity of the atoms perpendicular to the sensitive axis.
The requirements to observe state vector augmentations like misalignments and lever arms
are discussed. The stability analysis results in a steady state formulation of the QINS. Under
stationary conditions, the performance gain of the QINS is evaluated. It can be shown that
the QINS navigation solution mainly profits from the long term stability of CAI.
An additional focus of this study is the optimal configuration of CAI and IMU, supporting
future system integrators in designing high performance QINS. Different designs are presented
and evaluated, one centered on a complete IMU with high accuracy CAI support, yielding
the best overall performance with positioning errors of less than ten meters after one hour
of free inertial navigation, the other one centered on the CAI with high rate accelerometer
support for applications under stationary conditions which further enhances the sensitivity to
accelerations by an order of magnitude. The methods are demonstrated experimentally based
on a static, one dimensional CAI data set. Furthermore, noise models for the application in
the EKF are derived. The remaining methods under dynamic conditions are verified with the
help of dedicated simulations.

Keywords: Cold Atom Interferometry, Inertial Measurement Units, Inertial Navigation





Zusammenfassung

Durch Erfassung von Beschleunigungen und Drehraten mittels Trägheitssensorik (IMU) las-
sen sich die Orientierung, Geschwindigkeit und Position einer mobilen Plattform berechnen.
Die Integration von Unsicherheiten in den Signalen führt zu einer allmählichen Drift der Lö-
sung. Zur Reduktion dieser Drift bei gleichzeitiger Wahrung der Autonomie des Messprinzips
sind Quantensensoren ein vielversprechendes Konzept. Experimente mit Atominterferometrie
auf Basis kalter Atome (CAI) lassen auf hohe Genauigkeit und Stabilität der Messung von
Beschleunigungen und Winkelgeschwindigkeiten hoffen. Diese Technologie macht sich Welle-
Teilchen-Eigenschaften der Atome zu Nutze, welche mittels gezielter Lichtpulse manipuliert
werden um Informationen über Beschleunigungen und Drehraten zu extrahieren. Akurate Mes-
sungen sind jedoch auf kleine Bandbreiten der Signale limitiert. Dies liegt einerseits an der
Zeit, die zur Kühlung der Atome benötigt wird und in welcher keine Messung möglich ist. An-
dererseits ist die sinusförmige Messgleichung des CAI im Allgemeinen mehrdeutig. Aus diesen
Gründen ist eine Hybridisierung mit klassischen Inertialsensoren mit hoher Rate und großer
Bandbreite ein oft diskutierter Ansatz für mobile Anwendungen. Diese Kombination wurde
bisher hauptsächlich in stationären Experimenten unter Nutzung einzelner Beschleunigungs-
messer untersucht. Ein vollständiges Quanteninertialnavigationssystem (QINS) erfordert die
Einbeziehung von Gyroskopmessungen sowie Experimenten in dynamischen Anwendungen zur
Validierung der Modelle und zum besseren Verständnis des Verhaltens von CAI.
Die vorliegende Arbeit verfolgt einen ingenieurwissenschaftlichen Ansatz zur Modellierung
von CAI und QINS. Unter Verwendung von Methoden aus der Navigations- und Physik-
Community wird ein kinematisches Modell für den Massenschwerpunkt der Atom-Wellenpakete
entwickelt, mit welchem sich die Geschwindigkeit und Position der Atome beschreiben und die
Mehrdeutigkeit der Phasenverschiebung lösen lässt. Dadurch können Gyroskopmessungen so-
wie Hebelarm und Fehlausrichtung zwischen dem Sensorrahmen des CAI und der IMU in die
Formulierung integriert werden, was eine Parametrisierung der oft unbekannten Übertragungs-
funktion zwischen den Systemen ermöglicht. Die Fehlerzustandskinematik der Wellenpakete
ermöglicht darüber hinaus eine Abschätzung der Grenzen des CAI und der Hybridisierung
im Hinblick auf dynamische Anwendungen. Ein erweitertes Kalman-Filter (EKF) wird vor-
gestellt, mit dem sich systematische Fehler der klassischen IMU schätzen lassen. Im Rahmen
einer Beobachtbarkeitsanalyse wird gezeigt, dass die Beschleunigungsbias immer beobachtbar
sind, während die Schätzung der Drehratenbias eine Positionsverlagerung oder Geschwindig-
keit der Atome senkrecht zur Messachse des CAI erfordert. Die Beobachtbarkeit weiterer
systematischer Effekte wie Fehlausrichtung und Hebelarm wird diskutiert. Eine Steady-State
Formulierung des QINS wird erarbeitet, welche eine Abschätzung des Performance-Gewinns
des QINS ermöglicht. Den Ergebnissen zufolge wird die Verbesserung der Navigationslösung
insbesondere durch die Langzeitstabilität des CAI erzielt.
Ein zusätzlicher Schwerpunkt dieser Arbeit sind die Untersuchungen zu einer optimalen Kon-
figuration von CAI und IMU, welche Methoden und Formeln für den Entwurf zukünftiger
hochperformanter QINS bieten. Es werden unterschiedliche QINS-Designs vorgestellt und be-
wertet. Eine Positionsgenauigkeit von weniger als zehn Metern nach einer Stunde freier inertia-
ler Navigation scheint möglich, während sich unter stationären Bedingungen eine weitere Ge-
nauigkeitssteigerung der Beschleunigungsmessung um eine Größenordnung erzielen lässt. Die
Methoden werden experimentell anhand eines statischen, eindimensionalen CAI-Datensatzes
demonstriert. Darüber hinaus werden Rauschmodelle für den Einsatz im EKF abgeleitet.
Anwendungen der Methodik unter dynamischen Bedingungen werden mit Hilfe dedizierter
Simulationen verifiziert.

Schlagwörter: Kaltatominterferometrie, Trägheitssensorik, Inertialnavigation
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1
Introduction

Inertial navigation is the art of estimating position, velocity and attitude; the so-called kine-
matic states. This is realized by an integration of measured angular rates, which yield in-
formation about the orientation in a certain reference frame, and accelerations, which can
be transformed to said reference frame in order to compute the velocity and position. The
problem that arises from this way of dead-reckoning is the drift of the solution. Only a few
seconds of free inertial navigation can lead to a position uncertainty of several meters. One
way of countering this deterioration of the navigation performance is the use of sensor systems
which measure an absolute quantity. Examples are radar, long range navigation based on ra-
dio pulses, e.g. LORAN-C (1950-1990), and Global Navigation Satellite Systems (GNSS).
The latter technique is the state of the art for modern global absolute positioning, and is
getting more relevant even to this day. Examples are the American Global Positioning Sys-
tem (GPS), the Russian Globalnaja Nawigazionnaja Sputnikowaja Sistema (GLONASS), the
Chinese Beidou, the European Galileo and a number of other national and private owned
systems.

Those cooperative systems require a large infrastructure. Furthermore, a line-of-sight be-
tween the components, e.g. satellite and platform-mounted receiver antenna, is necessary.
Another disadvantage is the low signal strength of the microwave signals, which makes the
system easily affected by jamming attempts in the corresponding frequency range. A similar
problem arises from the more sophisticated spoofing attacks, in which signals are designed
to make the receiver believe they were transmitted from the navigation satellites. While for
some civilian applications this would be a nuisance at most, in fully automatic applications
like autonomous driving it can lead to accidents and more severe situations. Other absolute
techniques like Light Detection and Ranging (LiDAR) and the use of ranging stations (pseu-
dolites) additionally require knowledge about the position of the stations, or environmental
features, respectively.

The answer to the improvement of purely autonomous inertial navigation thus appears to
be the use of higher quality inertial sensors. Hemispherical resonator gyroscopes (HRG),
ring laser gyroscopes (RLG) and fiber optic gyroscopes (FOG) can reach very high levels of
accuracy, with a drift at the 8×10−5 deg/h level. For high-end commercial accelerometers the
options with respect to high accuracy are mainly found in shape of mechanical pendulous force-
feedback systems (Groves, 2015) and some other promising technologies like vibrating fiber
optics accelerometers and surface acoustic wave accelerometers (El-Sheimy & Youssef, 2020).
The common issue is the long-term stability, which somewhat limits the achievable position
accuracy for free inertial terrestrial navigation over extended periods of time (Lawrence, 2001;
Titterton & Weston, 2009).

One of the most promising high accuracy options is cold atom interferometry (CAI) (Ka-
sevich & Chu, 1992). Compared with other accelerometer technologies, CAI based systems



2 1 Introduction

exhibit unprecedented levels of sensitivity and long-term stability, cf. Fig. 1.1. This technol-
ogy is furthermore sensitive to angular rates, in principle making it possible to design a full
inertial measurement unit based on a single technology. The performance of CAI prototypes
for angular rate measurements at least compares to current technologies like RLG, FOG and
HRG. However, there is a number of challenges that need to be tackled when opting for this
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Figure 1.1: CAI in comparison to other inertial sensor technology. The colored dots represent prototypes
or commercial products of inertial sensors which will partly be covered in the later chapters. Left: one-
axis CAI gravimeters yield superior sensitivity and long-term stability as compared to classical accelerometer
technologies (Sources1). Right: in comparison to other gyroscope technology (Sources2), CAI has promising

long-term stability and sensitivity. In comparison to high-end FOG, the performance gap is not as large.

novel design. Due to its limited dynamic range associated with the ambiguity of the sinusoidal
observation equation, CAI alone is not expected to be applicable to highly dynamic trajec-
tories. Thus, hybridization, i.e. the combination of high accuracy CAI with classical high
rate inertial sensors for synergistic effects, is an often discussed concept. Up to date, a fully
integrated quantum inertial navigation system (QINS) for mobile terrestrial applications has
not yet been realized. The research in this field is highly dynamic and work in this direction
so far can be divided in three categories:

A first category are experimental setups in a static mode. Classical sensors are applied in
order to increase the dynamic range of the atom interferometer, or simply to enable operating
the interferometry in the presence of ambient vibrations (Cheiney et al., 2018; Fang et al.,
2016; Gouët et al., 2008; Lautier et al., 2014; Merlet et al., 2009; Zhang et al., 2019).

Aside from the experiments in static mode, mobile applications have been demonstrated
as well. This includes parabolic flight experiments (Battelier et al., 2016; Geiger et al., 2011)
and marine applications (Bidel et al., 2018, 2020). Here, an alternative scheme is using
gravimetry in conjunction with gravity map matching techniques. While this method allows
absolute positioning and thus exhibit no drift of the positioning solution, the accuracy is
comparably low and in the order of several hundreds of meters (L. Wu et al., 2017). A
mobile marine quantum gravimeter without the need of a stabilization was presented by the
company Vector Atomic (VectorAtomic, 2023). Another airborne gravimetry campaign is

1Capacitive: Rudolf et al. (2014); Serrano et al. (2014). Resonant: Han et al. (2021); Mustafazade et al.
(2020). Servo: Honeywell (2020); iMAR (2017b). CAI: Freier et al. (2016); Vermeulen et al. (2018).

2MEMS: SBG-Systems (2022). FOG: Cordova et al. (1996); Korkishko et al. (2017); Lefevre et al. (2020);
Mead and Mosor (2020). RLG: Honeywell (2018); iMAR (2017b). HRG: Delhaye (2018). CAI: Durfee et
al. (2005); Savoie et al. (2018).
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currently planned in the AeroQGrav project (BMBF, 2022), in which an integrated solution
of an atomic gravimeter, classical accelerometers, LiDAR and GNSS is proposed.

The entirety of the mobile applications were demonstrated for gravimetry only, i.e. the
measurement in a single, mainly downward, direction. Also, none of the experiments have
seriously demonstrated the hybridization of an actual CAI with classical angular rate sensors
so far. For some implementations a Kalman filter for optimal combination of the measurements
of both sensors is used which in its many extensions is state of the art in navigation applications
since the Apollo missions (Goodman, 2009).

A third category of scientific investigations are the simulation studies, with the goal to
examine the feasibility and thus pave the way for quantum navigation (Bochkati et al., 2017;
Jekeli, 2005; Wang et al., 2023; Wright et al., 2022).

A catalog of open questions remains, that are highly relevant for the final step toward QINS
in terrestrial navigation, and have not yet been answered. They include:

� Hybridization of a full six degrees of freedom (6DOF) classical inertial measurement unit
(IMU) with CAI. While measurements for single acceleration axes have been demon-
strated, no field experiment of a multi-axis CAI has been reported so far. Furthermore,
no assessment or serious performance studies about realistic combinations of a complete
IMU with a 6DOF CAI have been published so far.

� The hybridization is often based on correlation of the CAI signal with high rate vibra-
tion measurements transformed into the CAI observation space by its so-called sensitivity
function to accelerations (Cheinet et al., 2008). A generalized model for the transforma-
tion including systematic effects like the spatial distance and the misalignment between
the two sensor systems is essential to allow more insight and to draw meaningful con-
clusions for future QINS design decisions.

� The drift of the classical sensor’s during the measurement cycle of the CAI is seldom
discussed. It is mentioned in literature on multiple occasions, that the noise of the
classical sensor affects the performance of the combined sensor (Bidel et al., 2018; Geiger
et al., 2011; Richardson et al., 2020), but there were no detailed studies about the actual
quality requirements for the classical system so far. An analytical description would be
highly beneficial for future QINS design decisions.

� A similar important topic is the impact of sensor dead times on the QINS solution. In
literature it is often mentioned that the classical sensor helps in bridging the CAI dead
times (Bidel et al., 2018; Cheiney et al., 2018; Jekeli, 2005). However, it was never
analyzed how long this dead time can actually be, as the drift of the classical sensor
might lead to a loss of the CAI fringe-ambiguity solution as well. This is relevant from
several points of view. Some multi-axis CAI designs (Gersemann et al., 2020) rely on a
subsequent measurement of the three spatial axes which increases the dead time for the
measurement on each single axis. Additionally, CAI outages could occur in situations
where certain dynamics limits are exceeded, and need to be reckoned with.

The goal of this thesis is to find answers to each of those questions. First and foremost,
it is centered around the development of a concept to combine the measurement of CAI and
IMU. As extension of the work presented in Tennstedt et al. (2023), the CAI will be applied
as a support sensor for a classical IMU, effectively realizing a QINS.

This hybridization concept will be evaluated partly on experimental data which allows to
evaluate the scheme in a static lab environment, where a one-axis CAI is combined with
a one-axis accelerometer. This allows to derive a noise model of the CAI and to explain
some important aspects of the proposed scheme. As the development toward dynamic field
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experiments has not progressed far enough at the time of writing, the perspective of an
application of the hybridization scheme in kinematic applications is discussed based on few
but dedicated simulations.

There are two ways to approach this thesis as a reader. In case one is new to the field of
applications of quantum sensors in navigation and keen to understand how the technology
works, reading the work from start to end is highly recommended. In case one is interested
in concrete solutions to certain challenges of CAI and QINS, Tab. 1.1 directly refers to the
corresponding sections. In any case, the road-map in Fig. 1.2 indicates the interaction of the
sections, and might help to provide an overview of the material at hand.

The remainder of this thesis is structured as follows: In Chap. 2, the methods of inertial
navigation, especially for strapdown navigation systems, are presented. Some state-of-the-art
accelerometers and gyroscopes are presented, while a subset that is relevant for the thesis is
discussed in more detail. This is followed by a general error model for acceleration and angular
rate measurements and typical methods for the assessment of stochastic sensor errors. The
chapter is concluded with the effect of the errors on the navigation solution in the terrestrial
reference frame.

In Chap. 3, the application of atom interferometry as inertial sensor is developed, starting
with a short historical overview and the methods that are used in order to extract inertial
information from the sensors. In particular, a model for the interferometric phase shift is
presented. The chapter is concluded with the challenges that occur when planning to use
atom interferometry for highly dynamic applications. Thus, the methods, equations and
major arguments for the hybridization with a classical high-bandwidth sensor are prepared.

Chap. 4 contains the core of this thesis. The chapter starts with a detailed description of the
methods used to combine the measurement of both sensor systems. The motion differential
equations of the wave packet center of mass is solved by using data of the classical IMU, while
the atom interferometer is implemented in a Kalman filter in order to correct the drift of
the conventional solution. This filter is analyzed and some aspects like the choice of classical
sensors and atom interferometer parameters are discussed, as well as other open questions
that regard the implementation of such a QINS. The chapter is concluded with a number of
simulation studies in which the theoretical findings are demonstrated and further discussed.

In Chap. 5 a noise model for the atom interferometer is introduced. The aspects and
steps needed to parameterize the models based on experimental data are summarized. The
hybridization scheme is furthermore applied to data of a single-axis experimental CAI proto-
type.

A final conclusion is then presented in Chap. 6. The content is summarized and an outlook
for future developments is provided.
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Challenge Solution Section

CAI: systematic errors associated with
the response function to accelerations

Assessment of the errors; this opens up
further opportunities like avoidance of
the measurement or consideration in CAI
uncertainty model

3.3

Trade-off: dynamic range vs. sensitivity
Atom Strapdown: trade-off does not
occur since the ambiguity is solved by
IMU

3.4

CAI: trajectory dynamics exceed the
physical limit

Detection and avoidance of measurements
in such cases 3.5

Drift of the navigation solution
Hybrid navigation: long-term noise of
CAI defines the long-term drift of the
hybrid solution, which is largely reduced

4.2

Transformation between IMU and CAI
Included in Atom Strapdown formalism;
calibration of misalignment and lever
arms possible

4.3.3

Trade-off: IMU quality vs. QINS sensi-
tivity gain

Optimal hybridization for maximum
sensitivity gain 4.4.1

Trade-off: atom preparation time vs.
dead time

Use of classical accelerometers with
sufficiently low drift 4.4.2

Adequate model for the unknown CAI
uncertainties

Least squares and/or maximum likelihood
estimation 5

Table 1.1: Challenges of CAI navigation and solutions presented in this thesis
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2
Characteristics of Inertial Sensors

2.1 Introduction to Inertial Navigation and Inertial Sensors

2.1.1 General Overview

Inertial navigation is all about the autonomous estimation of the kinematic state of a moving
platform. Early applications of navigation approaches without external references can be
found in nautical navigation, where the attitude was determined by magnetic compasses and
the velocity by an assumption of the ship’s speed. With the time between two measurements
as additional information, the navigator was tracking the position of the ship in the ship’s log
book by updating the last value with the orientation and the relative change of the position
due to the velocity. This type of position estimation was highly dependent on the accuracy of
the orientation, the knowledge of the velocity, and the precision of the prior estimate. Hence
the label dead reckoning, the calculation of the relative position without any knowledge of
an accurate global position, is often a synonym for inertial navigation.

This basic principle of inertial navigation, the attitude estimation and the velocity/position
estimation, has not changed in the past centuries. Even modern ships use combinations of
spinning mass or optical gyroscopes, in order to determine the orientation, and sonar for the
estimation of the ship velocity. Modern sensors used for inertial navigation can be grouped
in two categories, the gyroscopes and the accelerometers. Another sensor often included in
low-cost inertial measurement units is the magnetometer. Magnetometers sense orientation
with respect to the Earth’s magnetic north without measuring inertial quantities. They do
not count as inertial sensor in the strict sense and will not be further covered in this work.

With the use of three accelerometers, each one oriented toward one spatial axis, the velocity
and position in 3D space can be computed in theory. In practice this only works in case the
orientation of the sensors does not change. At that point in the early days of navigation, the
gyroscopic effect came into play. A rigid rotor with a certain angular momentum, i.e. mass and
angular rate, tends to keep the orientation of its rotation axis with respect to an inertial frame.
If such a rotor is placed together with the accelerometers on a platform, and furthermore if this
platform is connected to the frame of the vehicle via three independent gimbals, cf. Fig. 2.1,
the whole platform keeps its orientation while the vehicle may be changing its direction. If the
angles between the gimbals are now measured, for instants, by angle encoders, the orientation
of the vehicle with respect to the inertial frame can be measured.

This gyro-stabilized platform obviously has the disadvantage of size, weight and the
need for maintenance, as a number of mechanical and moving parts are involved. As compu-
tation power got more advanced, and better gyroscope technologies were available in the late
1970s (Tazartes, 2014), the stabilized platform was partially replaced by so-called strapdown
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Outer gimbalVehicle

Inner gimbal

Roll pickoff

Yaw pickoff

Rotor

Outer gimbalVehicle

Inner gimbal

Pitch pickoff

Roll pickoff

Yaw pickoff

Accelero-
meters

Gyroscopes

Figure 2.1: Inertial navigation system platforms. Left: mechanical gyro which can be used to stabilize a
platform in two directions. The roll and yaw pickoffs yield absolute information about the inclination and
the heading of the vehicle. Right: complete inertial navigation system (INS) with three angle pickoffs. If
the gimbals were removed and the sensors placed directly on the vehicle frame, the setup would resemble a

strapdown inertial navigation system.

systems. Here, the accelerometer triad is placed, i.e. strapped down, directly on the vehicle
frame, and registers the same dynamics as the vehicle. In addition to the accelerometers, a
triad of gyroscopes is involved to realize a complete inertial measurement unit (IMU). The
gyroscopes are used to infer about the spatial orientation of the platform with respect to the
inertial frame. This can happen, for an example, by integration of the angular rates in an atti-
tude computer. This orientation is then used to transform the accelerations measured by the
accelerometer triad and integrate them in order to apply the velocity and position estimation
in the required target coordinate system. The general signal flow is illustrated in Fig. 2.2.

Gravity has a large effect on free inertial navigation, i.e. navigation without any supporting
systems like GNSS. However, just a single inertial measurement unit alone cannot distinguish
between accelerations caused by gravity or non-gravitational effects. As a result, gravity
maps or models like latitude-dependent functions are used by a gravity computer in order
to compensate for those additional acceleration effects. This estimate may lead to errors in
the accelerations that accumulate over time. Other drawbacks of this strapdown approach
include the drift of the solution, which is directly related to the noise and signal-drift of the
sensors that are involved. Also additional effects occur that need to be compensated, such
as axis cross-talk due to non-orthogonality of the sensor triads. Finally, the computer needs
enough processing power to solve the navigation equations in a sufficiently high data rate.

From a system engineering and control theoretical point of view, the strapdown naviga-
tion algorithm has further properties that will be discussed in the frame of the following
topics involved in the remainder of this chapter. First, some of the relevant gyroscope and
accelerometer technologies that are available today will be presented and shortly evaluated.
This is followed by a presentation of the differential equations of the strapdown navigation
algorithm in Sec. 2.2. The solution to those equations is presented in Sec. 2.3. The general
solution of systems in state space is then discussed in Sec. 2.4, which paves the ground for
the discussion of the impact of the IMU errors. The models that are used are presented in
Sec. 2.5. The chapter then concludes with a discussion of the long-term navigation perfor-
mance in Sec. 2.6, including the drift of the kinematic state estimates due to IMU errors,
as well as some further aspects of the dynamics that occur due to the feedback loops in the
strapdown navigation system.

Before moving on with the technology section, two important sensor characteristics need to
be shortly explained.
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Figure 2.2: Signal flow in a strapdown inertial navigation system. The navigation solution as depicted is
computed with respect to a navigation frame (n-frame). Based on the angular rates ωb

ib, the attitude Cn
b

between the b- and n-frame is computed. The specific forces f b
ib are transformed into the n-frame, corrected

by an estimate of the gravity gn and the Coriolis acceleration fcor. By double integration, the velocity vn
eb and

position xn
eb of the platform in the n-frame can be evaluated.

� Sensitivity is related to the level of white noise density in a sensor signal which is often
stated in unit/

√
Hz. The longer a quantity is measured, up to a certain point, the more

data can be averaged in order to reduce the deviation from the true value.

� Stability is the minimum level of uncertainty that can be reached by averaging the sensor
data. It has the same physical unit as the measured quantity.

This merely verbal introduction should suffice for now, to set the numbers that are going to be
stated next for some sensor technologies in relation. A more detailed explanation will follow
in Sec. 2.5.

2.1.2 Gyroscope Technology

A simple mechanical gyroscope, like it was illustrated in Fig. 2.1, consists of a spinning mass
which is mounted in one or more gimbals (Magnus, 1971, p. 460). By building up a large
momentum due to high angular velocity of the mass, the free rotor tends to keep its orientation
with respect to the inertial frame. If such a sensor is used on the rotating Earth under the effect
of gravity, it shows a different behavior. If it is not perfectly aligned with the gravity vector g,
it starts rotating toward geographic North as a response to the misalignment. However, as the
orientation passes the meridian, the sign of the motion reverses, effectively causing the axis
of the rotor to oscillate at a slow pace. This oscillation around the meridian has the angular
rate

ωs =

√
|g|
R
, (2.1)

where R is the radius of the Earth. The period associated with this frequency is often called
Schuler period. If the oscillation is dampened by a sophisticated mechanism, the orientation
converges to the geographic North after some time. A similar oscillatory effect occurs in
strapdown inertial navigation and will be discussed in Sec. 2.6.

The first commercial application of spinning mass gyroscopes started 1907 on ships
(Lohmeier, 1992, p. 20). They are still used today, as the orientation measurement is absolute
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and as such does not inherit any drift. The drawbacks are the moderate accuracy of 0.1 deg
and the mechanical wear out, especially of the rotor bearings. Furthermore, the system needs
some time to start up and is easily disturbed by external forces, especially when the built-up
angular momentum is still low.

The best performance for spinning mass gyroscopes is achieved with electrostatically sus-
pended gyroscopes, where the mechanical parts of the bearings are replaced by electrostatic
levitation of the rotor. With such a system, stability levels of 1.7 × 10−12 rad/h are proposed
(Bencze et al., 2007), when isolated from any unwanted perturbations.

The next important technology is the ring laser gyroscope (RLG) as demonstrated by
Macek and Davis (1963). The sensor uses the so-called Sagnac effect (Post, 1967). As depicted
in Fig. 2.3, light from a single source is split, reversed by a mirror, and then recombined by
another splitter, in order to produce coherent waves at the output port. In case of a rotation
of the apparatus, for example due to the Earth rate, the two paths of the laser have a different
length. This leads to a phase shift which can be seen in the interference pattern.

Mirror

Mirror
Beam splitter

Beam splitter

Detector 1

D
e
te

ct
o
r 

2

Laser

Figure 2.3: Scheme of a Sagnac interferometer. The Sagnac effect describes the occurrence of interference
patterns at the detectors. The phase shift ∆ϕ yields information about the angular rate ω of the frame.

With the RLG a frequency difference ∆f can be measured, which in turn is related to the
rotation rate ω in the sensor frame. The integrated ∆f in a time interval τ yields the phase
change ∆ϕ (Jekeli, 2001, p. 76), resulting in the following relationship:

∆ϕ = 4Ar

Lλ
n ·
∫ τ

0
ω dt. (2.2)

Further parameters are the enclosed area Ar with the normal vector n, corresponding to the
sensitive direction of this particular sensor axis, the laser wavelength λ and the perimeter L.
The beat notes of the difference signal can be measured by a photodetector with sufficiently
high bandwidth. The signal thus is directly proportional to the rotation rate of the apparatus.

The scale factor of the RLG mainly depends on the ratio of area and perimeter that the
lasers enclose. A large area improves the scale factor, whereas a larger perimeter reduces it.
This can sometimes render alternative designs like the square relevant, but at the same time
makes it hard to considerably improve the scale factor. One of the largest ring laser gyroscopes
is the ROMY (Igel et al., 2021), in which four1 triangular ring lasers with 12 m side length
are assembled in a way that each of them resembles one side of a tetraeder. The sensitivity of
this sensor easily reaches sub-nrad/s/

√
Hz levels. Another disadvantage is the lock-in effect

1For redundancy reasons.
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which occurs for low angular rates. In this case the frequencies of the two laser beams tend
to "lock together" (Titterton & Weston, 2009, p. 120) and thus cannot be distinguished. As a
consequence, no difference signal and thus no measurement of the angular rate can be obtained.
The lock-in effect demands additional active compensation like the dither-technique, which in
turn adds additional high-frequency noise to the sensor signal.

A few years after the RLG, Vali and Shorthill (1976) presented a slightly different scheme in
which the counter-propagating light is guided in a glass fiber. This fiber optical gyroscope
(FOG) allows to increase the enclosed area by a multitude. They state the following path
difference for a laser beam with the velocity of light c enclosing an area Ar which rotates with
the angular rate ω:

∆x = 4Ar

λc
ω. (2.3)

In practice, the fiber is coiled up, such that the enclosed area Ar is defined by the number of
windings nw of the fiber when one coil is a circle with diameter d,

Ar = π

4 d
2nw. (2.4)

Even though the fiber length and thus the sensitivity of the sensor could easily be largely
increased, there is a number of effects that prevent an arbitrarily large scale factor. Namely,
the coupling efficiency of the light into the fiber, as well as the attenuation factor of the fiber
itself. One large advantage of the FOG is that it has no lock-in effect and, as a consequence,
no mechanical moving parts are needed. It can thus be seen as a passive Sagnac gyroscope.
Still, Vali and Shorthill (1976) pointed out that the performance of their FOG is inferior to
the ring laser. This was the dominant way of thinking for a long time.

At the end of the 20th century there were some major improvements, namely a better
material for the coil fiber, integrated optics and entirely digital signal processing, which lead
to the next generation of fiber optical gyroscopes (Lefevre et al., 2020). For current strategic-
grade products of companies like Exail (former iXBlue) with the "Marins" and Optolink with
the "SRS-5000" (Korkishko et al., 2017), sensitivities and long-term stabilities in an order of
magnitude of less than 1 × 10−5 deg/sqrt(h) and deg/h, respectively, at a coil length of 5 km
have been reported. Further improvement in order to allow coil lengths of over 10 km might
lead to a bias drift of less than 4.7 × 10−6 deg/h, as Paturel et al. (2014) discussed.

The last major category that needs mentioning are the vibratory gyroscopes. There is a
vast number of different implementations in consumer-grade micro-electromechanical systems
(MEMS) up to high performance hemispherical resonator gyroscopes (HRG). They are often
based on the Coriolis effect, i.e. a displacement of proof mass m with a well-defined velocity
v due to a force fc associated with a rotation ω of the sensor,

fc = 2mω × v. (2.5)

The hemispherical resonator gyro uses a feature of resonating structures, which, similar to the
spinning mass gyroscopes, tend to keep their orientation even as the support frame rotates
(Rozelle, 2009). Such a sensor consists of a hemispheric resonator, which may be made from
fused quartz. The rotation rate is related to the nodes of the standing wave of the resonating
hemispheric structure which are measured e.g. with a capacitive pickoff (Matthews & Rybak,
1992).

While low-cost and consumer grade designs are certainly possible, the production of high-
end devices needs to be highly accurate and is comparably expensive. Main applications are
in space (Jerebets, 2007) and for high accuracy inertial navigation. Major manufacturers are
Safran and Northrop Grumman. Evaluations of strategic grade HRG indicate a white noise
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density of 2 × 10−4 deg/sqrt(h) and a bias stability of 1 × 10−4 deg/sqrt(h) (Delhaye, 2018),
which puts it in the same category as FOG and RLG, performance wise (Matthews & Rybak,
1992).

2.1.3 Accelerometer Technology

In the domain of accelerometers, there is a large number of different technologies available.
Mechanical accelerometers can be understood as a mass-spring system, where a well-
defined mass is placed between two spring elements in an enclosed casing, cf. Fig. 2.4. If the
system is affected by external forces in direction of the sensitive axis, the mass is accelerated
and the displacement can be read out to infer about the actual acceleration by some means
of pickoff. This simple design is often called open loop, as the displacement of the mass
is acquired directly. One special case is the pendulous accelerometer. Here, the mass in the
general case can be connected by one hinge made out of spring material. If external forces are
affecting the mass, a displacement can be registered.

Sensitive 
axis

PickoffProof mass

Non-gravitational forceEquilibrium

CaseSpring Displacement

Figure 2.4: Scheme of a force feedback accelerometer. Left: proof mass is in equilibrium. Right: an acceler-
ating force leads to a displacement of the proof mass, which can be related to the acting acceleration.

The drawback of this open loop approach is the comparably low dynamic range, e.g. in case
of large accelerations, the mass might reach the end of the casing. Furthermore, non-linearity
of the transfer between the displacement and the output of the sensor is a large issue.

In contrast to the open loop design, the spring can be replaced by an actuator of some sorts,
which is steered by using information about the displacement of the mass, effectively holding
the mass in a state of equilibrium. This way of feeding back the signal to the actuators is
called closed loop design. To the cost of greater complexity of the system and a dependency
of an external power supply, the advantages are an improved dynamic range due to higher
stiffness, which is directly related to the gain factor of the force feedback, as well as largely
improved linearity due to the controlled equilibrium state. On the other hand, the shock
resistance of the closed loop system is generally lower, as a large acceleration far beyond the
operating point might damage the sensor.

One specific closed loop pendulous design is the Q-Flex (Q for quartz, Flex for flexure),
as depicted in Fig. 2.5. The design was first presented in Jacobs (1972). The main feature
is the monolithic structure of the pendulum and the hinge, which are made from a block of
fused quartz. The pendulum is provided with coils in order to realize an electromagnet. The
proof mass is surrounded by permanent magnets which together with the coils on the mass
form the feedback actuator. The pickoff is realized by capacitors. The major manufacturer
of the Q-Flex is Honeywell. Typical sensitivity levels are in the order of 1 × 10−5 m/s2/

√
Hz

and below, with a bias floor reached well after several tens of seconds (Roussel et al., 2015).
This design currently yields one of the best overall performances that can be achieved with a
commercial navigation grade accelerometer.
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Figure 2.5: Scheme of a Q-Flex accelerometer. The proof mass and the spring hinge are manufactured from
one block of fused quartz. A capacitive pickoff signal is amplified and fed back into the system to generate an
electromagnetic force through the coils, which holds the pendulum in equilibrium. Sketch based on Lawrence

(2001, p. 62).

Another closed loop design without mechanical parts involved is the electrostatic accelerom-
eter (EA), like developed by Christophe et al. (2015). Here, the proof mass is suspended by
an electrostatic field which at the same time acts as an actuator. Capacitive pickoffs measure
the displacement of the proof mass, enabling inference about the accelerations in 3D. For the
highly sensitive devices in the level of 1 × 10−10 m/s2/

√
Hz, the dynamic range in the sub-

mm/s2 realm is somewhat limited (Krasnov & Rozentsvein, 2022). This is the reason why this
sensor is mostly applied in space, like in gravity field recovery missions (Knabe et al., 2022).

Accelerometers can also be based on thermal effects, the magnetic Hall effect, or opto-
mechanical principles that will not further be covered. Also, use of the piezoelectric effect can
be made in order to create a sensitive element. As this typically exhibits a large drift, this
type of sensor in general is better used in consumer electronics or in crash-test applications.
Their applicability for navigation purposes is rather limited.

This concludes the inertial sensor technology section. The main takeaways are that in
modern sensor design, the trend goes in the direction of having small, monolithic designs that
in the ideal case have no moving parts involved. For the gyroscopes, this is the fiber optic and
hemispheric resonator design alike. In fact, the highest sensitivities and long-term stabilities
have been achieved with fiber optic gyroscopes, and the limit is not yet reached (Paturel et
al., 2014). For the accelerometers such a design can be found in shape of the Q-Flex and some
optical interferometry based designs, cf. Lawrence (2001, p. 55).

2.2 System Model in Dynamic Environment

2.2.1 Coordinate Frames

A number of different coordinate frames is required in order to include and model the effects
that are ultimately measured by an inertial sensor. All systems that will be stated next are
right-handed.
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The (inertial) i-frame spans the mathematical basis in which the motion differential equa-
tions are valid. This is typically a frame which is neither accelerating nor rotating. In this
thesis, the origin of the inertial frame is the center of mass of the Earth, cf. Fig. 2.6. The axis
i3 aligns with the rotation axis of the Earth. The i1-axis points toward the vernal equinox.
The axis i2 completes the right-handed system. Subsequently, the frame will be labeled Earth-
centered inertial (ECI).

Greenwich 
meridian

Equatorial plane

e1

e3

e2

i3

i1

i2

n1

n2

n3

Figure 2.6: Reference frames in a spherical Earth model. The e1-axis points towards the intersection of the
Greenwich meridian with the equatorial plane. The e3-axis is parallel to the i3-axis of the star-fixed i-frame.
The n-frame origin position corresponds to the latitude B and longitude Λ, and the distance from the Earth

center.

Like the ECI frame, the e-frame has its origin at the center of mass of the Earth. The
e1-axis points toward the intersection of the Greenwich meridian with the equatorial plane. It
is a rotating frame w.r.t. the axis e3 with the Earth rotation rate Ωe

ie. The e2-axis completes
the right-handed system. Since the frame is fixed to the rotation of the Earth, this coordinate
system is often abbreviated Earth-centered Earth-fixed (ECEF). There is a number of factors
like nutation, precession and other tidal effects that have an impact on the magnitude of
the Earth rotation rate. However, the amplitude of those effects seldom exceeds 10−10 rad/s
(Yoder et al., 1981). In the context of this thesis, a constant value of 7.292115 · 10−5 rad/s
(Hofmann-Wellenhof et al., 2001, p. xxiii) is assumed as magnitude for Ωe

ie.

In order to describe motion in a local basis, a tangent (navigation) n-frame is introduced.
The axes are defined in North-East-Down (NED) convention, where the n1-axis points towards
the geographic North. Unfortunately, the shape of the Earth is not regular and the definition
of a position with respect to the surface demands approximations of the actual shape. For this
purpose reference ellipsoids are often used. For the tasks addressed in this thesis, a simplified
spherical Earth model is sufficient. Here, the n3-axis is aligned downwards with the local
gravity vector, and the n2-axis is perpendicular to both. The frame origin may be placed at
the center of mass of a vehicle. In order to express the orientation of this vehicle however, an
additional coordinate system is needed.

The vehicle-fixed b-frame shares the origin with the n-frame. The axes are aligned with the
main axes of the vehicle, but may have a different orientation with respect to the n-frame. Since
this attitude is always well-defined in the tangent frame, the axes can be chosen relatively free.
In this thesis the axes are defined according to the forward-right-down convention, meaning
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that the b1-axis is pointing in the forward movement direction of the vehicle, while the b3-axis
is pointing parallel to n3, and b2 in right direction completes the right-handed system.

In order to model misalignment errors and include the lever arm of single sensor systems
w.r.t. the center of the b-frame, the introduction of additional sensor-fixed coordinate frames
is useful. Similar to the b-frame, this s-frame is usually body-fixed and can be designed
depending on the sensor and the respective sensitive elements. The atom interferometer as
introduced in Chap. 3 will be equipped with its own s-frame.

Frame Coordinate Rotations and Rotation Expression

The difference between the star-fixed i- and the Earth-bound e-frame consists of the rota-
tion of the Earth around the e3-axis with magnitude ωe

ie. This results in a time-dependent
transformation Ce

i defined by

Ce
i (t) =

 cos (ωe
iet) sin (ωe

iet) 0
− sin (ωe

iet) cos (ωe
iet) 0

0 0 1

 . (2.6)

The transformation between the e-frame and the tangent n-frame depends on the position
on the spherical Earth, latitude B and longitude Λ. The rotation Ce

n is given by (Hofmann-
Wellenhof et al., 2001, p. 284):

Ce
n =

− sin B cos Λ − sin Λ − cos B cos Λ
− sin B sin Λ cos Λ − cos B sin Λ

cos B 0 − sin Λ

 . (2.7)

For the case of the Earth angular rate,

ωn
ie = Cn

e

 0
0
ωe

ie

 = ωe
ie

 cos B
0

− sin B

 . (2.8)

The transformation from the b- to the n-frame is a mere rotation, for example expressed as
direction cosine matrix (DCM) Cn

b . The matrix can be constructed from Euler angles (Groves,
2013, p. 28):

Cn
b =

cosψ cos θ cosψ sin θ sinφ− sinψ cosφ cosψ sin θ cosφ+ sinψ cosφ
sinψ cos θ sinψ sin θ sinφ+ cosψ cosφ sinψ sin θ cosφ− cosψ sinφ

− sin θ cos θ sinφ cos θ cosφ

 . (2.9)

The Euler angles are often called roll φ, pitch θ and yaw angle ψ. Alternatively, the rotation
matrix Cn

b can be expressed in terms of a rotation vector δ. The formal relation is given
by the Rodrigues equation (Savage, 1998a)

Cn
b = I + sin δ

δ
[δ×] + 1 − cos δ

δ2 [δ×]2. (2.10)

The rotation vector is expressed by the Laning-Bortz notation (Bortz, 1971). Thus, ∥δ∥ = δ
equals the rotation angle, where δ

δ is a unit vector of the rotation axis. The matrix [δ×] is
the skew-symmetric representation of the vector δ, defined by

[δ×] =

 0 −δz δy

δz 0 −δx

−δy δx 0

 . (2.11)
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The direction cosine matrix representation in combination with the rotation vector enables
an intuitive and still mathematical versatile tool for the further description. It will be used in
the remainder of this thesis in favor of Euler angles and Quaternions. The formulation with
Quaternions is a valid and powerful alternative, but less intuitive. Euler angles on the other
hand yield the so-called Gimbal Lock problem, a certain constellation which leads to a loss
of one degree of freedom and, consequently, ambiguities of the angles. Occasionally the Euler
angles are used as a form of graphical display for some of the results. They can be extracted
from the direction cosine matrix in Eq. (2.9) in numerous ways. One option is

φ = arctan −c3,2
c3,3

, θ = arcsin c3,1, ψ = arctan −c2,1
c1,1

, (2.12)

whereas ci,j represents the entry of the i-th line and j-th column of the DCM. The orientation
between a sensor’s s- and the b-frame can be similarly expressed with the direction cosine
matrix Cb

s. In this case, the angles represent the alignment of the two body-fixed coordinate
systems.

2.2.2 Kinematic Differential Equations

In a mere inertial frame, an object is exposed to the gravitation Gi and (non-gravitational)
specific forces f i. The object acceleration ẍi thus reads

ẍi = f i + Gi, (2.13)

where the dot operator represents the derivative with respect to time. The accelerometers of an
IMU measure specific forces. As an example, if the object is not accelerated, the measurement
consists of f i = −Gi.

At first, a model for the motion of an object on Earth’s surface needs to be described in the
inertial frame. For this, xe

eb will now denote the local vector from the origin of the e-frame to
the coordinate center of the b-frame, expressed in the e-frame. This convention of indices
will be used in the remainder of the thesis, unless defined otherwise.

The transformation of this vector to the i-frame is essentially a rotation, expressed by the
matrix Ci

e,
xi

eb = Ci
exe

eb. (2.14)

The time derivative of the position yields the velocity vi
eb,

ẋi
eb = vi

eb = Ċi
exe

eb + Ci
eẋe

eb. (2.15)

Two terms are emerging from the differentiation, according to the product rule. The rate of
change of the velocity is:

v̇i
eb = C̈i

exe
eb + 2Ċi

eẋe
eb + Ci

eẍe
eb. (2.16)

The derivatives of the orientation Ci
e can be expressed by the following attitude differential

equation, which will be explained in more detail in Sec. 2.3,

Ċi
e = Ci

eΩe
ie. (2.17)

After some rearrangement and under extensive use of Eq. (2.17), Eq. (2.16) becomes

v̇i
eb = Ci

eẍe
eb + 2Ci

eΩe
ieẋe

eb + Ci
e

(
Ωe

ieΩe
ie + Ω̇e

ie

)
xe

eb. (2.18)

Note that the Earth angular rate Ωe
ie can be considered constant for most applications, in

which case the Euler term Ω̇e
iexe

eb is zero. The term Ωe
ieΩe

iexe
eb represents the centripetal
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acceleration, whereas xe
eb is the position vector pointing to the b-frame, with a magnitude

which is approximately the Earth radius. Inserting into Eq. (2.13) yields

f i + Gi = Ci
eẍe

eb + 2Ci
eΩe

ieẋe
eb + Ci

e

(
Ωe

ieΩe
ie + Ω̇e

ie

)
xe

eb. (2.19)

As a next step, the n-frame is introduced in the equation. If a translatory motion is allowed
for the n-frame, another rotation occurs with respect to the e-frame, cf. e.g. Groves (2015,
p. 132). First, the velocity expressed in the b-frame is rotated to the e-frame,

ve
eb = Ce

nvn
eb. (2.20)

Differentiation of Eq. (2.20) and application of Eq. (2.17) analogous to before yields

ẍe
eb = Ce

nẍn
eb + Ce

nΩn
enẋn

eb. (2.21)

This new equation inserted into Eq. (2.19) leads to:

f i + Gi = Ci
e (Ce

nẍn
eb + Ce

nΩn
enẋn

eb) + 2Ci
eΩe

ieẋe
eb + Ci

e

(
Ωe

ieΩe
ie + Ω̇e

ie

)
xe

eb. (2.22)

Multiplying with Ce
i from the left side yields

Ce
i

(
f i + Gi

)
= Ce

nẍn
eb + Ce

nΩn
enẋn

eb + 2Ωe
ieẋe

eb +
(
Ωe

ieΩe
ie + Ω̇e

ie

)
xe

eb. (2.23)

The equations should be finally solved in the n-frame, however. By multiplying both sides of
the equation with Cn

e from the left side, the following equation results:

Cn
e Ce

i

(
f i + Gi

)
= ẍn

eb + Ωn
enẋn

eb + 2Ωn
ieẋn

eb +
(
Ωn

ieΩn
ie + Ω̇n

ie

)
xn

eb. (2.24)

Solving everything for ẍn
eb:

ẍn
eb = fn + Gn − Ωn

enẋn
eb − 2Ωn

ieẋn
eb −

(
Ωn

ieΩn
ie + Ω̇n

ie

)
xn

eb. (2.25)

Now the centripetal acceleration, Euler term and gravitation can be clustered in gravity gn,

gn = Gn −
(
Ωn

ieΩn
ie + Ω̇n

ie

)
xn

eb. (2.26)

Furthermore, the IMU data are measured in the b-frame, hence fn = Cn
b f b. The final naviga-

tion equation then reads:

ẍn
eb = Cn

b f b − (Ωn
en + 2Ωn

ie) ẋn
eb + gn. (2.27)

This second order differential equation is often reformulated into a system of first order dif-
ferential equations,

ẋn
eb = vn

eb, (2.28)
v̇n

eb = Cn
b f b − (Ωn

en + 2Ωn
ie) vn

eb + gn, (2.29)
Ċn

b = Cn
b Ωb

nb. (2.30)

The solution of this system is the main purpose of strapdown inertial navigation computers.

2.3 Solution of the Navigation Equations

Now that the differential navigation equations in the n-frame are established, the next step
is the solution. The first part is always the computation of the attitude of the b-frame
with respect to the n-frame. With this information, the specific forces measured by the
accelerometers can be transformed and integrated in the n-frame, in order to estimate the
velocity and position.
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Attitude Update

If an arbitrary rotation is expressed as a sequence of rotations relative to an inertial frame via

Cn
b = Cn

i Ci
b (2.31)

and differentiated in order to get an idea about its change over time, it reads according to the
product rule:

Ċn
b = Cn

i Ċi
b + Ċn

i Ci
b. (2.32)

Some reformulation leads to (Savage, 2000, p. 4-40):

Ċn
b = Cn

b Ωb
ib − Ωn

inCn
b , (2.33)

with Ωb
ib in the first term representing the rotation of the b-frame with respect to the i-frame,

while the navigation frame rates Ωn
in in the second term need to be considered as well, as the

n-frame rotates relative to the i-frame due to the Earth rate and transportation rates. After
some further reformulation, an alternative representation is:

Ċn
b = Cn

b Ωb
nb. (2.34)

This is often the basic differential equation for the attitude update. Note that the object rates
Ωb

nb need to be known in order to gain an advantage from this reformulation of Eq. (2.33).
For this purpose the addition theorem of angular rates is applied, such that the object rates
can be determined by reducing the measured angular rates Ωb

ib by the Earth rate Ωb
ie and the

transportation rate Ωb
en in the b-frame,

Ωb
nb = Ωb

ib − Ωb
ie − Ωb

en. (2.35)

The transportation rate can be directly related to the velocity in the n-frame, which, in a
simplified spherical Earth model, acts tangential to the radius R of the Earth and the height
h of the n-frame over the surface. Thus,

Ωn
en = 1

R+ h


 vn

eb,E

−vn
eb,N

−vn
eb,E tan B

×

 . (2.36)

The solution of the attitude update Eq. (2.34) at a time t, based on an initial orientation
at time t0, is given by the matrix exponential (Farrell, 2008, p. 55)

Cn
b (t) = Cn

b (t0) exp
∫ t

t0
Ωb

nb dt
. (2.37)

The steps that led to Eq. (2.37) followed a mere mathematical derivation. Before the evaluation
of the integral and the matrix exponential is discussed, some more background will help to
understand the meaning of the equation.

In general, the dynamics of a rotation vector δ are expressed by the following differential
equation (Bortz, 1971),

δ̇ = ω + σ̇, (2.38)
whereas ω is the angular rate of the frame. The term σ̇ is representing the change of the
rotation vector which is not2 "inertially measureable" (Bortz, 1971), with the corresponding
differential equation

σ̇ = 1
2δ × ω + 1

δ2

(
1 − δ sin δ

2(1 − cos δ)

)
δ × (δ × ω) . (2.39)

2The representation of finite rotations around different axes, as needed in strapdown computation, is in general
non-commutative and an additional deviation needs to be considered.
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This can be approximated by
σ̇ = 1

2α × ω, (2.40)

such that, by combining Eq. (2.38) and (2.40),

δ̇ = ω + 1
2α × ω. (2.41)

Here, α is the integrated angular rate

α =
∫ t2

t1
ω(t) dt. (2.42)

The solution of the rotation vector differential equation can be represented as a rotation vector
increment δ,

δ =
∫ t2

t1

(
ω(t) + 1

2α(t) × ω(t)
)
dt. (2.43)

As δ is an increment, the integration constant, i.e. initial value of δ at t1, can be set to zero.
By using the property of the vector product,

a × b = −b × a, (2.44)

the equation (2.43) under consideration of the coordinate frame indices can be reformulated:

δ =
∫ t2

t1

(
ωb

nb(t) − 1
2ωb

nb(t) × α(t)
)
dt. (2.45)

The second term represents the orientation change of the rotation axis during the integration
interval, often called coning term. To express the term in dependency of the object rate only,
the equation under inclusion of Eq. (2.42) needs to be slightly adapted:

δ =
∫ t2

t1

(
ωb

nb(t) − 1
2ωb

nb(t) ×
∫ t

t1
ωb

nb(τ) dτ
)
dt. (2.46)

Note that the integral for the rotation axis can be computed with a different frequency,
culminating in two-level strapdown computation algorithms like presented in Savage (1998a).
A closed solution under the assumption of constant values of Ωb

nb would result in:

[δ×] = Ωb
nb∆t. (2.47)

With this information, Eq. (2.37) can be reformulated,

Cn
b (t2) = Cn

b (t1) exp [δ×]. (2.48)

This matrix exponential exp [δ×] is defined as an infinite power series

exp [δ×] =
∞∑

k=0

1
k! [δ×]k. (2.49)

For skew-symmetric matrices, like [δ×] under neglect of the coning motion, the power series
actually has a closed representation in the form of the Rodrigues equation, Eq. (2.10). This,
however, holds only true if the value of the matrix is constant. For high data rate, and thus
small values of ∆t, this requirement can be considered as fulfilled, so that

exp [δ×] = I + sin δ
δ

[δ×] + 1 − cos δ
δ2 [δ×]2. (2.50)

The solution for the attitude update can thus be formulated:

Cn
b (t2) = Cn

b (t1)
(

I + sin δ
δ

[δ×] + 1 − cos δ
δ2 [δ×]2

)
. (2.51)
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Velocity and Position Update

The differential equation of the velocity change has been introduced in Eq. (2.29),

v̇n
eb = Cn

b f b
ib − [2Ωn

ie + Ωn
en] vn

eb + gn. (2.52)

The velocity increment ∆vb is given by a superposition of the integrated specific forces and a
term resulting from a change of the quantity during the integration time, resulting from both
the change of the acceleration vector and the rotation vector. This term can be combined
(Savage, 1998b), so the final equation is:

∆vb = ν + ∆vrot (2.53)

whereas ν are the integrated specific forces during the time interval,

ν =
∫ t2

t1
f b
ib(t) dt, (2.54)

and ∆vrot is the term resulting from the change of the rotation vector with respect to the
inertial frame, here expressed as αf , as well as the specific force during the integration time.

∆vrot =
∫ t2

t1

(
αf (t) × f b

ib(t)
)
dt. (2.55)

This velocity increment represents the integrated velocity differential equation of the time step
t1 → t2 and can be added to the total velocity increment ∆vb.

In order to describe the equation in dependency of the IMU measurement f b
ib and ωb

ib, it
needs to be adapted slightly. So the previous equation,

∆vb =
∫ t2

t1
f b
ib(t) dt+

∫ t2

t1

(
αf (t) × f b

ib(t)
)
dt, (2.56)

turns into
∆vb =

∫ t2

t1
f b
ib(t) dt+

∫ t2

t1

[(∫ t

t1
Ωb

ib(τ) dτ
)

f b
ib(t)

]
dt. (2.57)

In case of constant inertial quantities, again, the result yields:

∆vb = f b
ib∆t+ 1

2Ωb
ibf b

ib∆t2. (2.58)

The velocity in the target n-frame can finally be updated according to the numerical solution
to Eq. (2.52):

vn
eb(t2) = vn

eb(t1) + Cn
b ∆vb − (Ωn

en + 2Ωn
ie) vn

eb(t1)∆t+ gn∆t. (2.59)

For the position update, more sophisticated techniques can be found in Savage (1998b). The
change of the velocity and orientation during the integration interval, an effect which is called
"scrolling" there, is discussed in detail. In the scope of this thesis, a simple trapezoid rule shall
be sufficient,

xn
eb(t2) = xn

eb(t1) + ∆xn, (2.60)

where
∆xn ≈ 1

2 (vn
eb(t2) + vn

eb(t1)) ∆t. (2.61)
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2.4 State Space Representation of a System

An alternative representation of the differential equations are given in state space theory. In
order to proceed, a short introduction to the state space formalism is deemed highly useful.
This allows for a more compact description of dynamic systems by representing the state of
the system, one is interested in modeling, in a state vector x. The system can then be solved
and different aspects can be analyzed. The general signal flow is depicted in Fig. 2.7.

Consider the following time-invariant linear (LTI) system of ordinary differential equations
(ODE)

ẋ = Ax + Bu + Gw,
y = Hx + v. (2.62)

The solution can be achieved in different ways. The first one that is covered here is the solution
in complex frequency domain, with the complex frequency s. The system in Eq. (2.62),
transformed with the Laplace operator L{...}, cf. Appendix A.2, reads

sX(s) + x0 = AX(s) + BU(s) + GW(s),
Y(s) = HX(s) + V(s). (2.63)

The solution for X can be obtained by some rearrangement, with F = (sI − A)−1:

X = Fx0 + FBU + FGW. (2.64)

x,X = state vector in time and frequency domain
x0 = state vector initial conditions

u,U = control vector in time and frequency domain
w,W = perturbation vector in time and frequency domain
y,Y = observation vector in time and frequency domain
v,V = observation noise vector in time and frequency domain

A = system dynamic matrix
B = control input matrix
G = perturbation input matrix
H = observation matrix
F = state transition matrix

Transformed back into time domain, the solution reads (Gelb, 2001, p. 66):

x(t) = F(t− t0)x(t0) +
∫ t

t0
F(t− τ)B(τ)u(τ) dτ +

∫ t

t0
F(t− τ)G(τ)w(τ) dτ. (2.65)

One can differentiate between the homogeneous solution F(t − t0)x(t0) describing the time
evolution of the unperturbed system, and the particular solutions

∫ t
t0

F(t− τ)B(τ)u(τ) dτ for
control signals and

∫ t
t0

F(t− τ)G(τ)w(τ) dτ for perturbation signals.

In the case that F is not constant, the equation can also be transformed into a recursive
form. Discretization of Eq. (2.65) yields

xk = Fkxk−1 + Bkuk + Gkwk, (2.66)
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Figure 2.7: State space representation of a system with deterministic input u and stochastic input w to the
dynamic system, and v as additive observation noise.

with xk as the solution of the system state vector based on its previous value xk−1, as well
as uk and wk as control and perturbation vectors, respectively. The terms Bkuk and Gkwk
resemble the solved integrals in Eq. (2.65).

Another method that may be applied in order to represent the transition matrix is by solving
the ODE system with the power series of the matrix exponential again,

F(t− t0) = I + A∆t+ 1
2A2∆t2 + ...+ 1

n!A
n∆tn. (2.67)

Unlike the case with the skew-symmetric system dynamic matrix, that allowed the closed
solution in Eq. (2.51), this series does not necessarily converge and eventually needs to be
truncated. The particular solutions can then be gained analogous according to Eq. (2.65).

Transfer Function

The ratio of the output Y(s) and the input U(s) of the system is called transfer function T(s).
After plugging Eq. (2.64) into the system output Eq. (2.63), assuming the initial conditions
x0 = 0 and under neglect of the noise processes W(s) and V(s), the transfer function reads
in s-domain:

T(s) = Y(s)
U(s) = H(s)F(s)B(s). (2.68)

This method is mainly used for the propagation of spectral densities in (complex) frequency
domain.

Solution to Non-Linear Differential Equation Systems Using Error States

In a general system of nonlinear differential equations,

ẋ(t) = f(x(t)), (2.69)

an error δx is applied to the state vector x,

ẋ(t) + δẋ(t) = f(x(t) + δx(t)). (2.70)

The equations in f(x + δx) are developed by Taylor series expansion at the operating point x
(Papula, 2007, p. 569),

ẋ(t) + δẋ(t) ≈ f(x) + ∂f
∂x |x (x + δx − x) + O (t,x, δx) , (2.71)
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with O denoting higher order terms, which are subsequently neglected.
Replacing f(x) by Eq. (2.69) and with A(x) = ∂f

∂x(x)|x, the following system results

δẋ = A(x)δx. (2.72)

With a given operating point, the equation can now be solved analogous to the linear system.
This point can be acquired by a prior state estimate, or in the case of the observation equation
H(x) by a prediction based on the dynamic model.

2.5 Modeling Inertial Sensors

2.5.1 Sensor and Error Models

The measurement equation of a generic accelerometer in its specific coordinate frame can be
modeled as following, cf. e.g. Farrell et al. (2022), or Lam et al. (2003),

fout = (I + Sa + Ma)fin + ba + na. (2.73)

Here, fin is the true specific force, while fout is the output of the sensor. I is the identity
matrix, Sa is a diagonal matrix with its entries representing a scale error. Ma is a skew
symmetric matrix representing correlations and misalignment between the sensor axes, and ba
is a systematic offset of the signal, i.e. bias. Additional random noise processes are represented
by na. Depending on the accelerometer technology and the application, extensions of the
model are possible. This might include sensitivities to angular accelerations and anisoelastic
biases (IEEE, 2019).

For a general gyroscope, the model and the parameters (here with subscript g) are, analogous
to Eq. (2.73),

ωout = (I + Sg + Mg)ωin + bg + ng. (2.74)

Other error terms like an acceleration sensitive term might be added, depending on the specific
gyroscope technology or the application. The Institute of Electrical and Electronics Engineers
(IEEE) publishes specifications for different sensors, e.g. IEEE (2021) for FOG based systems,
and IEEE (2006) for ring laser gyroscopes. The systematic error models in the context of this
thesis are kept general on purpose.

Next to the systematic error, stochastic errors are present in the signals of the IMU. For
the characterization of the uncertainty in signals, a method proposed by Allan (1966) can be
utilized. While this method was initially developed for the characterization of atomic frequency
standards, it is usually applied to other time-series like inertial measurement data as well. The
method works as follows: the variance σ2(τ) of averaged data from subsequent chunks with
certain window sizes is calculated. The window size is systematically increased and for each
size, the variance calculated. This specific variance, which depends on the averaging time, is
called Allan variance. In the entirety of this thesis an extended form, the overlapping Allan
variance, is used, cf. Appendix A.4.1. The abbreviation AV is used for this extension.

The Allan standard deviation (AD) is the square root of the AV. As a demonstrative
example, the AD of static IMU acceleration and angular rate measurements is depicted in
Fig. 2.8. In the analyzed acceleration data, three different processes are apparent:

For small sampling times, the white noise is the dominating noise process. This is corre-
sponding to the natural observation, that the variance of a pure white process is decreasing
with the amount of data accumulated, i.e. the more data of something is collected, the more
the uncertainty about this something can be reduced. For a continuous time series of data,
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Figure 2.8: Overlapping Allan deviation of data on a horizontal axis gathered from a tactical/navigation grade
IMU (iMAR, 2017a). Left: acceleration measurements. Right: angular rate measurements. At low integration
times, white noise (indicated by a blue line) with a characteristic slope of −0.5 per decade of τ is the dominating
process. At a certain point, the flicker floor (red) is reached. Later, random walk (green line) and other drift
effects are occurring. The angular rates do not exhibit any drift in the considered time frame and the flicker

floor is barely visible.

the time τ corresponds to the amount of data samples collected, so the resulting variance is
proportional to ∼ 1

τ . In double logarithmic representation this corresponds to a −1 decade
reduction of the variance per decade of τ (−1

2 for AD). The characteristic technical value is
the white noise density N2, with is related to the AV σ2

N (τ) via

σ2
N (τ) = N2

τ
. (2.75)

This quantity is often provided in sensor data sheets by the manufacturer. For accelerometers
it is labeled velocity random walk (VRW), as the white noise in the accelerations can be
interpreted as differentiation of the uncertainty of the velocity increments of the accelerometer,
following the convention of Itō and McKean (1996). The corresponding term in the case
of gyroscope signals is angular random walk (ARW). Typical units are m/s2/

√
Hz for the

VRW, and rad/s/
√

Hz for the ARW, respectively. In this example, values of Na = 1.3951 ×
10−3 m/s2/

√
Hz for the accelerometer, and Ng = 1.2606 × 10−4 rad/s/

√
Hz for the gyroscope

have been determined.

The 1
τ trend is discontinued after a certain time τB. The AD reaches a plateau in which

no reduction of the variance can be achieved anymore by larger sample window sizes. This
flicker floor is a result of dominant processes correlated in time. The label is carried over
from the flicker noise, an often occurring process in any sensor involving electronic parts. The
corresponding technical value is the bias instability B. It is related to the variance σ2

B at the
flicker floor via

σ2
B(τ) = 2

π
B2 ln(2). (2.76)

In this example, values of Ba = 1.7387 × 10−4 m/s2 for the accelerometer, and Bg = 3.8204 ×
10−6 rad/s for the gyroscope have been determined.

For even longer sampling times, long periodic shifts of the signal are visible. This is often
caused by random walk processes, but can also result from a systematic change of the signal,
e.g. due to tidal effects and similar. The former is characterized by an increase of the variance
by 1 decade per decade of τ . A characteristic technical value is often not given in data sheets,
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but can be assessed over the AV as well. The connection of the rate random walk K2 to the
corresponding σ2

K(τ) is (IEEE, 2021)

σ2
K(τ) = K2τ

3 . (2.77)

In practice, the line in Fig. 2.8 which corresponds to the random walk needs to be extended,
so the value of σ2

K(τ) at τ = 3 s can be extracted. In this example, a value of Ka = 2.6156 ×
10−4 m/s3/

√
Hz has been determined for the accelerometer. The random walk of the gyroscope

is not visible even after one hour of integration.

It is also possible to formulate noise processes in frequency domain. The characteristic slopes
of the single processes make it reasonable to represent the power spectral density (PSD) S of
the complete signal as a weighted sum of power law processes, such that

S(f) =
∑

α

hαf
α, (2.78)

whereas the exponent α of the frequencies f is an integer corresponding to the asymptotic
behavior, i.e. slope, of the process in the frequency domain. The coefficients hα can be related
to the results of the AD analysis as following (Farrell et al., 2022),

h0 = N2, (2.79)

h−1 = B2

2π , (2.80)

h−2 = K2

(2π)2 . (2.81)

Notably, the white noise has a constant PSD for all frequencies. This leads to some peculiar
attributes for the state space representation of such a process.

2.5.2 Stochastic Input to LTI Systems

There is one point of particular interest, if the system from Eq. (2.62) is affected by random
processes w,

ẋ = Ax + Gw. (2.82)
Let P(t) = E[x(t)x(t)T] denote the covariance matrix of the state vector, then the homoge-
neous solution is

P(t) = F(t− t0)P(t0)FT(t− t0). (2.83)
The propagation of the complete uncertainties is formally

P(t) =F(t− t0)P(t0)FT(t− t0)

+
∫ t

t0
F(t− τ)G(τ)QwwGT(τ)FT(t− τ) dτ, (2.84)

with Qww being the covariance matrix of the input processes.

One way to model stochastic processes is the white noise process. As introduced before,
white noise is uncorrelated in time, and yields a constant spectral density. For a continuous
time white noise process q(t), the following mean and variance definitions can be stated, cf.
Britting (1971, p. 237), Brown and Hwang (2012, p. 75) or Maybeck (1979, p. 154):

E⟨q(t)⟩ = 0,
E⟨q(t)q(t0)⟩ = N2δ(t− t0). (2.85)
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where E⟨...⟩ denotes the expectation value or ensemble average. This process corresponds to
a zero-mean Gaussian function. Furthermore, the Dirac δ function implies that the process
is not correlated in time, which is a so-called Markov property. Thus, the class of processes,
that are covered by this formalism, are called Gauss-Markov processes.

This white noise model can be used as raw input to the system, or manipulated by another
shaping filter in order to produce colored noise signals. A detailed derivation can be found in
Appendix A.4.2. The most prominent examples are the following.

Example: White Noise

Assume a simple, one dimensional system with the following differential equations,

ẋ = v,

v̇ = q. (2.86)

which is affected by a velocity random walk process q with power spectral density N2, acting
as input to the system. The state vector reads x = [x, v]T. The system dynamic and input
matrices read

A = ∂ẋ
∂x =

[
0 1
0 0

]
, G = ∂ẋ

∂w =
[
0
1

]
. (2.87)

The transition matrix F(t) = L−1{(sI − A)−1} results in

F(t) =
[
1 t
0 1

]
. (2.88)

By neglecting the initial uncertainty P(0) of the system, the process noise matrix

Q(t) =
∫ t

0
F(t− τ)G(τ)N2G(τ)TF(t− τ)T dτ (2.89)

is equal to the total uncertainty of the state, so that

P(t) = Q(t) =
[

1
3N

2t3 1
2N

2t2
1
2N

2t2 N2t

]
. (2.90)

Example: Random Walk

Many non-white processes can be modeled as independent systems with white noise as input.
To include random walk into the model, the differential equation system is extended,

ẋ = v,

v̇ = a,

ȧ = q. (2.91)

This time, the input q is an acceleration random walk process with power spectral density K2.
The computation steps are identical to the white noise example, and the following covariance
matrix is resulting,

Q(t) =

 1
20K

2t5 1
8K

2t4 1
6K

2t3
1
8K

2t4 1
3K

2t3 1
2K

2t2
1
6K

2t3 1
2K

2t2 K2t

 . (2.92)
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If velocity and acceleration random walk are modeled, the two process noise matrices can
simply be added, after filling the last line and column of the matrix associated with the VRW
with zeroes.

The propagated noise processes can already be applied to estimate the drift of a strapdown
navigation solution in Down direction of the n-frame. It occurs that the error is growing
unbounded with time. The n1- and n2-axis in a terrestrial reference frame, however, yield
some interesting aspects. This will now be elaborated in more detail.

2.6 Strapdown Navigation Error Propagation

After models for IMU sensor errors were presented, including the extraction of the parameters
from raw static sensor data, the final part of this chapter covers the analysis of the impact
of those errors on the strapdown navigation solution. There are a number of feedback loops
involved that affect the dynamics of the system. The signal flow in a strapdown inertial
navigation system for intermediate durations is depicted in Fig. 2.9. The position errors in
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Figure 2.9: Medium-term signal flow in a strapdown inertial navigation system for the North channel. The
position errors are modulated by the Schuler loop, resulting from the interaction between the velocity error
δvN and the orientation error δθ. The remaining variables and noise processes are explained below Eq. (2.93).

North and East direction are modulated by the Schuler loop, resulting from a wrong estimate
of the orientation and thus a wrong correction of gravity. In a strapdown navigation system,
this loop actually provides an "automatic response" to the error, as pointed out by Tazartes
(2014). In the case of a gyro-stabilized platform, the mechanical time constants of the system
need to be adapted to this period – a necessity that became known as "Schuler-tuning".

Another long periodic effect which is not visible in Fig. 2.9 is the Foucault loop. This
effect corresponds to an error in velocity, and further depends on the latitude. The minimum
period to be expected is 24 hours at a latitude of 90◦. The closer the user is positioned to
the equator, the longer the period. Finally, the Earth rate itself, with a period of roughly
24 hours, has a periodic impact on the East channel/longitude. For navigation over (very)
long periods of time, those oscillations need to be considered as well. In the scope of this
thesis, intervals of about an hour are relevant. Thus, a reduced system model, which covers
the intermediate time effects, is sufficient.
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The differential equations describing the North channel of a strapdown navigation system
from Titterton and Weston (2009, p. 350) are extended by the stochastic perturbations,

˙δxN = δvN ,

δ̇vN = gδθ + δaN + qvN ,

δ̇aN = qaN ,

δ̇θ = (ωe
ie cos(B) + vE

R
)δψ − 1

R
δvN − δωE + qrE ,

˙δωE = qωE ,
˙δψ = −δωD + qrD,

˙δωD = qωD. (2.93)

δxN = position error component of xn
eb in North direction [m]

δvN = velocity error component of vn
eb in North direction [m/s]

δaN = acceleration error in North direction [m/s2]
δθ, δψ = inclination and yaw angle error components of Cn

b [rad]
δωE , δωD = gyroscope bias in East and Down direction [rad/s]

qvN = North velocity random walk process with PSD N2
a [m2/s3]

qaN = North acceleration random walk process with PSD K2
a [m2/s5]

qrE , qrD = East and Down angle random walk process with PSD N2
g [rad2/s]

qωE , qωD = East and Down rate random walk process with PSD K2
g [rad2/s3]

B = latitude [rad]
ωe

ie = Earth angular rate magnitude [rad/s]
R = Earth radius [m]
vE = velocity component of vn

eb in East direction [m/s]
g = magnitude of the gravity [m/s2]

It is obvious from the differential equations that this model is based on some conditions like
the constant velocity vE , gravity g, latitude B and height which is assumed to be part of the
Earth radius R. It is mainly useful to get insight into the long-term behavior of the strapdown
inertial navigation algorithm. More advanced solutions including all states can be numerically
computed, cf. Blankinship (2008); Savage (2000), but the vastly increased complexity does not
necessarily give more insight into the system behavior, as Britting (1971) pointed out early.
The latter is also an excellent pioneering work regarding an analytical solution and discussion
of a number of different inertial navigation systems and state vector configurations.

The system can be formulated as introduced in the error state representation Eq. (2.72).
Additionally, a perturbation Gw is applied which will subsequently be used to include the
IMU noise processes,

δẋ = A(x)δx + Gw. (2.94)

The state vector is set to

δx = [δxN , δvN , δaN , δθ, δωE , δψ, δωD]T. (2.95)
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The system dynamics matrix reads

A =



0 1 0 0 0 1 0
0 0 1 g 0 0 0
0 0 0 0 0 0 0
0 − 1

R 0 0 −1 ωe
ie cos(B) + vE

R 0
0 0 0 0 0 0 0
0 0 0 0 0 0 −1
0 0 0 0 0 0 0


. (2.96)

The perturbation vector w consists of the following stochastic processes,

w = [qvN , qaN , qrE , qωE , qrD, qωD]T, (2.97)

with the corresponding perturbation matrix

G =



0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


. (2.98)

As a simplification, the stochastic perturbation is modeled as an effect in the n-frame. In a
general case, those processes are associated with the axes of the IMU in the b-frame and can be
transformed via Eq. (2.9), introducing additional error terms associated with the orientation.
It is furthermore assumed that the orientation between b- and n-frame is constant.

In Laplace domain, the following representation of the transition matrix F(s) can be pro-
duced from F(s) = (sI − A)−1, with v∗ = vE + ωe

ieR cos(B):

F(s) =



1
s

R
Rs2+g

R
s(Rs2+g)

Rg
s(Rs2+g) − Rg

s2(Rs2+g)
gv∗

s2(Rs2+g) − gv∗

s3(Rs2+g)
0 Rs

Rs2+g
R

Rs2+g
Rg

Rs2+g
− Rg

s(Rs2+g)
gv∗

s(Rs2+g) − gv∗

s2(Rs2+g)
0 0 1

s 0 0 0 0
0 − 1

Rs2+g
− 1

s(Rs2+g)
Rs

Rs2+g
− R

Rs2+g
v∗

Rs2+g
− v∗

s(Rs2+g)
0 0 0 0 1

s 0 0
0 0 0 0 0 1

s − 1
s2

0 0 0 0 0 0 1
s


. (2.99)

Next some important aspects of this system will be elaborated. The first line of the matrix
corresponds to the propagation of the state errors to the position error δxN . The entries 3,
5 and 7 on this first line, notably, are resembling the impact of the acceleration and angular
rate errors:

s δxN (s)
δaN (s) = R

Rs2 + g
= 1
s2 + g

R

, (2.100)

s δxN (s)
δωE(s) = − Rg

s(Rs2 + g) = − g

s(s2 + g
R) , (2.101)

s δxN (s)
δωD(s) = −g(vE + ωe

ieR cos(B))
s2(Rs2 + g) = −g(vE + ωe

ieR cos(B))
Rs2(s2 + g

R) . (2.102)

Note that each of the transitions yields an oscillation with the circular frequency ω2
s =

g
R . This corresponds to the Schuler loop, which occurs since the differential equation for
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the inclination angle δθ, i.e. the misalignment with respect to the gravity vector g, has a
dependency on the velocity δvN and vice versa. This leads to the phenomenon that the effect
of a constant acceleration bias on the horizontal position is actually bounded by the Schuler
oscillation, cf. Fig. 2.10. This unfortunately is not the case for a bias of the gyroscopes,
which, although modulated by the Schuler oscillation as well, has an additional integrator (in
the case of δωE) and even two integrators in the case of δωD.
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Figure 2.10: Position drift of a navigation grade IMU as a result of constant initial biases in the measurement
of accelerations and angular rates. While the error due to an acceleration bias (blue) is bound by the Schuler
loop, the error due to the gyroscope bias on the horizontal axis (red) is a superposition of an oscillation and a
linear drift. In the case of the gyroscope bias on the vertical axis (green), which mainly corresponds to the yaw
angle, the systematic drift of the error is even quadratic in time. The effect of the Schuler oscillation, albeit

present, is hardly visible in that case.

The example with the constant biases is a mere academic demonstration of the long-term
periodic effects on the navigation solution. In reality this bias is not constant, and rather
subject to different noise processes like angular and velocity random walk, respectively.

As before, these processes can be modeled as an input to the system, with the transition
matrix F(t) that was established just before. The state covariance is given by

P(t) = F(t− t0)P(t0)F(t− t0)T +
∫ t

t0
F(t− τ)G(τ)QwwG(τ)TF(t− τ)T dτ. (2.103)

Only processes with zero mean are considered. Hence, the RMS of individual states can
directly be assessed on the main diagonal of the matrix. Most prominently, the expected
position error can be calculated.

The matrix Qww is equipped with the power spectral densities for the VRW N2
a and ARW

N2
g , as well as the acceleration K2

a and rate random walk K2
g as follows,

Qww =



N2
a 0 0 0 0 0

0 K2
a 0 0 0 0

0 0 N2
g 0 0 0

0 0 0 K2
g 0 0

0 0 0 0 N2
g 0

0 0 0 0 0 K2
g


. (2.104)

The bias instability cannot be represented rigorously in state space, and approximations are
required like discussed in Kasdin (1995) or Plaszczynski (2007). To keep things simple, it is
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included as an initial error of the accelerations B2
a and angular rates B2

g in P(t0) according to

P(t0) =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 B2

a 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 B2

g 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 B2

g


. (2.105)

The total position error can be assessed by the solution of Eq. (2.103), which is evaluated
by using MATLAB (R2020b) Symbolic Toolbox. The variances are extracted from the main
diagonal of P(t). Excluding the gyroscope’s angular rate random walk, the first entry which
corresponds to the position error δxN reads:

σ2
δxN

(t) =B2
a

[
−cos(ωst) − 1

ω2
s

]2

+B2
g

[
R

(sin(ωst)
ωs

− t

)]2

+B2
g

[
−v∗

(
t2

2 + cos(ωst) − 1
ω2

s

)]2

+N2
a

1
ω2

s

(
t

2 − 1
4ωs

sin(2ωst)
)

+K2
a

1
ω4

s

(3
2 t− 1

ωs
(2 sin(ωst) − 1

4 sin(2ωst))
)

+N2
gR

2
(3

2 t− 1
ωs

(2 sin (ωst) − 1
4 sin (2ωst))

)
+N2

g

1
6ω3

s

(
v∗2 + 2t3ω3

s − 3
2 sin(2ωst) − 12 sin(ωst) + 3ωst+ 12ωst cos(ωst)

)
(2.106)

The first three terms are representing the propagation of the initial acceleration and angular
rate errors, i.e. biases. The remaining terms represent the impact of the white noise and
random walk processes.

Fig. 2.11 shows the performance of a navigation grade IMU with the accelerometers char-
acterized by the parameters Na = 12 × 10−5 m/s3/2, Ba = 4 × 10−5 m/s2 and Ka = 1.1 ×
10−5 m/s5/2, and the gyroscopes by Ng = 1.45 × 10−6 rad/s3/2 and Bg = 7.27 × 10−9 rad/s.
The angular rate random walk of a gyroscope in this quality class is negligible even for long
periods of time (El-Sheimy & Youssef, 2020).

The first dominant error source for short term is the white noise of the accelerometer,
growing proportional to ∼ t1/2. The accelerometer random walk and the white noise of the
gyroscope at the inclination axis are then becoming more influential and dominate the total
error after about one minute of time. The impact of the gyroscope errors in Down direction
yields the steepest ascent, but does not exceed the other impact sources even after four hours
of inertial navigation. The total position error after one hour is below 1000 m.
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Figure 2.11: Position drift of a navigation grade IMU as a result of noise processes in the measurement
of accelerations and angular rates. The individual processes contributing to the total phase shift error are
expressed by different line styles. All processes are affected by the Schuler oscillation with a period of 84.4 min.



3
Characteristics of Atom Interferometers

In order to get an impression of the function of a cold atom interferometer (CAI) as inertial
sensor, two different pictures can help. The first one is the classical corner-cube gravimeter
like in Niebauer et al. (1995). By dropping a mass in an enclosed hull and measuring the po-
sition of the mass, the acceleration due to gravity can be assessed. The position measurement
in this example is realized by using a retro-reflective corner cube as mass, and a laser that is
aligned with the direction of gravity and reflected by mirrors. The laser in upward direction
is interfering with the reflected light wave in downward direction. A path difference between
the incoming and the reflected beam occurs due to the motion of the corner cube, leading to a
phase-shifted interference pattern. By counting the interference maxima passing by a specific
detector, the phase shift and thus the position of the mass can be measured. This in turn
allows to infer about gravity, by using a motion model that connects the position with the
acceleration of the mass.

The other picture is that of the classical Mach-Zehnder experiment (Zetie et al., 2000)
and the Sagnac effect, which was already used to introduce the FOG and ring laser gyroscope
technology in Chap. 2, cf. Fig. 2.3. This apparatus may use one laser source. The beam
is split, reversed by a mirror, and then recombined by another splitter, in order to produce
coherent waves at the output port. In case of a rotation of the apparatus, a phase shift is
visible in the resulting interference pattern due to the different length of the two laser paths.
The sensitivity of this interferometer can be increased by the distance between the splitter
and the two mirrors. The longer the light travels, the higher the sensitivity for a change of
their path length, and thus, to rotation.

Atom interferometry with cold atoms can be regarded as a combination of both effects.
By releasing and observing a prepared atom wave packet, information about the acceleration
of the atoms can be assessed. Contrary to the classical gravimeter it is not the shift of the
position of the center of mass of the atoms which is measured directly; the actual measurement
rather uses the quantum nature of the atoms. By a certain manipulation, the atoms are set
in a superposition of two internal energy levels with different momentum, comparable to the
paths of the optical interferometer, and a phase shift is measured in the end which yields
information about the inertial quantities like rotations and accelerations.

Equipped with this first impression, a brief history of the discovery of the quantum nature
of atoms over the first quantum inertial sensors, leading to quantum optical interferometry
with cold atoms, is now summarized.

The discovery of the quantum nature of matter mainly took place over the course of the
prior century. It started as a dispute between Max Planck and Ludwig Boltzmann, where the
former tried to prove that matter is "continuous" (Baggott, 2020). This was quite the unusual
way of thinking in comparison to the probabilistic theory of atoms which was quite common
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especially in the field of thermodynamics at that time. His research culminated in the Planck
radiation law E = hν. He discovered that in the case of black body radiation the energy E is
composed of discrete "quanta" of energy, characterized by a certain frequency ν and scaled by
the Planck constant h.

The next important steps, just to name a few and without claiming completeness, led over
Einsteins mass-energy equivalence, the Bohr atom model, and the De Broglie wave length
λdb = h

ρ , which links wave-like properties to particles with momentum ρ. The modern for-
mulation of quantum mechanics was then elaborated by Schrödinger, prominently with the
wave equation, Heisenberg and the uncertainty principle, as well as Dirac and Von Neumann
(Sakurai, 2011).

The core of this thesis is the experimental side and the application of quantum mechanics in
measurements. As such, the historical steps and technologies that allow to use CAI as inertial
sensor are now summarized in Sec. 3.1, and the current state of the art of atom interferometry
regarding accuracy and performance will be presented. A measurement model is introduced
in Sec. 3.2. This is followed by Sec. 3.3 with a detailed discussion of the transfer behavior of
CAI on the example of acceleration measurements. In Sec. 3.4 a novel concept is introduced to
calculate the CAI phase shift with a classical inertial measurement unit (IMU). A discussion
of the limits of CAI in terms of bandwidth in Sec. 3.5 concludes the chapter.

3.1 Introduction to Atom Interferometry

From Stern-Gerlach Experiments to First Inertial Measurements

A first important step toward matter wave interferometric measurement certainly was the
Stern-Gerlach experiment in 1921 (French et al., 1979). The experiment is still often used
as a model to describe more complex systems involving quantum mechanics (Casimir, 1981)
or more prominently in the description of atomic beam splitters (Adams et al., 1993). The
experiment is composed as following.

Silver atoms are heated in an oven and reach, collimated via a shutter, a chamber in which
they are exposed to a magnetic field. The chamber is equipped with a wedge-shaped upper
magnetic pole and an u-shaped lower magnetic pole, effectively leading to a field gradient.
This magnetic field supposedly affects the atoms, leading to a deflection. Consequently, the
atoms hit different positions on a detector screen. The conception was that if the magnetic
moment of the atoms was randomly distributed as expected from a random orientation of the
atoms, a vertical line would appear on the screen. However, this was not the case. The actual
observation was that only two distinct positions on the screen were reached. Those positions
were shown to be dependent on the spin of the electrons on the atoms’ outer energy shell,
which, as a matter of fact, has exactly two possible states. This was a clear indicator of the
quantum nature of atoms.

The effect of potentials like gravity is quite similar to the magnetic field. In this case,
the potential difference is causing a phase difference between the two states, which is a mere
quantum mechanical property. One of the first matter wave interferometers was revealed in
Altshuler and Frantz (1972). Here, a scheme to measure accelerations and rotation rate of
the apparatus, as well as magnetic fields, was presented. The general steps are visualized in
Fig. 3.1.

The working principle of this comparably basic implementation is very similar to most of
the current atom interferometric sensor prototypes. The architecture resembles a classical
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Figure 3.1: Scheme of the first matter wave interferometer, capable of measuring gravity or the Earth rotation
(Altshuler & Frantz, 1972).

Mach-Zehnder type configuration, comparable to the optical experiment introduced before.
The main components are

1. the source of particles. In this case, it is a continuous matter wave beam. The atoms
are heated up and leave the oven in shape of a collimated beam over a shutter;

2. some manipulation devices, namely a beam-splitter and beam reflector. The beam-
splitter is realized by a standing electromagnetic wave used for deflecting the particles.
This is loosely comparable to the effect of the magnetic field in the Stern-Gerlach experi-
ment described before. The reflectors can be realized again by a standing electromagnetic
wave or a crystal lattice;

3. some means to detect the fringe pattern and to infer about the phase difference. A
complete fringe pattern can be seen due to the continuous beam of particles that is used.
It is assumed that a change of gravity occurs which leads to a shift of the complete fringe
pattern. The detector thus counts the number of fringes passing by, allowing to extract
the phase shift and thus the acceleration of the frame.

Two Photon and Stimulated Raman Transitions

The next important technology is the light pulse interferometry. Atoms can interact with
light waves that are in resonance with the transition between two internal energy levels. For
example, an atom in a state |1, ρ⟩1 with momentum ρ absorbs a photon with momentum
ρph = h

λ and reaches an excited state |2, ρ + h
λ⟩. Here, h is the Planck constant and λ the

wavelength of the light, which needs to be at the level of the de Broglie wavelength of the
particles.

A more common form is to express the momentum in terms of the reduced Planck constant
ℏ = h

2π , so that the photon momentum is given by ρph = 2πℏ 1
λ . The factor 2π

λ = k is labeled
the wave number in this context. With those modifications, the excited state reads |2, ρ+ℏk⟩.

This higher energy state |2⟩ is not stable, and after some time the atom releases its excess
energy in shape of a photon in a random direction, while the atom conserves the momentum
as recoil velocity in the opposite direction. A mechanism to control the direction of the recoil
and the time the atom stays in its exited state would thus be highly beneficial.

In stimulated Raman state transitions (Kasevich & Chu, 1991; Kasevich et al., 1991),
two counterpropagating standing light waves are used such that an effective wave number

1This is the so called "Bra-Ket" notation |a, b⟩, where a indicates a state or energy level of the system, and
b a certain property, cf. e.g. Sakurai (2011). In the frame of the thesis (and only in this chapter, in fact),
this notation will be used to associate a momentum to a certain internal energy level.
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ke = k1 − k2 results. The transitions are driven between two hyperfine ground states |1⟩
and |2⟩, cf. Fig. 3.2. At this rate, the atoms first absorb energy of the photons of one
beam. Normally the atom would release the excess energy again by spontaneous emission of
a photon. If this emission is stimulated (Kasevich & Chu, 1991), i.e., controlled, each atom
releases energy in form of another photon into the beam with the opposite direction. The
effective momentum transfer is thus 2ℏk. In practice, the counter propagating beams can be
realized by a retroreflection mirror which reverses the direction of the interrogation laser of a
single source. The position of the mirror in particular also resembles the reference frame of
the interferometer in that case.
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Figure 3.2: Scheme of 2-photon transitions as presented in Kasevich et al. (1991). Left: a certain effective
frequency ωeff = ω1 − ω2 is needed in order to allow the population to be transferred between the states |1, ρ⟩
and |2, ρ + ℏke⟩. The detuning δ12 is needed in order to compensate for the velocity of the atoms in the
laser coordinate system. Right: oscillation of the population (normalized by total count) as a function of the

interaction with the light field characterized by pulse time τR and the Rabi frequency ΩR.

In order to select the corresponding atoms for the transition, a small detuning δ1,2 from
the resonance frequency characteristic for the particular state transition is needed. This
corresponds to the velocity of the atoms and the Doppler frequency shift associated with their
speed. At this rate, only the atoms moving toward (or away from, respectively) the direction
of the beam are affected by the slight shift in frequency. This is the so-called velocity selection.

The technique was applied to measure gravitational acceleration in Kasevich and Chu (1992)
and marked the beginning of numerous developments in the field of atom interferometry. Up
to date, more than 50 groups worldwide are working on the subject (Geiger et al., 2020). The
primary objectives lie in the achievement of higher sensitivities to inertial effects, and more
recently, also in developing industrial applications.

Measuring Accelerations and Angular Rates

The stimulated state transitions are a powerful tool to apply in different interferometer ar-
chitectures. It was visualized in Fig. 3.2 that, depending on the length of the interaction
of the laser pulse and the atom wave packet, the internal energy state of the atoms can be
manipulated. The phase of the atomic state transition depends on the pulse duration τR and
is related via

ϕR = ΩRτR (3.1)

with the effective Rabi frequency ΩR, a parameter characteristic for the oscillation between
certain energy levels. During the interaction of the atoms with the light field, the atom
transition probability between the two states oscillates depending on the phase ϕR. If all
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atoms were in state |1⟩ at the start of the interaction, the transition probability p of finding
the atoms in state |2⟩ is

p(ϕR) = 1
2 (1 − cos(ϕR)) . (3.2)

Two examples:

� When ΩRτR = π
2 for a given ΩR, the transition probability is

p(ΩRτR) = 1
2

(
1 − cos(π2 )

)
= 1

2 .

In this situation, the number of atoms in the two superposed states is equal, and a beam
splitter pulse is realized.

� A mirror pulse can be achieved by twice the pulse duration 2τR, such that ΩRτR = π.
This results in a transition probability of

p(ΩR2τR) = 1
2 (1 − cos(π)) = 1.

A series of π
2 − π − π

2 pulses is resembling a Mach-Zehnder pulse pattern, comparable to
the optical experiment or the matter wave assembly from before. As illustrated in Fig. 3.3,
the cycle starts with an atom wave packet in the state |1, ρ⟩. The first splitter pulse creates
a superposition of the atoms in the |1⟩ and |2⟩ state by equal numbers. The states are then
switched by a π mirror pulse at the time T, before they are finally recombined by another
splitter pulse at time 2T .

Time 

Po
si

ti
o
n

D
e
te

ct
o
r

T T

a

Figure 3.3: Atom interferometry in Mach-Zehnder structure. Right: Qualitative representation of the sinu-
soidal fringe pattern (red). After each measurement cycle, a single measurement (black dots) can be assessed,

which depends on the phase shift between the two interferometer paths.

The interrogation pulse sequence is essentially the effective measurement time of the inter-
ferometer, since it resembles the time in which the apparatus is sensitive to inertial effects,
like accelerations a, due to the different momentum of the two states. The accelerations result
in a measurable phase shift at the end. This will be covered in more detail in Sec. 3.4. Just
to convey a first idea about the order of magnitude, let this phase shift for now be denoted
by ϕa,

ϕa = ke · aT 2. (3.3)

The effective wave vector ke is the spatial representation of the effective wave number ke.
Equation (3.3) shows that the phase shift scales with the square of the interrogation time.
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As a general rule of thumb, higher times can be associated with a higher sensitivity of the
apparatus to inertial effects.

The apparatus is not only sensitive to linear acceleration, but also to a rotation of the
laser field (Riehle et al., 1991). This leads to the challenge of differentiating between the two
quantities, as the total phase shift due to inertial effects ϕinertial is given by a superposition of
the phase shift based on linear accelerations and the one resulting from a rotation ϕg,

ϕinertial = ϕa + ϕg. (3.4)

A comparably simple approach to distinguish between those two inertial quantities is the use
of two counterpropagating atom wave packets with initial velocity ±v that are interrogated
at the same time (Canuel et al., 2006; Gersemann et al., 2020; Tackmann et al., 2012). The
scheme of this approach is illustrated in Fig. 3.4. After the preparation, an initial separation
pulse causes parts of the atom wave packet to move in opposing directions. Both wave packets
are then interrogated in parallel. After the measurements, the phase shifts due to acceleration
and due to rotation can be assessed via (Gersemann et al., 2020)

ϕa = 1
2 (ϕ1(v) + ϕ2(−v)) , (3.5)

ϕg = 1
2 (ϕ1(v) − ϕ2(−v)) . (3.6)

Just like the accelerations, the phase shift due to angular rates ω scales with ∼ T 2,

ϕg = 2ke · (ω × v)T 2. (3.7)

This is just a basic outline of the usage of CAI as accelerometer and gyroscope, aiming to put
the numbers and state of the art technologies presented in the next section into perspective.
A more rigorous definition of the measurement cycle and a formulation of the CAI observation
equation will follow.
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Figure 3.4: Schemes of technical realizations of CAI as accelerometer and gyroscope. Left: CAI sensor with
a downward sensitive axis. The retroreflection mirror is used to realize a counterpropagating beam. This is
needed in order to allow Raman state transitions. Right: differential scheme like discussed in Gersemann et
al. (2020). An initial separation pulse divides an atom wave packet in two parts with opposed momentum in a
direction perpendicular to the sensitive axis. They are interrogated in parallel. Thanks to the opposed velocity,
a discrimination between phase shifts resulting from linear acceleration and phase shifts based on angular rates

is possible.
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State of the Art Atom Interferometry Inertial Sensors

To this day, most atom interferometry inertial sensors have only been realized for static lab
environment. They have only partially entered commercial stage: the "Absolute Quantum
Gravimeter" (AQG) of Muquans (2019) is a commercially available stationary gravity sensor,
reaching sensitivity levels of 5 × 10−7 m/s2/

√
Hz with a standard deviation of 6 × 10−9 m/s2

at 10 hours of integration (Vermeulen et al., 2018). In other experiments, sensitivities of
1.7 × 10−7 m/s2/

√
Hz (Peters et al., 2001) or 9.6 × 10−8 m/s2/

√
Hz with a long-term stability

of 5 × 10−10 m/s2 (Freier et al., 2016) have been reported.

The fundamental limitation is often the quantum projection noise (Itano et al., 1993).
This uncertainty can be seen as the basis for a large number of atom interferometer architec-
tures and directly affects the raw measurement of the interferometer. The value is magnified
by the individual scale factor of the interferometer, which depends on the settings, the archi-
tecture and the specific type of operation, i.e. whenever the CAI is applied as accelerometer,
gyroscope, magnetometer etc., the measured quantity is scaled differently depending on the
physical units.

The scale factor in the case of acceleration measurements, cf. Eq. (3.3), is composed of the
momentum transfer (effective wave vector), the interrogation time (proportional to the square
or even ∼ T 3), as well as the atom velocity in case of a rotation measurement as stated in
Eq. (3.7). Longer atom travel times, or travel distance, respectively, can lead to sensitivites of
3 × 10−8 m/s2/

√
Hz at a distance of 70 cm (Biedermann et al., 2015) or 3 × 10−10 m/s2/

√
Hz

at a distance of 8.7 m (Dickerson et al., 2013). While those travel times are not suitable for
terrestrial mobile navigation due to large spurious signals, they might see application in space
(Abend et al., 2023).

Large scale factors are especially relevant for the angular rate measurement, as classical
gyroscopes like hemispheric resonator gyros, ring laser and fiber optical gyroscopes are a
strong competition in terms of sensitivity. Gustavson et al. (1997) demonstrated an atomic
gyroscope with 2 × 10−8 rad/s/

√
Hz with the prospect of a sensitivity of 1 × 10−9 rad/s/

√
Hz

and long-term stability in the 1 × 104 seconds domain. In fact, further development with two
counterpropagating thermal beams lead to a sensitivity of down to 6 × 10−10 rad/s/

√
Hz in a

certain spectral range (Gustavson et al., 2000).

Further angular rate sensors based on light pulse interferometry are e.g. Tackmann et al.
(2012) with a sensitivity of 6.1×10−7 rad/s/

√
Hz down to a level of 1.2×10−7 rad/s/

√
Hz (Berg

et al., 2015). Durfee et al. (2005) reported a stability of 3.2×10−10 rad/s at 2000 seconds, with
a sensitivity close to the shot-noise limit of 8.7×10−10 rad/s/

√
Hz of the apparatus. Altorio et

al. (2020) presents an alignment-technique to reduce systematic error effects, reaching stability
levels of 1 × 10−10 rad/s.

Due to the necessity of wave packet preparation and imaging, the data rate is often at the
level of about 1 Hz. Additionally, only part of the cycle represents the actual measurement.
Full coverage can be achieved by juggling several atom wave packets in a series of overlapping
cycles (Dutta et al., 2016), whereas each one covers the dead time due to preparation and
readout of the others. Here, short-term sensitivities of 100 nrad/s/

√
Hz with a stability of

1 nrad/s have been reported. Further work (Savoie et al., 2018) lead to a long-term stability
of 3 × 10−10 rad/s at 104 seconds. On the other side, by reusing the atoms and thus reducing
the preparation time, higher data rates up to 60 Hz have been reported (Rakholia et al., 2014)
while still reaching sensitivities at the µrad/s/

√
Hz and µm/s2/

√
Hz level, respectively.

The inertial effects affecting the CAI phase shift are manifold. In general, the inertial phase
shift is a superposition of the impact of angular rates and linear accelerations. Most of the
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prototypes listed above are one-dimensional sensors. One of the assemblies for a multi degree
of freedom sensor is presented in Dickerson et al. (2013) with two rotational and one linear
acceleration axis. Canuel et al. (2006) and Barrett et al. (2019) present sensor architectures
with six degrees of freedom and different pulse schemes to separate the inertial quantities on
each axis. X. Wu et al. (2017) propose a multi-axis architecture for two-axis measurement of
gravity, rotation and inclination angle using a pyramidal mirror. A sequential measurement
scheme with six degrees of freedom (6DOF) based on a Bose-Einstein condensate is presented
in Gersemann et al. (2020).

3.2 Atom Interferometry Sensor Model

3.2.1 Measurement Model

There are different modes of operation for CAI. Canuel et al. (2006) present different schemes
for a multi-axis CAI, which also includes a four-pulse "butterfly" scheme in order to sup-
press certain spurious signals. The sensor model in the context of this thesis is elaborated
for the Mach-Zehnder pulse sequence, since it resembles a basic, intuitive and comparably
easy to implement design. The actual measurement is the transition probability p after the
recombination pulse. Theoretically, it is given for the excited state |2⟩ as

ptheory = 1
2 (1 − cosϕ) . (3.8)

In practice it is assessed by the ratio of the atom count N|2⟩ after the readout process, nor-
malized by the total number of atoms:

p =
N|2⟩

N|1⟩ +N|2⟩
. (3.9)

For a more specific implementation, considering the readout process parameters fringe ampli-
tude A and offset p0, as well as the phase shift offset δϕ, the transition probability can also
be written as

p = A cos (ϕ+ δϕ) + p0 (3.10)

with the phase shift ϕ
ϕ = ϕL + ϕlight + ϕinertial + ϕsep (3.11)

consisting of the already introduced phase shift from the interaction of the atoms with the
light field ϕlight, the phase shift caused by inertial effects like accelerations of the apparatus
ϕinertial, the laser phase ϕL which can be manipulated by the control electronics of the laser,
as well as an additional ϕsep which corresponds to the case in which the two atom paths do
not exactly overlap at the state recombination pulse.

Fringe Ambiguity and Dynamic Range

In order to extract the inertial effects from a reading of the CAI transition probability, the
equation needs to be solved for the phase shift ϕ. On the example of the theoretical model in
Eq. (3.8):

ϕ = arccos (1 − 2ptheory). (3.12)

The challenge at this point is that the arccos is only defined in the range of ϕ ∈ [0, π], which
represents one flank of the cosine signal. However, the inertial phase shift, e.g. according to
Eq. (3.3), scales via T 2 and can be much larger. In Fig. 3.5 it is visualized, how the phase shift
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Figure 3.5: Illustration of the fringe ambiguity problem. While the CAI measurement is given as atom count p
(red), there is an infinite number of phase shifts ϕ corresponding to the measurement. A classical IMU (green)

can be used to find the corresponding flank of the cosine signal.

and the CAI observation are related. The CAI measurement is basically only a number on the
y-axis, whereas Eq. (3.12) corresponds to the first falling flank of the measurement equation
(blue curve). There are multiple phase shifts that can be associated with the measurement as
indicated by the intersections of the curve with the red line. This is essentially the ambiguity
problem, which affects any signal that is incorporated in the phase shift ϕ. The direct
consequence is a limited dynamic range. For an interrogation time of T = 10 ms and ke =
4π/780 nm−1, the range of accelerations that corresponds to the cosine flank is about 4 mm/s2.
A common solution for this ambiguity problem is the usage of high rate acceleration sensors
that are used to identify the target flank by a prediction of the expected phase shift. This will
be further discussed in Chap. 4.

3.2.2 Timeline of a Measurement

Generally, the timeline of a measurement as illustrated in Fig. 3.6 consists of the following
parts,

Ttotal = Tprep + Tpulses + 2T + Tdet, (3.13)

with the atom preparation time Tprep, the manipulation laser pulse time Tpulses, the time
between beam splitter and mirror pulse T and the detection time Tdet of the readout process.
The total measurement time, in which the atoms are basically in free flight, can be labeled
Tflight = Tpulses + 2T . The steps are now explained in more detail. Afterwards, they are
summarized and their duration quantified by some actual numbers.

Cycle i-1 Cycle i Cycle i+1

Preparation time
Read
out
time

Measurement 
time

incl. pulses

Figure 3.6: Timeline of a CAI measurement cycle. The active measurement happens in the time of the
Mach-Zehnder pulse sequence, including the pulse length as indicated qualitatively in dark yellow. During the

preparation and readout time, the sensor is essentially blind.

Atom Preparation

The first characteristic section of a measurement is the preparation of the atoms. The atoms
are dispensed from their source and guided by a 2D magneto-optical trap (MOT) to their first
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target location in a 3D MOT (Raab et al., 1987). In the latter, the atoms are held for a few
parts of a second. This is required in order to cool the atoms, which essentially means that
their momentum distribution is defined as precise as possible. The corresponding time is Tprep.
Longer times are allowing for lower atom temperature thanks to longer cooling. Furthermore,
higher atom numbers are possible since more atoms can be collected and prepared. This time
is typically in the range of several hundred milliseconds in order to reach a temperature of a
few nK.

Interrogation Sequence

After the preparation step, the 3D MOT is deactivated and the atoms are released into free
spatio-temporal evolution. This is also the time in which the manipulation of the internal
states of the atoms by the interrogation laser pulses starts. The classic Mach-Zehnder in-
terferometry pattern by custom starts with the first splitter pulse, followed by the mirror
pulse after some time T . The states are then recombined after another time T . The individ-
ual pulses duration is bound to the Rabi-Oscillation, e.g. between the two hyperfine ground
states |1⟩ and |2⟩. For 87Rb it is τR = 7.5 µs for the splitter, and 2τR = 15 µs for the mirror
pulse, leading to a total Tpulses of 4τR = 30 µs. The interferometer is only sensitive for any
inertial quantities during this interrogation sequence. The time between the release and the
first splitter pulse does not necessarily need to be zero. However, as the distribution of the
atom wave packet starts to diverge with time due to thermal expansion, small times should
be preferred.

Imaging Process

After the interrogation sequence is finished by the recombination pulse, the information about
the inertial quantities needs to be extracted from the wave packet. As the population distri-
bution of the atoms in the two hyperfine states oscillates depending on the phase shift, this
is realized by measuring the transition probability, i.e. by counting the atoms. One way to
do this is by "light induced fluorescence" (Santarelli et al., 1999) where the atoms pass light
beams resonant to a particular state transition, and the photons emitted are counted, e.g. by
a photo diode. This process takes some time in which the interferometer is not sensitive to
inertial effects. The atoms in one state, here: the excited state, are counted first. In a second
step, all atoms are counted in order to retrieve the probability N|2⟩/(N|1⟩ +N|2⟩). Since those
numbers might still be affected by residual photons or back light, a third measurement after all
atoms have left the light interaction zone is often needed in order to compensate for an offset
in the measurements. Another option for the imaging that is mainly applied for Bose-Einstein
condensates (BEC) is the use of a charge-coupled device camera (Abend et al., 2016). In this
case, the parameters of the wave packet distribution are extracted from the picture.

To sum this section up, the measurement process of an atom interferometer can be divided
in three different parts. Each part can be associated with an individual optimization problem.
In particular:

� The preparation time is proportional to the number of atoms N active in the interfer-
ometer sequence, and thus closely related to the quantum projection noise σqpn one
is willing to account for.

σqpn ∼ 1√
N
. (3.14)
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The reduction of the quantum projection noise is only limited by the laser noise, cf.
Fig. 3.7. Some typical preparation times are 50 ms to 155 ms (Gauguet et al., 2009), up
to 600 ms for a number of 109 atoms (Freier et al., 2016).

� The flight time (including pulse times) squared is directly proportional to the sensitivity
one is going to achieve with the interferometer. Typical times for terrestrial navigation
are 20 ms - 50 ms. For space applications, higher times can be achieved. Note that there
is a trade-off between sensitivity and dynamic range.

� The detection time is coupled to the imaging process; higher times can, but not neces-
sarily have to, lead to a more sophisticated and accurate measurement with less signal
offset and technical noise. A typical sequence can take up to 50 ms (Berg, 2014).
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Figure 3.7: CAI observation uncertainty σp in relation to the number of observed atoms N. The total process
(gray line) is composed of technical noise (blue line), quantum projection noise (red line) and laser phase noise

(green line). The underlying parameters are according to Gauguet et al. (2009).

3.3 Response to Inertial Signals

In this section the focus is shifted on the impact of changes in the inertial quantities on the
phase shift measured by the interferometer. The main motivation is a better understanding of
the atom interferometer’s ability to resolve different shaped input signals, i.e. to analyze the
transfer behavior and to point out potential systematic error sources. The sensitivity function
of an atom interferometer with respect to phase uncertainty via oscillating perturbation signals
was analyzed and supported by experimental data in Cheinet et al. (2008). Here, a more
general approach by using the Laplace transform is chosen. This enables to analyze the
system response to different shaped causal input accelerations, for example, jumps, ramps or
more smooth time-depending signals.

3.3.1 Sensitivity Function of the Atom-Light Interaction

The sensitivity function g(t) (Santarelli et al., 1998) describes the change of the interferometer
output p with respect to a change of the phase,

g(t) = 2 lim
δϕ→0

∂p(δϕ, t)
∂δϕ

. (3.15)

As such it can be used as a basis to develop the transfer function of the interferometer, making
it possible to describe the output of the interferometer based on any input that affects the
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interferometer phase. Applications of the sensitivity function are the propagation of laser
phase noise or mechanical vibrations and accelerations of the frame to the interferometer
readout. If the interferometer laser phase of the second splitter pulse is regulated at ϕ = π

2 ,
Eq. (3.8) is only depending on the time dependent phase fluctuation in δϕ and thus can be
written as

p(δϕ, t) = 1
2

(
1 − cos(π2 + δϕ)

)
. (3.16)

The sign of the partial derivative in Eq. (3.15) depends on the sign of the phase shift that is
applied:

∂p(δϕ, t)
∂δϕ

=
∂
(

1
2 − 1

2 cos(π
2 ± δϕ)

)
∂δϕ

= ±1
2 sin

(
π

2 ± δϕ

)
. (3.17)

By evaluating the limit in order to approximate the derivative,

g(t) = lim
δϕ→0

± sin
(
π

2 ± δϕ

)
= ±1, (3.18)

the output of the sensitivity function results in one of two possible values:

g(t) =
{

−1 , δϕ > 0,
1 , δϕ < 0.

(3.19)

For the laser-induced phase shifts of the Mach-Zehnder pattern, ϕlight = π
2 −π+ π

2 , this means
that the sensitivity changes to -1 after the first splitting pulse and stays there until the mirror
pulse. Afterwards it yields the value 1 until the recombination pulse.

This simplified description does not include the times of the atom-laser interaction in which
the sensitivity changes due to the Rabi oscillation. For a full Mach-Zehnder measurement
cycle, the sensitivity function including the effect of the sinusoidal change of the atom states
during the laser interaction is described e.g. in Cheinet et al. (2008).

3.3.2 S-Domain Approach

To simplify the analytical solution in the s-domain, or complex frequency domain, it is assumed
that the pulse duration τR is much smaller than the interrogation time T , τR << T . This
renders the effect of the pulse time τR on the sensitivity function negligible. The function
then reads:

g(t) =


−1 , 0 < t ≤ T

1 , T < t ≤ 2T
0 , else.

(3.20)

This function can also be expressed by three unit step functions. A unit step function θ(t−T )
is defined by

θ(t− T ) =
{

0 , t < T,

1 , t ≥ T.
(3.21)

Here, the instance T indicates the time in which the step occurs, or in other words, when the
function jumps instantly from zero to the value one. The Laplace transform Θ(s) = L{θ(t−T )}
of the step function delayed by time T is according to the time shift theorem (Weber & Ulrich,
2017),

Θ(s) = L{θ(t− T )} = 1
s
e−sT , (3.22)
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whereas the time delay is expressed as the exponential e−sT the s-domain. The sensitivity
function of the interferometer can be interpreted as three step functions with different coef-
ficients, at the times τ = 0, τ = T and τ = 2T . This reduces the description to a single
function with three terms,

g(t) = −θ(t− 0) + 2θ(t− T ) − θ(t− 2T ). (3.23)

The unit step function and the constructed sensitivity function is depicted in Fig. 3.8. At the
initial state splitter pulse at t = 0, the sensitivity jumps to -1. At the mirror pulse at t = T ,
it jumps to +1. After the final recombination pulse at t = 2T the interferometer is no longer
sensitive to any effects. The corresponding representation G(s) = L{g(t)} reads

G(s) = −1
s

+ 21
s
e−sT − 1

s
e−2sT . (3.24)

The weight function for the accelerations reads (Barrett et al., 2014)

ha(t) = −ke

∫ t

0
g(τ) dτ. (3.25)

The integral in s-domain is represented as

L{
∫
ha(t) dt} = −ke

1
s
G(s), (3.26)

so that the final Ha(s) = L{ha(t)} reads

Ha(s) = −ke
1
s

(
−1
s

+ 2
s
e−sT − 1

s
e−2sT

)
= ke

1
s2

(
1 − e−sT

)2
. (3.27)

Note that Eq. (3.27) is a triangle signal in time domain, as illustrated in Fig. 3.8. The triangle
function yields a linear ramp until it reaches its maximum at t = T . Afterwards there is
a linear descent until the sensitivity to accelerations reaches zero at t = 2T . Expressed in
s-domain, the triangle function yields an exponential dampening of second order, affecting
higher frequencies. The function has two poles at s = 0. Additionally, there are two zeroes,
which are apparent if the exponential in the bracket has the value one. This happens to be
at s = 0 as well.
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Figure 3.8: CAI phase response. Left: unit step function θ(t). Middle: CAI sensitivity function g(t) to the
phase shift. The three instances of the light pulses are depicted as gray dotted lines. Right: sensitivity function

with respect to accelerations.

In the limit s → 0 and after application of L’Hospital’s theorem twice, there is still a
representation of the maximum of the function, which represents the maximum gain of the
transfer function for the three pulse interferometer:

lim
s→0

ke

(
1 − e−sT

)2

s2 = lim
s→0

ke
2Te−sT − 2Te−2sT

2s = lim
s→0

ke
−2T 2e−sT + 4T 2e−2sT

2 = keT
2.

(3.28)
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The phase shift as response to a certain input acceleration signal A(s) can now be evaluated
by simple multiplication,

Φ(s) = keHa(s)A(s). (3.29)

Note that the corresponding time-domain representation of this expression is the convolution
of the triangular acceleration sensitivity function ha with the acceleration signal (Geiger et
al., 2011),

ϕ = ke

∫ ∞

−∞
ha(τ)a(t− τ) dτ. (3.30)

Several different acceleration input signals of different order and shape are now considered, cf.
Table 3.1. The factor before the signals a1 and a2 is 1, with a unit that ensures the output
to be given in m/s2. For the CAI parameters, an interrogation time of 10 ms and an effective
wave number of 4π/780 nm−1 are set.

a(t) A(s) Ha(s) ·A(s) CAI Response

a0(t) = 1 1
s

1
s3

(
1 − e−sT

)2
â0(t)

a1(t) = t 1
s2

1
s4

(
1 − e−sT

)2
â1(t)

a2(t) = t2 1
s3

1
s5

(
1 − e−sT

)2
â2(t)

a3(t) = sin(ct), c = π
2T

c2

s2+c2
c2

s2(s2+c2)

(
1 − e−sT

)2
â3(t)

a4(t) = 1 − cos(ct) 1
s − s2

s2+c2

(
1
s3 − 1

s2+c2

) (
1 − e−sT

)2
â4(t)

Table 3.1: CAI response to input acceleration signals of different order and shape. The input signals are
stated in the first column. The second and third columns are showing the Laplace space representation A(s)
and their product with the sensitivity function Ha(s)A(s). The system response in time domain was computed

with the MATLAB symbolic toolbox and is not explicitly stated due to its complexity.

The system response is evaluated in the form of the phase shift response function Φ(s), and
additionally as the acceleration output that is produced by the interferometer based on this
phase shift. The results are presented in Fig. 3.9. The acceleration sensitivity function Ha is
included, in order to emphasize the cutoff frequency at 1

T . Due to the convolution with the
sensitivity function, all of the input acceleration signals are affected by the cutoff frequency.
Higher order signals are dampened more in higher frequencies, leading to the effect that the
impact of the cutoff lessens with growing signal order. This can clearly be seen in the case of
the quadratic input signal.

The time domain system response to the accelerations is computed by the inverse Laplace
transform of the respective phase shift response function:

â(t) = 1
keT 2 L−1{Φ(s)}. (3.31)

Since the magnitude of the signals differs vastly, the individual acceleration signals are nor-
malized by the average value of the corresponding input signal over the interrogation time
interval. The results are illustrated in the right panel of Fig. 3.9. It can be noted that the
constant acceleration a0 as well as the acceleration ramp a1 coincide with the input signal at
the time of the measurement, which means that the output of the CAI at the end of the 2T
measurement cycle does represent the true acceleration signals correctly. For the signal a2
which grows quadratic with time, there is an error between the response and the input signal.
For highly nonlinear signals like the sine function a3, this error is quite large. It can be gener-
alized that signals that are point-symmetric in their value around the time T can be resolved
without error. In order to demonstrate this, another cosine signal a4(t) = 1 − cos(2πt

4T ) with a
period of 4T is evaluated as well. This period is chosen so that the first half of the cosine is
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Figure 3.9: CAI response to input acceleration signals of different order and shape. Left: phase responses in
the s-domain. The dotted gray line indicates the cutoff frequency at 1/T . Right: time domain representation of
the system acceleration response signals, normalized by the average values of the corresponding input signals.
The time of the finished measurement cycle is indicated by a vertical gray dotted line. A value of 1 (dotted
black line) at the end of the measurement cycle means that the CAI output represents the actual acceleration

signal correctly.

overlapping with the CAI measurement cycle, realizing a smooth sinusoidal transition from 0
to 2 m/s2. As Fig. 3.9 shows, even though this signal is highly nonlinear as well, the response
at the time of the measurement coincides with the average value.

Note that the sine function a3, while also having a period of 4T , is symmetric with respect to
the time T . As such, the transfer function produces a zero as output. In fact, this behavior can
be seen in the frequency domain representation as well, where the system response function of
a sinusoidal input has zeros for each sine period length n · T , where n is an arbitrary positive
integer.

In summary, CAI is only resolving time-depending accelerations correctly when the above
mentioned condition, i.e. the point-symmetry with respect to the center pulse, is met. For
any other input function, the CAI introduces a systematic error. An extension of this study
to reflect the transfer behavior of the complete QINS is discussed in Appendix A.8.2.

3.3.3 Frequency Domain Approach

A similar analysis can be exerted in the frequency domain, which is especially interesting
to evaluate the effects of mechanical vibrations and certain high frequency sinusoidal noise
processes on the interferometer measurement. The complex frequency s,

s = σ + jω = σ + j2πf, (3.32)

for the case with a real part σ = 0, only yields a dependency on the (circular) frequency f
(ω) in the imaginary term with j =

√
−1. For the transfer of spectral densities it is straight

forward to transform the system into frequency domain (Brown & Hwang, 2012),

SΦ(ω) = |Ha(ω)2|Sa(ω) = |Ha(s)2|Sa(s) = SΦ(s). (3.33)
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An alternative is to start from a constructed function of unit steps similar to Eq. (3.23), but
at times -T, 0 and T, as the Fourier transform of functions that are not centered around zero
is mathematically difficult to handle. The transformation results in:

F {g(t)} = G(ω) = −4j
ω

sin2
(
ωT

2

)
. (3.34)

If Eq. (3.25) is further applied in the frequency domain, the following transfer function Ha of
accelerations to the interferometer phase can be stated

Ha(ω) = 4j ke
ω2 sin2

(
ωT

2

)
. (3.35)

As an example, a white noise process in the accelerations with spectral density Sa is transferred
into the corresponding interferometer phase noise SΦ via

SΦ(ω) = |Ha(ω)2|Sa(ω). (3.36)

The complete expression is thus,

SΦ(ω) = 16 k
2
e
ω4 sin4

(
ωT

2

)
Sa(ω). (3.37)

The transfer function is a combination of a sinusoidal modulation and a second order integra-
tor. For large frequencies above the cutoff f = 1

T , the impact of the integrator is overshadowing
the modulation and the transfer function acts a second order low pass filter. However, for
frequencies fn = n 1

T , n ∈ N+, it is zero, and the corresponding signals are consequently
blocked.

3.4 Kinematic Model for the Atom Wave Packets

3.4.1 Path Integral and Midpoint Line Model

So far, the impact of accelerations on the phase shift of the interferometer was examined.
The basis for the evaluation was the sensitivity function to accelerations stated in Eq. (3.27).
In numerous experiments (Barrett et al., 2014; Geiger et al., 2011; Richardson et al., 2020),
this function in its frequency domain representation is used to transform the measurement of
classical accelerometers, which are attached to the retroreflection mirror, into CAI observation
space and correlate the two signals in order to solve the fringe ambiguity in the face of
large accelerations and mechanical noise. The circumstance that the mirror vibration directly
affects the measurement of the interferometer appears elegant, but somewhat counter-intuitive
when it comes to the measurement of uniform accelerations and especially rotations of the
interferometer laser frame. Antoine and Bordé (2003) developed a formalism in which the
phase shift is expressed in dependence of the position of the atoms in the laser field. By using
a proper kinematic motion model for the atoms, a more general description of the phase shift
can be derived.

Let’s assume that the cloud of atoms can be represented by its center of mass. Following
the principle of least action, the action S along the most likely path of a classical particle is
defined by the path integral (Landau & Lifšic, 2011):

S =
∫ t

t0
L [x(t), ẋ(t)] dt. (3.38)
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Here, L is the Lagrangian and x(t) and ẋ(t) the time-depending position and velocity, re-
spectively. Storey and Cohen-Tannoudji (1994) pointed out that the space-time evolution of
a wave function can be expressed in an equivalent, i.e. classical, fashion if the Lagrangian is
at most quadratic with respect to the position and velocity. This includes the cases of free
evolution with the kinetic energy Ekin = 1

2mẋ2, the impact of a gravity field leading to the
potential Epot = mg · x, as well as a particle in a reference frame, rotating at a constant
angular rate Ω, notably the general case

L = 1
2mẋ2 −mg · x +mΩ · (x × ẋ) + 1

2m(Ω × x)2. (3.39)

Now in the atom interferometer there are two states of the wave packet, each with a corre-
sponding center of mass, following one of the two paths of the interferometer. Antoine and
Bordé (2003) formulated a closed form representation of the interferometer phase shift be-
tween the two paths. They showed that it is sufficient to describe the apparent motion of
the wave packet on the "midpoint line", which is essentially the center of mass of both wave
packet states, cf. Fig. 3.10. This can be understood as the mean of the two states in terms of
position and velocity. Their findings and assumptions can be summarized as following:

� The path of each wave packet can be associated with a corresponding mass, initial
position and momentum.

� In the case of the interferometer, and perfect 50/50 splitter pulses, the masses of the
atoms on each path can be considered equal.

� The interferometer is further considered as symmetric, meaning that a mid-point line
can be defined, and the half-sum of the positions of each path is equal to a midpoint-line
position x.

� A change in phase shift between the two paths only occurs during interaction of the
wave packet and the light field.
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Figure 3.10: Paths of the atom wave packet in a Mach-Zehnder pulse pattern interferometer. An acceleration
of −1 m/s2 is acting in sensitive direction. The three pulses at 0 ms, 10 ms and 20 ms are depicted as gray
dotted lines, the line width used as a qualitative indicator for the pulse length. The two paths A and B are
illustrated in blue and red, respectively. The midpoint-line in green represents the mean position of the wave

packet center of mass.

Some further assumptions need to be made at this point. The state transition during each
interferometer pulse has a dependency on the pulse length itself, the Rabi-oscillation that was
already introduced in Sec. 3.1. In order to simplify the further equations, an infinitely short
pulse length is assumed, as well as a planar shape of the laser wave front. This can be justified
for interrogation times that are considerably larger than the pulse length. The phase shift at
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the n-th interaction in a sensitive direction and under the above considerations is then given
by:

ϕ(tn) =
n∑

i=1
((kB(ti) − kA(ti)) · x(ti) + ϕlight,A(ti) − ϕlight,B(ti)) (3.40)

where ke(ti) = kB(ti)−kA(ti) is the effective wave vector, and ϕlight,i = ϕlight,A(ti)−ϕlight,B(ti)
the respective differential phase of the counterpropagating lasers at the time ti.

In a Mach-Zehnder type interferometer with equal pulse separation time T , and an iden-
tical effective wave vector ke for each pulse, the phase shift after the second splitter pulse is
consequently

ϕ(2T ) = ke · x(0) − 2ke · x(T ) + ke · x(2T ) + ϕ1 − 2ϕ2 + ϕ3︸ ︷︷ ︸
=0

. (3.41)

The light induced phase shifts are in sum zero, just as discussed in Sec. 3.3.1.

To wrap this section up, it was pointed out that the evolution of the wave packet state
over time can be described with a classical path integral of the Lagrangian of a point mass.
Furthermore, in the symmetric atom interferometer it is sufficient to describe the kinematic
state of the point mass along the midpoint line. In the next section, this kinematic state will
be formalized. This includes the introduction of a coordinate system for the interferometer
frame, as well as the solution of the kinematic state differential equations under different
dynamic conditions, culminating in the so-called Atom Strapdown (AtoS) method.

3.4.2 Atom Strapdown

First, a new coordinate system for the sensor has to be defined, which is subsequently denoted
as s-frame. In order to simplify the notation, the origin of the s-frame is placed at the
exact location of the atoms at the time of the first splitter pulse. The atom interferometer is
assumed to be aligned with the axes of the b-frame appointed to the platform it is placed on.
The s1-axis of the newly introduced s-frame is aligned with the direction of the interrogation
laser, cf. Fig. 3.11. The s3-axis is pointing towards the direction of the gravity vector. The
s2-axis then completes the right-handed system. Any misalignment between the s-frame and
the b-frame is neglected for now. They will be further developed in the QINS integration
chapter in Sec. 4.2.1.

After preparation in a 3D magneto-optical trap, the atoms are released so they are evolving
freely through space and time based on their initial momentum. The s-frame, however, is
affected by the accelerations and angular rates. This means that a relative motion occurs
between the laser and the atoms. The position vector pointing to the center of the atom
cloud in the s-frame is denoted as xs

sa, see Fig. 3.11. As indicated before, it is mandatory
to calculate the position of the atoms in the s-frame based on the input dynamics, which are
again given by accelerations f s

is and angular rates ωs
is. The phase shift can then be calculated

by Eq. (3.41). It reads:

ϕs = ke
s · xs

sa(t = 0) − 2ke
s · xs

sa(t = T ) + ke
s · xs

sa(t = 2T ), (3.42)

whereas T is the interrogation time between the Raman laser pulses.

One small hint about the vector representation in this very general equation (3.42). The
atom interferometer as introduced so far only has one sensitive axis. This axis is represented
by its effective wave vector ke

s. As an example, if it is only sensitive for the s1-direction, the
wave vector has the form

ke
s =

[
kx 0 0

]T
(3.43)
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Figure 3.11: Coordinate system of the atom interferometer. Left: initial position of the atom wave packet
a at t = 0. Right: atom position after some time of evolution. The position vector xs

sa is pointing onto the
center of mass of the atom wave packet a which travels along the midpoint line (dotted green).

and thus there can only be a non-zero phase shift on the respective sensitive axis. The
advantage of the general notation is that the question about which axis is covered by an
interferometer does not need to be answered now. It will however be important for the
specific applications and the system integration of the CAI in Chap. 4.

Accelerating and non-rotating frame

In order to get some intuition about the problem and the new notation, a simple scenario in
an inertial non-rotating frame is assumed where only an acceleration in s1-direction is present.
The actual acceleration of the frame, as, stands in the following relation with gravity gs and
the specific force f s

is,
f s
is = as − gs. (3.44)

The differential equations describing the motion of the atom wave packet in the s-frame are
as following

ẋs
sa = vs

sa, (3.45)
v̇s

sa = −f s
is. (3.46)

The indices follow the convention introduced in Sec. 2.2.2. The change of velocity v̇s
sa of the

vector from the center of the s-frame to the atom is opposed to the acceleration as of the
frame. This is due to the fact that the frame is accelerated while the atom stays or moves
according to the location and momentum it receives from initial manipulation. The equations
can be evaluated by numerical integration. The initial atom position is zero, by definition of
the s-frame. The initial atom velocity is defined by the recoil velocity 1

2vrec, and potentially
by the momentum inherited from the separation pulse which is used for CAI designs sensitive
to angular rates like shown in Fig. 3.4.

Under the assumption that the acceleration is constant and the initial atom position is zero,
the following closed solution of the phase shift after the CAI measurement can be established:

ϕs = ks
e ·
(

−21
2 f s

isT
2 + 1

2 f s
is(2T )2

)
,

ϕs = −ks
e · f s

isT
2. (3.47)

In literature this is a wide-spread equation for atom gravimeters for the special case that f s
is

is entirely caused by gravity and the sensitive axis of the sensor is pointed downwards.
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Rotating frame with no acceleration

The next scenario is a rotation of the frame with angular rate Ωs
is without any acceleration.

This is a rather hypothetical case, and the only purpose is to demonstrate how the sensitivity
to rotations is affected by different terms. The differential equations yield:

ẋs
sa = vs

sa, (3.48)
v̇s

sa = 2Ωs
isvs

sa + Ωs
isΩs

isxs
sa + Ω̇s

isxs
sa. (3.49)

In this case, there is a number of terms resulting from fictitious forces that occur, namely the
Coriolis 2Ωs

isvs
sa, centrifugal Ωs

isΩs
isxs

sa and Euler term Ω̇s
isxs

sa.

Eq. (3.49) implies that in order to get the system evolving, an initial velocity, respectively
momentum, is needed. This is the main reason why the atoms in the majority of CAI based
gyroscopes are provided with an initial drift velocity perpendicular to the sensitive axis.

The phase shift for the Coriolis term in the rotating frame is the following. Again, a constant
value for Ωs

is and notably vs
sa is assumed in order to produce a closed solution:

ϕs = ks
e ·
(

−21
22Ωs

isvs
saT

2 + 1
22Ωs

isvs
sa(2T )2

)
,

ϕs = 2ks
e · Ωs

isvs
saT

2. (3.50)

which only includes the effect of the rotation in the Coriolis term, similar to many MEMS
gyroscope designs.

Notice that the terms involving the atom position also lead to spurious effects on the phase
shift. The implications of this will be further elaborated in Sec. 4.3.3.

Rotating and accelerating frame, general case

Now a more general case with an accelerating and rotating frame is discussed. The differential
equations yield

ẋs
sa = vs

sa, (3.51)

v̇s
sa = −

(
f s
is − 2Ωs

isvs
sa − Ωs

isΩs
isxs

sa − Ω̇s
isxs

sa +
(∫ t

t1
Ωs

is dτ

)
f s
is

)
. (3.52)

The final phase shift in the case of constant signals over 2T is:

ϕs = ke
s ·
(
2Ωs

isvs
saT

2 − f s
isT

2 + Ωs
isΩs

isxs
saT

2 + Ω̇s
isxs

saT
2 − Ωs

isf s
isT

3
)
. (3.53)

Note that a higher order phase shift term with T 3 is involved which results from the change
of the rotation vector during the velocity integration, comparable to Eq. (2.58).

Sensor Frame Origin

In the frame of discussion in this thesis, the origin of the sensor frame is placed at the location
of the initial splitter pulse. Other options are possible, the most prominently one being the
position where the interrogation laser interacts with the retroreflection mirror (Zahzam et al.,
2022). There is no general solution to this problem, but two hints can be given to the system
designer.
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First, the placement of the s-frame origin in a location different from the interaction point
of the light field with the center of mass of the atom wave packet leads to a non-trivial initial
xs

sa, but does not affect the resulting phase shift. To illustrate this, let xs
sa be an arbitrary

non-zero vector x0. The phase shift reads

ϕs = −
(

ke · x0 − 2ke · (1
2 f s

isT
2 + x0) + ke · (2f s

isT
2 + x0)

)
. (3.54)

This equation, after expansion of the inner brackets and some reformulation,

ϕs = −

ke · x0 − 2ke · x0 + ke · x0︸ ︷︷ ︸
=0

+ke · f s
isT

2

 = −ke · f s
isT

2, (3.55)

shows that the initial position is canceled out. This can analogously be shown for rotation
induced phase shifts as well.

Second, the s-frame is defined as a rotating frame, meaning that the origin is best placed
in the center of rotation of the lasers. It was clarified that the initial position does not affect
the phase shift. However, any distance between the center of the frame and the atoms leads
to a scaling effect of any rotation-related terms, i.e. centrifugal and Euler. As this depends
on the specific implementation of the CAI and the vehicle, it will not be covered in detail.

Gravimetry

A special operation mode needs to be mentioned, which is often applied for pure gravimetric
measurements, but is not directly related to the AtoS. This involves cases in which a constant
acceleration due to gravity can be expected. In this instance it is possible to apply a phase
shift based on a frequency sweep with chirp rate ζ. The frequency sweep can be adjusted, so
that the resulting phase shift

ϕs = (ζ − ks · gs)T 2 (3.56)

is zero. In this occasion the vector of gravity can be reconstructed,

gs = ζke
s/∥ke

s∥2, (3.57)

whereas the only non-zero entry of gs yields

gs
z = ζ

ks
z

. (3.58)

This result is a scalar and represents the projection of the gravity vector on the sensitive
axis as defined by the wave vector and expressed by the scalar product ks · gs. Thus, ks

z is
representing the wave number of the sensitive axis that is supposed to be aligned with the
gravity vector.

This technique can be applied for initial calibration of the interferometer. If the same
frequency sweep rate is used in subsequent measurements, the impact of the constant gravity
vector’s magnitude is already compensated. The effect of the Earth rotation rate can be
accounted for by turning the retro-reflection mirror to a certain degree in direction of the
Coriolis force, cf. Peters et al. (2001). Thereby, the lateral drift due to the Coriolis effect is
compensated.
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3.4.3 Evaluation and Comparison with the Correlation Approach

The AtoS can be viewed from two different perspectives. First of all, it is a generalized
formalism for the correlation approach (Barrett et al., 2014; Cheinet et al., 2008; Geiger et
al., 2011; Richardson et al., 2020). In the correlation approach the integral in Eq. (3.30) is
directly evaluated with accelerometer data as input. Contrary to that, the wave packet position
in the sensor frame is calculated explicitly in the AtoS. This enables an arguably more intuitive
way of connecting the phase shift of the interferometer with the accelerations and rotations
of the sensor frame. Even in the basic configuration, angular rates and accelerations are
already included in the mathematical description of the phase shift, in principle enabling the
solution of the phase shift with data of a complete IMU under an extended range of dynamic
conditions. This renders it even more powerful if the spatial distance and the misalignment
between the systems are involved in the formalism. Another advantage of tracking the atom
wave packet as position vector is that at this rate, information about the spatial evolution
of the atoms in the s-frame is available. Based on this information it is possible to decide,
when the atoms will leave the diameter of the interrogation laser field, making fault detection
possible. Furthermore, the vacuum chamber and the laser can already be designed early in
the production process of a CAI, based on the dynamics that are expected from a specific
applications.

The closed solution for the phase shift under the assumption of a constant system that
was stated in Eq. (3.47) and Eq. (3.50) also results from the correlation. This was shown
experimentally for acceleration data on a single axis (Tennstedt et al., 2023). The advantage of
the correlation approach is that it allows to incorporate the laser pulse duration by enhancing
the response function h(t). This also makes it easier to compute the noise propagation,
especially for uncertainty of the acceleration signal a(t) or phase fluctuations of the laser,
cf. Fang et al. (2018).

In the context of noisy IMU data, the numerical evaluation of the phase shift based
on the computed atom position at the pulse times demands more careful consideration. While
in theory the temporal resolution of the phase shift prediction is increased by the numerical
solution of the differential equations, the double integration of high rate, noisy IMU data
leads to systematic deviations from the variance propagation based on the theoretical model
(Thong et al., 2004). This might similarly affect the correlation approach and is open for
further investigation which exceeds the frame of this thesis.

3.5 Limits of the Atom Interferometer as Inertial Sensor

The goal of this section is to point out the limits of CAI as inertial sensor. The first issue
that was already discussed in Sec. 3.2.1 is the limited dynamic range due to the ambiguity
problem. This soft limit can be handled by a prediction of the phase shift with classical
sensors, e.g. by application of the proposed AtoS method.

Besides the limited dynamic range due to the ambiguity problem, there are other, physical,
hard limits inherent to the technology. Accelerations and angular rates that are larger than
those limits cannot be resolved. Those hard limits will be introduced now. Afterwards, some
mitigation techniques will be evaluated that are proposed in literature. The implications of
the limits for a terrestrial QINS will finally be summarized.

As indicated in the beginning of the prior section, the classical description and the models
for the three-pulse Mach-Zehnder interferometry architecture work quite well for linear and
quadratic potentials in position and velocity, see also Heller (1975). For higher order, phase
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shift terms associated with the quantum nature of the wave packets need to be considered
(Bertoldi et al., 2019). For short interrogation times, the higher order terms are negligible
and are not further considered in the frame of this thesis. But even in the cases in which the
classical description holds, there are some limitations to the CAI measurement that need to
be discussed in order to decide if CAI is applicable to certain navigation tasks. Two major
categories of limits can be stated.

The first category, which can mainly be associated with limits for detectable accelerations, is
the spatial dimension of the interrogation laser. This can be illustrated with a simple example:
assume that a car is in a constant forward acceleration phase. A first CAI axis is measuring
in the forward s1-direction. This yields no limitation, unless the atoms are reaching the inner
boundaries of the vacuum chamber. A second CAI axis is measuring in the s2-direction,
perpendicular to the forward direction. Here, the atoms might leave the interaction zone with
the laser, if the accelerations are too large. However, Fig. 3.10 indicates that the displacement
is often in the order of some mm, while the width of the laser can be as large as 2.5 cm (Abend
et al., 2023), so this does not appear to be a severe limitation. Using simple motion equations
like x = 1

2at
2, the dimensions of the vacuum chamber and the width x of the lasers for a

certain expected maximum acceleration a, or likewise the maximum acceleration based on the
dimensions, can be assessed easily. As an example, an interrogation time of T = 10 ms and a
laser width of 10 mm yields a maximum lateral acceleration of 25 m/s2.

Another factor that can be put into this first category is the shape of the laser wavefront.
The models introduced so far are based on the assumption, that the laser wave front is planar
and the point in time of interaction of the atoms with the lasers is assumed to be identical
for each atom. In general, this is not the case. The shape of the laser wave front can vary,
and the interaction time of the atoms in one wave packet varies depending on their position in
the laser field. This effect is in the order of magnitude of some nm/s2 (Karcher et al., 2018),
and only relevant for very high accuracy measurement with long interrogation times, which,
again, is not considered here.

The second category revolves around the issue that the two paths of the interferometer need
to be coherent at the time of the recombination pulse, meaning that they need to overlap. This
is generally not given in the case of rotations of the laser frame (s-frame). As pointed out in
Antoine (2007), a rotation induces "an asymmetric modification of the two main interferometer
arms", and might ultimately lead to a nonclosure of the interferometer. See also Fig. 3.12.

Now the shape of the interrogation laser is not too severe in the light of short interrogation
times and small spatial expansion of the wave packets. Furthermore, the dimension of the
laser beams and the vacuum chamber are mere design parameters which can be handled
as well. For those reasons, the focus of this section lies on the impact of rotations on the
interferometer readout. The problem will now be further explained, its limits evaluated and
possible mitigation strategies will be stated.

3.5.1 Impact of Rotations on the Interferometer Readout

At first, a mere geometric approach to understand the impact of rotations is presented.
The displacement xsep between the two paths at the time of the recombination pulse leads
to a separation phase shift ϕsep. If this phase shift is too large and exceeds a value of ±π

2 ,
it might lead to a fringe ambiguity as well. Fig. 3.12 illustrates the impact of rotations on
the two paths of the interferometer on the example of an acceleration of −1 m/s2 in direction
of the sensitive axis and an additional angular rate of 3 rad/s on a perpendicular axis. It is
apparent that the two paths do not exactly coincide at the time of the recombination pulse,
as the more detailed visualization of the paths and the displacement xsep clearly shows.
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Figure 3.12: Displacement of the CAI interferometer paths under rotation of the frame. The two paths A
and B are illustrated in blue and red, respectively. The midpoint-line in green represents the mean position
of the wave packet center of mass. A rotation of the s-frame leads to the situation in which the wave packets
of the two interferometer paths are not overlapping at the time of the recombination. Note that the midpoint
line representation of the mean kinematic state is still valid. The three light pulses are depicted in gray. Right:
zoom on the displacement between path A and B during the recombination pulse. The displacement xsep can

be related to a separation phase shift ϕsep, which can surpass the phase ambiguity of π/2

Note that the position difference at the time of the recombination can also be understood as
a direct consequence of the recoil velocity vrec (Cadoret et al., 2016). In the case of a rotation
with rate ω only, the position difference is occurring due to the cross-coupling of the rotation
and the velocity in the Coriolis term and reads

xsep = 2ω × vrecT
2, (3.59)

whereas the recoil velocity is given by

vrec = ℏ
m

ke, (3.60)

with m as the atomic mass.

This spatial separation again leads to a corresponding phase difference ϕsep (Bongs et al.,
2006),

ϕsep = ρ

ℏ
xsep, (3.61)

where ρ is the momentum. The expression for three dimensions with the effective wave vector
ke reads

ϕsep = ke · xsep. (3.62)

For the example of a mean rotation rate of 1 rad/s, this phase shift is in the order of
ϕsep = 37.94 rad, at ke = 4π/780 nm−1 and T = 10 ms. This shows a clear limitation of
the interferometer to resolve large rotation rates. For the interferometer with the settings
described above, the maximum resolvable rotation rate without correction would thus be about
0.04 rad/s for a separation phase shift just below π/2. As a side note, Fig. 3.12 indicates that
if the time between the second and the third laser pulse would be reduced by less than 1 ms,
the interferometer would still close.

As pointed out in Roura et al. (2014), another interpretation of the impact of rotations
is that the two distributions of the wave packets in position and momentum do not overlap
at the time of the recombination pulse, leading to an open interferometer and effectively to
a loss of contrast of the interferometer readout. This can be visualized in the phase space of
the wave packets, cf. Fig. 3.13.
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Figure 3.13: Phase space representation of the atom wave packets according to Roura et al. (2014). Depicted
is the displacement of the two interferometer paths A (blue) and B (red) in momentum (velocity δv) and

position (δx). The values are related to the distance between the centers of mass of the wave packets.

Note that this representation can be gained by an alternative approach to model the phase
shift of the atom interferometer. Namely, the formulation of the atom states via probability
distribution (Wigner-function, cf. Dubetsky and Kasevich (2006)). Contrary to the path
integral approach used for the midpoint line model this representation is much more helpful
in modeling the distributions of the atoms in momentum and position. This allows to get
an actual quantitative measure of the overlap of the two states, simply by spatial correlation
of the two probability densities. This model is often essential to describe the behavior of
BEC, but is not further considered in the frame of this thesis as the path integral approach is
sufficient and arguably easier to analyze and implement in simulations.

In order to get an idea about the impact of the actual distribution on the interferometer
readout, the uncertainties in velocity σ2

vs
sa

and position σ2
xs

sa
can be propagated by the phase

shift equation (3.53) as a simplification. Note that this representation is equivalent to the
first geometric interpretation of the separation phase shift for the case that the propagated
uncertainties on the displacement are equal to the actual displacement of the wave packets
xsep. This seems reasonable, as the distance between the wave packets centers of mass can be
interpreted as the standard deviation of the spread of the atom wave packets, assuming they
share the same distribution.

For example, the effect of the Coriolis acceleration is the following, whereas Σvs
sa

is a
covariance matrix representing the spatial velocity dispersion of the wave packet,

ϕ2
sep = σ2

ϕ = 4T 4ke
T[ωs

is×]Σvs
sa

[ωs
is×]Tke, (3.63)

which, often expressed for the sensitive direction, can also be found in literature (Narducci et
al., 2022; Zahzam et al., 2022). For continuous matter wave beam interferometers the same
formulation can be applied (Black et al., 2020; Gustavson et al., 1997).

For the remaining dynamics that correspond to the position of the atom wave packet in the
rotating s-frame, the centrifugal term reads

ϕ2
sep = T 4ke

T ([ωs
is×][ωs

is×]) Σxs
sa

([ωs
is×][ωs

is×])T ke, (3.64)

and the Euler term
ϕ2

sep = T 4ke
T[ω̇s

is×]Σxs
sa

[ω̇s
is×]Tke. (3.65)

Here, Σxs
sa

resembles the spatial spread of the wave packet. The propagation of the uncertainty
variances according to Eqs. (3.63) - (3.65) demands constant values of ωs

is.
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The contrast C0 can be related to the amplitude A and offset p0 of the interferometer
observation equation (3.10) by

C0 = A

p0
. (3.66)

The contrast loss C/C0 with respect to the unperturbed contrast C0 can finally be expressed
in terms of the separation phase shift ϕsep, which is directly related to the displacement of the
wave packets (Cronin et al., 2009),

C

C0
= e− 1

2 ϕ2
sep . (3.67)

The more difficult part is to model the uncertainties σ2
vs

sa
and σ2

xs
sa

. This is not covered in
detail in this thesis, but a few numbers are now summarized to convey the order of magnitude.
One way to assess the distribution of the ensemble is by the velocity selection of the Raman
pulses, as described in Kasevich et al. (1991) and Moler et al. (1992). They pointed out the
following relation for the spread of the atom velocity, depending on the recoil velocity vrec,

σvs
sa

= 3.6vrec
1√
2
. (3.68)

For a recoil velocity of 11.8 mm/s this results in a dispersion of σvs
sa

= 30 mm/s for a single
atom.

Recent research for the application in future space gravity missions (Zahzam et al., 2022)
uses the following assumptions for the uncertainties in their simulations, σxs

sa
= 2 mm, σvs

sa
=

2.5 mm/s for a cloud of 100 atoms. While the authors do not further comment on their
assessment of the value of σxs

sa
, the order of magnitude of σvs

sa
can be explained by Eq. (3.68),

divided by the square root of the number of atoms.

One more theoretical approach is discussed in Lan et al. (2012), where the size of the wave
packet is related to the thermal de Broglie wavelength. The latter is mainly depending on
the atom temperature. On the example of Caesium atoms, a typical value of σxs

sa
= 13 nm is

named. This rather small value can be explained by the connection between the uncertainty
of position and momentum which is given by the Heisenberg uncertainty principle (Kennard,
1927),

σxs
sa
σvs

sa
m ≥ ℏ

2 . (3.69)

By reformulating Eq. (3.69), the uncertainty of the position can be approximated,

σxs
sa

≈ ℏ
2σvs

sa
m
. (3.70)

Using the 87Rb example, the position uncertainty is in fact in the order of magnitude of a
few nm. The combination of Eq. (3.68) and Eq. (3.70) thus appears to be a good basis to
approximate the initial uncertainty of the wave packets.

As a demonstration, the uncertainty is modeled for an atom cloud consisting of 5×105 87Rb
atoms. An angular rate of 0.05 rad/s and an angular acceleration of 0.01 rad/s2 is simulated
on one of the axes perpendicular to ke. The initial uncertainties σvs

sa
= 9.5 × 10−5 m/s and

σxs
sa

= 3.9 × 10−6 m as gained from Eq. (3.68) and Eq. (3.70) are propagated according to
Eqs. (3.63)-(3.65). The contrast loss is then computed with Eq. (3.67). The results are
presented in Fig. 3.14. Out of the three dynamic terms, the Coriolis term clearly has the
largest effect since it scales linearly with the magnitude of the rotation. In case of large
rotation rates > 1 rad/s (centrifugal term), or in the case of large angular acceleration (Euler
term), the impact of the remaining terms can potentially surpass the impact of the Coriolis



3.5 Limits of the Atom Interferometer as Inertial Sensor 59

term. This example further illustrates that the impact of the initial uncertainty on the contrast
loss is mainly relevant for larger interrogation times. Even for T = 25 ms, there is almost no
reduction apparent.
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Figure 3.14: Impact of rotations on the CAI contrast for different pulse separation times T . Left: the contrast
loss due to the occurrence of dynamic terms associated with a rotation of the sensor frame is illustrated. Right:

detail view on small values of T up to 80 ms.

3.5.2 Mitigation Techniques

In the previous section, it was shown that rotations yield a strong limitation for the dynamics
that an atom interferometer can resolve. Rotations of the sensor frame might lead to situations
in which the atoms leave the diameter of the interrogation lasers. Additionally, rotations lead
to a spatial separation of the atomic paths at the time of the recombination pulse, which
results in a separation phase shift. Next to the centrifugal and Euler effect, it is especially
the Coriolis effect that has the largest impact on the separation phase shift, and thus yields
the strongest reduction in contrast. Interestingly, it is the very same dynamic term which in
turn enables the interferometer to be sensitive to rotations and thus measure angular rates.
As a consequence, the compensation of the effects that lead to a loss of contrast is highly
important.

A straight forward approach to compensate for a separation phase shift is to counter act
the rotation itself. This could be realized by applying a tilt angle on the retroreflection mirror
which spans the reference frame for the interferometer measurement. This was realized in
terrestrial gravimetry, see for instants Peters et al. (2001), in order to compensate for the
Coriolis effect with a magnitude of ∼0.07 mrad/s. Furthermore, this method is proposed for
the satellite scenario, e.g. in Beaufils et al. (2023), in order to handle rotations in the 1 mrad/s
realm.

However, the drawback of this approach is that the uncertainty of the correction measure
is propagated to the uncertainty of the CAI measurement itself. Thus, the accuracy of the
compensation needs to be at least at the level as, or preferably an order of magnitude better
than, the accuracy of the rotation measurement with the CAI. This means that the control
of the rotation, or the sensors that measure the tip angle, need to be precise enough in
order to qualify for the rotation compensation, as pointed out in Beaufils et al. (2023) as
well. Furthermore, both examples that were stated are compensating for small rotations up
to 1 mrad/s, which is quite small compared to the rotation rates that can be expected in
terrestrial navigation, i.e. several orders of magnitude larger.

A different approach tackles the problem that the two interferometer paths are not directly
overlapping at the time of the recombination pulse, cf. Fig. 3.12, but about a millisecond
earlier. As a consequence, Roura et al. (2014) proposed to apply the recombination pulse
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not after the interrogation time T after the mirror pulse, but at a time T ′ that is adapted
exactly to the point in time that the two paths intersect. In their experiment, the contrast
was reproduced after the adaption. This compensation requires knowledge about the actual
rotation.

A different approach is to not compensate for the rotations directly, but to avoid them. This
is especially interesting for applications with large rotation rates that cannot be compensated
for by any means. A car trajectory might include rotations with up to 3 rad/s angular velocity.
Even trains with the lower angular rates by design can still achieve rates up to 0.025 rad/s and
more. Thus, the tendency should be to avoid CAI measurement in maneuvers that exceed
the dynamic limit, rather than to compensate for them. This requires sensors to measure
the dynamics, and some decision logic to detect the maneuvers in order to avoid, or at least
discard the CAI measurement. Contrary to most classical accelerometers which are physically
damaged in case of crossing the dynamic range limit, the atom interferometer, aside from
the measurement being cancelled, is unaffected by atoms which are getting in touch with the
internal frame of the vacuum chamber.

Some additional options for a compensation or handling cases of large rotations might
include

� Different interferometer schemes that compensate for the rotation phase shift by design
(Barrett et al., 2019; Canuel et al., 2006). Pulse schemes can be designed specifically to
make the interferometer sensitive to distinct physical quantities, and cancel other effects
(Cadoret et al., 2016).

� Usage of a stabilized platform which covers the corresponding degree of freedom. The
actuators and the control introduce additional vibrations and noise in the measurement
and need to be precise enough.

� Use of continuous matter wave beams (Black et al., 2020; Gustavson et al., 2000). For
specific axes of rotation the dynamics can far surpass the values that can be achieved
by light pulse interferometers, but come to the cost of larger bias instability.

� Optimization of the control of the laser pulses is another option that is at least partially
applicable to counteract the effect of small rotations. The cost function that needs to be
maximized is the overlap of the wave packets (Saywell et al., 2020). Rather than having
the standard π

2 or π pulses characterized by the Rabi frequency, pulse compounds of
small phase shift increments have lots of potential and can improve the fidelity of the
atom state transition in highly dynamic applications.

Discussion

The hard limits of a CAI have been presented. It was stated that the acceleration hard
limit is comparably unproblematic. For certain, high dynamic applications, the necessary
width of the laser and the dimensions of the vacuum chamber can be assessed by simple
kinematic models. The more severe limit comes in the form of rotations. Here, a geometric
and a stochastic approach to model the effects and the boundaries have been presented. Both
indicate that the limit for angular rates is quite low; well below 0.1 rad/s, already for short
interrogation times of 10 ms.

Furthermore, different approaches to increase the dynamic range of the CAI measurement
were evaluated. Every single one of them demand the measurement of the motion, or some
highly precise actuator. Regarding the question, how precise such an actuator should be, no
concrete numbers can be stated at this point, since the parameters depend on the dynamics as
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well as on the CAI settings. However, the propagation of systematic errors and uncertainties
to the CAI measurement is discussed in detail in Sec. 4.3.2, and can be used as a starting
point for such evaluations.

For the remainder of the thesis, the hard limits will be considered as actual boundaries of
the sensor, and no attempt will be made to include any stabilization platform or other means
of compensation in the simulation or discussion. Regarding the soft limits, the QINS is the
proposed solution and will be covered in the next chapter.





4
Formulation of a Quantum Inertial Navigation

System

4.1 Introduction

So far, models were introduced for the inertial measurement unit (IMU) in Chap. 2 and the
cold atom interferometer (CAI) in Chap. 3. It was pointed out that in order to compute
the kinematic state of a vehicle, the angular rates are integrated as a means to update the
attitude of the platform w.r.t. a defined target coordinate system, while the accelerations are
integrated twice in order to compute the velocity and the position. Furthermore, it was made
clear that this method of computing the kinematic state has inherent error characteristics.
Prominently, the drift of the solution due to integrated uncertainties of the base signals.

The CAI measurement on the other hand is practically drift-free, in a sense that with each
measurement, a new independent wave packet is interrogated. The observation is essentially
a position measurement of the atoms in the s-frame. The flicker noise floor due to laser phase
noise is reached well after three hours or later (Gouët et al., 2008). This affects the acceleration
as well as angular rate measurement. Also the sensitivity of the CAI to accelerations is, in
theory, superior, but bound to the dynamic range. The major tweaking parameter of this
trade-off is, besides the momentum transfer characterized by ke, the interrogation time T .

As a simple example, in order to measure a variation of acceleration ∆a = 1 m/s2 the
interrogation time would be required to be as low as

T =
√

π

2∆ake
≈ 0.3 ms. (4.1)

The uncertainty of the produced acceleration measurement in this case, provided an uncer-
tainty of the CAI observation of σ2

p = 10−3, is

σa =
√

10−3

keT 2 ≈ 0.022 m/s2, (4.2)

which is a consumer-grade accuracy level. This obviously does not yield any gain.

In order to fully make use of the sensitivity of a CAI, hybridization with high rate ac-
celerometers is often proposed in literature in order to enhance the dynamic range of the
interferometer:

� Gouët et al. (2008) examined the limits of the sensitivity of an atomic gravimeter. One
of the sources is the signal of a classical seismometer which they transferred into the
phase space of the interferometer. They also discussed a feedback loop in which the
seismometer signal is directly translated into the corresponding phase correction.
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� Merlet et al. (2009) extended that research and compared the fringe fitting technique
from Gouët et al. (2008) with a new non-linear estimation technique. A low noise
seismometer has been applied as classical accelerometer. The impact of the accelerometer
sensor noise was not further evaluated.

� A similar strategy is presented in Lautier et al. (2014). The authors state that this
combination would allow for an accelerometer-bias induced position error of one meter
after four hours of navigation.

� Fang et al. (2016) presented a continuous cold atom gyroscope in a static setting, in
which perturbing vibrations are measured by classical accelerometers.

� Cheiney et al. (2018) applied a Kalman filter (KF) for the fusion of the measurement
of a classical accelerometer and a one-axis CAI in lab-environment. They demonstrated
that it is possible to track the acceleration bias phase.

� Zhang et al. (2019) presented a monitoring navigation method for the combination of an
atomic gyroscope with classical sensors. In simulation they showed that the misalign-
ment and the gyroscope bias between the systems can be estimated. Using two classical
fiber optical gyroscopes, they successfully demonstrated the method in kinematic exper-
iments. The limit of an actual CAI in presence of large dynamics is mentioned, but not
further specified.

� Richardson et al. (2020) presented a combination of a one-axis CAI with an optomechan-
ical resonator OMR in order to increase the dynamic range of the sensor. An improved
long-term stability of the combined solution was demonstrated. Due to high short-term
drift of the OMR, the data had to be high-pass filtered which makes this approach
inapplicable to changing inertial signals of a trajectory.

The experiments listed so far were performed in a static environment. The following mobile
applications have been demonstrated.

� Parabolic flight experiments were performed by Geiger et al. (2011). Here, CAI was
used to measure the gravity in zero-g conditions. Furthermore, a hybrid solution with a
classical accelerometer was demonstrated in accelerated maneuvers. The authors pointed
out a relationship between the accelerometer noise and the achievable sensitivity of the
CAI.

� Staying in the regime of parabolic flights, Battelier et al. (2016) demonstrated the mea-
surement of accelerations along a horizontal axis using their 1-axis CAI and a classical
accelerometer. They also pointed out the theoretical sensitivity limit of the combined
solution, which is defined by the noise of the mechanical accelerometer.

� Bidel et al. (2018) presented a marine matter wave gravimeter on a gyro-stabilized
platform. The accelerations in sensitive direction were additionally measured with a
classical force-feedback accelerometer in order to increase the dynamic range of the
gravimeter. They noted that the sensitivity of the combined sensor is limited by the
classical accelerometer as well.

� The same gravimeter was then utilized for an airborne scenario (Bidel et al., 2020). Fur-
ther effort has been applied by the empirical estimation of the transfer function between
the classical accelerometer and the matter wave gravimeter. For the two experiments a
gyro-stabilized platform was used.

� In Templier et al. (2022) a three-axis hybrid accelerometer is presented and tested on a
rotation platform. Accelerations in the range of ±5 m/s2 were emulated by the changing
orientation of the platform w.r.t. the gravity vector. Notably, the combined solution
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in the closed-loop mode works even during the small rotation steps. The interrogation
time and the speed of rotation are small enough so the correct fringe information due
to the phase shift ambiguity is not lost.

Furthermore, evaluations based on simulations are required to examine the feasibility of quan-
tum navigation and to point out promising future applications.

� One of the first studies was done in Jekeli (2005). Here it was proposed that it is possible
to achieve a position solution with an error of below five meters after one hour of navi-
gation. The author included dead times in the discussion in a sense that the dynamics
in times that are not covered by CAI must be resolved by a classical sensor. This sen-
sor however needed to be 20 times more precise than commercially available navigation
grade accelerometers, in order to considerably improve the positioning accuracy.

� Bochkati et al. (2017) discussed several CAI architectures with different sensitivity levels
and used an integration scheme adapted for the low data rate. However, the CAI was
simulated as acceleration and angular rate sensor affected by white noise only, and the
dynamic range limit and dead times were neglected.

� Wright et al. (2022) performed a quite comprehensive simulation covering different error
sources as well as systematic effects of the classical sensor. It is assumed that the
biases of the classical IMU are estimated by the CAI. The correction of the classical
sensor is realized by subtracting the estimated bias. No lever arm between the sensors
is considered.

� Wang et al. (2023) presented a scheme in which the ambiguity of the CAI is solved
explicitly with the help of a classical sensor on one axis. The measurements are then
fused in the acceleration domain. Systematic effects between the two sensors are not
considered.

In all of the mentioned references for mobile applications, CAI was used in conjunction with
high rate accelerometers. Most of the studies agree that there is a limit for the sensitivity of
the hybridized solution which is related to the quality of the classical sensor. This is mostly
tackled by a reduction of the interrogation time to a range where operating the CAI is possible,
or by high-pass filtering of the classical sensor’s signals. The hybridization can generally be
realized in one of two ways:

1. High pass filtering the data of the classical system, predicting the phase shift and
solving the fringe ambiguity.

2. Predicting the phase shift and solving the fringe ambiguity and correcting the errors
of the classical system.

In the first option, the atom interferometer is used as the main sensor, supported by ac-
celerometers in order to improve its dynamic range and enable the CAI to work in the face
of large mechanical vibrations. The signals of the conventional accelerometers are basically
correlated with the CAI sensitivity function to accelerations. This approach is applied mainly
in the field of atomic gravimetry (Fang et al., 2016; Gouët et al., 2008; Lautier et al., 2014;
Richardson et al., 2020) as it allows to hybridize one accelerometer with a single CAI axis.
There is no further need to mention that this is inapplicable to most dynamic scenarios with-
out enormous effort to compensate for any unwanted inertial quantities, as pointed out in
Sec. 3.5.

The second approach is to use a complete IMU as main sensor, so that the navigation solu-
tion can be computed as presented in Sec. 2.3. This allows to transfer most of the algorithms
already developed by the navigation community, and it also solves most of the issues associated
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with the low data rate of the CAI in the face of changing dynamics. During the measurement
cycles of the CAI, the IMU data is filtered together with the CAI data to increase the dynamic
range of the CAI and to infer about the IMU errors. While it is often mentioned in literature
that the CAI can be used to correct for the drift of the classical sensor (Cheiney et al., 2018;
HosseiniArani et al., 2023; Zahzam et al., 2022), this approach, and the expected performance
of the navigation solution, is seldom discussed in detail.

In this chapter, a specific hybridization technique of the second kind is presented, cf. Fig. 4.1,
which makes use of a conventional IMU to compute the kinematic state of the moving plat-
form. Whenever a CAI measurement is available, the bias of the conventional sensors are
estimated by using an extended Kalman filter (EKF). Thus, the overall performance of the
IMU strapdown navigation solution is improved. The prediction can be done by applying the
Atom Strapdown (AtoS) method that was presented in Sec. 3.4. The phase shift equations are
solved by using the conventional IMU in order to resolve the ambiguity of the CAI, realizing a
quantum inertial navigation system (QINS). This includes an extension of the model to con-
sider the spatial distance and relative orientation between the s-frame and the IMU b-frame.

IMU

IMU Error
Correction

IMU
Strapdown

Atom
Strapdown

Laser
Phase

Control

CAI

ES-EKF

Platform kinematic state

Hybridization

Figure 4.1: Signal flow in the QINS simulation and navigation framework. The CAI phase shift is predicted
by the conventional IMU data and fused with the actual CAI observation in order to estimate the bias of the

IMU sensors.

In the upcoming Sec. 4.2, the QINS filter framework is introduced and explained. The
presented scheme has a number of implications that will be elaborated, including a stability
analysis of the hybrid system in Sec. 4.3. This stability analysis covers the derivation of the
steady state variance of the filtered accelerations, which in turn allows the discussion of some
additional topics like the optimal choice of sensor parameters for the hybridization in Sec. 4.4.
Furthermore, the impact of CAI dead times will be discussed, as well as the limitations of
the steady state formalism. The findings are discussed in Sec. 4.5 with the help of short but
dedicated low level simulation studies, including the complete error models and numerical
solution of the navigation equations. Some hints on the long-term performance will then be
elaborated in high level simulation studies.
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4.2 Hybrid Navigation

The proposed algorithm consists of two major levels. In the outer level, the kinematic state
of the vehicle, xn

eb, vn
eb and Cn

b is computed by using the classical IMU based on the equations
presented in Sec. 2.3. This dead reckoning computation of the kinematic state is continuously
possible at the rate of the IMU. The differential equations are solved by numerical integration
with a data rate ∆t according to the IMU. This ensures that systematic effects due to low
data rate are kept small.

The algorithms in the inner level are executed when the CAI measurement interval starts.
The following steps are processed:

1. The CAI phase shift is predicted. This can be realized by the correlation according to
Eq. (3.30), or with the solution of the AtoS differential equations in the s-frame. For
this step, the IMU data is used as input again. The atom position xs

sa and velocity vs
sa

is calculated.

2. The predicted phase shift serves several purposes. First, it solves the CAI ambiguity.
Thanks to this first rough guess of the phase shift, the correct fringe can be identified.
Second, it is used as an offset for the laser controller for mid fringe operation.

3. When the observation p of the CAI is available, the filter step is processed. Here, the
predicted phase shift, the laser phase and the atom position and velocity are used for
the observation model. The bias estimates ba and bg are updated.

4. With the estimated ba and bg, the IMU data are corrected and the navigation solution
subsequently improved.

This was a brief summary for a first impression of the proposed algorithm. A detailed de-
scription follows next.

4.2.1 QINS Navigation Framework

The QINS filter framework is now described. For the IMU, a classical 6DOF assembly with
orthogonal triads of accelerometers and gyroscopes is implemented. The CAI is realized by a
quite general assembly with three sensitive axes according to the three principal axes of the
s-frame. It is assumed that all three CAI sensors use a single atomic source as displayed in
Fig. 4.2, see also Gersemann et al. (2020). Thus, a single sensor frame s is sufficient. For
the remainder of this section, the effective wave vector will simply be denoted by ke, as it is
always associated with the s-frame. This multi-axis CAI model has three sensitive axes, which
are considered in the model by their respective ke-vector. For example, for the interferometer
sequence in x-direction the vector reads ke = [kx, 0, 0]T with kx as respective effective wave
number. The coordinate center and the starting position of the atoms in each direction are
identical. Note that in this multi-axis CAI, an initial splitter pulse is applied right before the
Mach-Zehnder sequence, which divides the initial wave packet into two counter-propagating
ensembles with opposed initial velocity ±vs

sa(0). This is applied in order to differentiate
between phase shifts based on linear acceleration and those based on rotations. This also
means that there are always two measurements per axis at the same time.

A detailed description of the hybrid navigation algorithm is now provided. The processing
steps are explained in the order of their occurrence in the simulation framework.
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Figure 4.2: Sensor frames as defined in the QINS. Left: the b-frame embodies the platform and corresponds
to the system in which the IMU is measuring. The sensitive axes of the CAI sensor frame are expressed as
colored wavy lines corresponding to the respective spatial direction. Right: multi-axis scheme for the QINS.
The six degrees of freedom (6DOF) CAI scheme was proposed by Gersemann et al. (2020). By using a single
atom source and three orthogonal interrogation lasers, accelerations on all three spatial dimensions are covered
by a single device. In the QINS scheme the retroreflection mirrors are assumed to be rigidly connected to a

common platform with the IMU.

IMU Signal Generator (Simulation only)

In the frame of the simulation, the data of the IMU are generated based on a given simulated
reference time-series of f̌ b

ib and ω̌b
ib in the b-frame. Errors are added according to Sec. 2.5.

The output is f̃ b
ib and ω̃b

ib.

IMU Error Correction

The data of the IMU, f̃ b
ib and ω̃b

ib, are affected by errors. These data are corrected based on
the biases ba and bg, which are estimated by the EKF,

f b
ib = f̃ b

ib − ba, (4.3)
ωb

ib = ω̃b
ib − bg. (4.4)

Kinematic State Computation

The corrected IMU data f b
ib and ωb

ib are used in the strapdown navigation solution of the ODE
system Eqs. (2.28) - (2.30) which is explained in Sec. 2.3. The quantities xn

eb, vn
eb and Cn

b are
computed.
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Atom Strapdown with Spatial Distance between IMU and CAI

Recall the differential equations Eq. (3.51) and Eq. (3.52) describing the velocity and position
of the wave packet in the s-frame,

ẋs
sa = vs

sa,

v̇s
sa = −

(
f s
is − 2Ωs

isvs
sa − Ωs

isΩs
isxs

sa − Ω̇s
isxs

sa +
(∫ t

t1
Ωs

is dτ

)
f s
is

)
. (4.5)

All quantities are time dependent, unless stated otherwise. The inertial quantities are mea-
sured with an IMU in the b-frame, cf. Sec. 2.2.1. The b-frame’s origin in this section is defined
in a way that its coordinate center is assigned to the intersection point of the sensitive axes of
the IMU. The b- and s-frame are separated in space by a distance xb

bs, subsequently labeled
lever arm. The specific forces f b

ib measured by the IMU are transformed according to

f s
is = f s

ib + f s
bs = Cs

bf b
ib − Cs

bΩb
ib(Ωb

ibxb
bs) − Cs

bΩ̇b
ibxb

bs − 2Cs
bΩb

ibẋb
bs. (4.6)

The transformation introduces an additional centrifugal term Ωb
ib(Ωb

ibxb
bs) and Euler term

Ω̇b
ibxb

bs, depending on the lever arm xb
bs. The Coriolis term 2Ωb

ibẋb
bs can have an impact in the

case that the distance xb
bs is varying. Often, one can assume a rigid connection between the

systems and thus ẋb
bs = 0. This then further leads to f b

bs = 0, as no accelerations between the
systems occur.

The transformation of the angular rates Ωb
ib is straight forward,

Ωs
is = Ωs

ib + Ωs
bs = Cs

bΩb
ib. (4.7)

The direction cosine matrix Cs
b resembles the relative orientation between the systems. How-

ever, no change of this orientation in time is expected, hence Ωs
bs = 0. The position of the

wave packet can be predicted by solving ẍs
sa(t) = v̇s

sa(t) from Eq. (4.5), hence

xs
sa(t) =

tx

0

[
−f s

is + 2Ωs
isvs

sa + Ωs
isΩs

isxs
sa + Ω̇s

isxs
sa −

(∫ t

t1
Ωs

is dτ

)
f s
is

]
dt2 (4.8)

with Eq. (4.6) for f s
is and (4.7) for Ωs

is applied, respectively. The predicted phase shift is then
given by

ϕ− = ke · xs
sa(0) − 2ke · xs

sa(T ) + ke · xs
sa(2T ). (4.9)

A closed solution can be stated under the assumption that f b
ib and ωb

ib are constant during
the interrogation time. As the equation will be needed for the derivation of the measurement
sensitivity matrix, the solution is stated here in full,

ϕ− = 2ke · Cs
bΩb

ibvs
saT

2 − ke ·
(
Cs

bf b
ib − Cs

bΩb
ib(Ωb

ibxb
bs) − Cs

bΩ̇b
ibxb

bs

)
T 2 + ke · Cs

bΩb
ib(Ωb

ibxs
sa)T 2

+ ke · (Cs
bΩ̇b

ib)xs
saT

2 − ke · Cs
bΩb

ib

(
f b
ib − Ωb

ib(Ωb
ibxb

bs) − Ω̇b
ibxb

bs

)
T 3.

(4.10)

Laser Phase Controller

The main task of the laser controller is to steer the laser phase ϕL at the time of the recom-
bination pulse in order to operate the CAI at mid fringe, i.e. reference the observation to a
value of ϕ0 = π

2 . In turn this means that, after wrapping up ϕ−,

ϕL = π

2 − mod(ϕ−, 2π). (4.11)
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This mid fringe operation enables the CAI to achieve the highest sensitivity to changes of the
inertial phase shift. The controlled laser phase affects the measurement of the CAI. While
laser phase noise is added to the CAI observation, the uncertainty of the predicted phase shift
is not propagated to the laser phase. That is because the predicted ϕ− acts as a reference for
the setting of the laser phase, including all potential deviations due to IMU errors, and only
the additional uncertainty of the laser phase is added in the process.

A special case of the filter operation occurs if the laser phase is not controlled. In this case,
the operating point for the EKF update is arbitrary and unfavorable sensitivities as low as zero
might result. As the phases are randomly scattered in this mode of operation as a result of
ambient vibrations, the analytical studies and performance assessment are more complicated.
For those reasons this case is not considered in frame of this chapter.

CAI Signal Generator (Simulation only)

The CAI measurement is generated based on a given time-series of f̌ b
ib and ω̌b

ib (true values)
which are acting as input to the AtoS according to Sec. 3.4. The phase shift ϕ̌ is produced.
The generated CAI observation p is then related to the phase shift via

p = A cos(ϕL + ϕ̌) + (p0 + δp). (4.12)

The laser phase ϕL is given by Eq. (4.11). Additional parameters are the amplitude A of the
fringe signal and the offset p0. In the frame of this thesis, additive observation noise is applied
via the parameter δp. A theoretical treatment about the sources of impact on the observation
uncertainty was given in Sec. 3.2.2. The practical assessment of the noise is covered in Chap. 5.

4.2.2 Extended Kalman Filter

The extended Kalman filter implemented here follows the feedback form definition as ex-
plained and discussed in Farrell (2008, p. 209). The general signal flow from a high level
perspective is visualized in Fig. 4.3. The prediction of the nominal state x̃− and the nominal
output ỹ− is computed by a classical IMU. The error z between ỹ− and the observation y is
weighted by a so-called Kalman gain K and used to compute an estimate of the error state
δx. The estimate of the total state is then computed by

x̃+ = x̃− + Kz. (4.13)

It is beneficial that both, the IMU and the CAI, are inertial sensors that measure in a body-
mounted system. As such, no complicated transformations besides the one from the b- to
the s-frame are needed. The minimum configuration of the state vector x consists of the
3-dimensional vectors of acceleration and angular rate biases ba and bg,

x =
[
ba bg

]T
. (4.14)

Some augmentation options will be discussed later. Let the biases be exited by the noise
processes wa and wg. The differential equation system in this basic configuration is quite
simple,

ḃa = wa

ḃg = wg. (4.15)
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Figure 4.3: Schematic of an extended Kalman filter. Based on the high rate IMU data, the atom wave packet
velocity and position is estimated. Subsequently, the phase shift and the CAI observation are predicted based
on the position estimate. The predicted and actual observation are then fused in the EKF, and an update of

the state vector is produced.

They are additionally expressed in the system perturbation vector

u =
[
wa wg

]T
. (4.16)

The system dynamic matrix A is
A = 06. (4.17)

The corresponding transition matrix F can be accurately represented by

F =
[

I3 03
03 I3

]
. (4.18)

The perturbation input matrix B is similar,

B =
[

I3 03
03 I3

]
. (4.19)

The EKF is a recursive algorithm. A subscript k is now introduced which corresponds to the
discrete filter time step t → t+ Tf, where Tf is the time of the active CAI measurement cycle
excluding dead times. The prediction of the error state follows formally

δx−
k = F(x̃+

k−1)δx+
k−1 + uk. (4.20)

The superscript − denotes a predicted state, while + denotes a filtered state. The error state
δx+

k−1 is typically not carried over from one filter step to the next. The prediction expressed
as total state x̃−

k reads
x̃−

k = x̃+
k−1 + uk. (4.21)

The covariances are propagated according to

P−
k = FP+

k−1FT + Qk. (4.22)

The discrete time process noise matrix Qk, cf. Appendix A.4.3, can be assembled as following:

Qk =
[
σ2

aI3 03
03 σ2

gI3

]
=

(N2
a

Tf
+K2

aTf)I3 03

03 (N2
g

Tf
+K2

gTf)I3

 , (4.23)

with the noise densities N2
a and N2

g associated with a white noise process, as well as the noise
densities K2

a and K2
g characterizing a random walk according to Sec. 2.5. The adaption of the
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model including dead times of the CAI is discussed in Sec. 4.4.2. The remaining equations
follow that of a regular extended Kalman Filter with error states. This means that at the
filter step at time step k, the total state x̃k is updated with the estimated error state δxk,

x̃+
k = x̃−

k + δx+
k . (4.24)

At each filter update, the error state is always initialized as zero, hence the filtered error
state is essentially the difference between the observation yk and the predicted observation
ỹ− = h(x̃−

k ), weighted by the Kalman gain Kk,

δx+
k = Kk · (yk − h(x̃−

k )). (4.25)

The Kalman gain Kk is representing a ratio of the noise covariances P−
k HT

k , which express
the uncertainty of the state estimate, and the sum of the observation uncertainty Rk and the
uncertainty of the predicted observation HkP−

k HT
k ,

Kk = P−
k HT

k

(
Rk + HkP−

k HT
k

)−1
. (4.26)

The observation covariance matrix Rk is filled with the variances σ2
p of the CAI observations

on the main diagonal. The filtered covariances P+
k can be formulated in the so-called Joseph-

Form assuring symmetry (Farrell, 2008, p. 196) as follows,

P+
k = (I − KkHk)P−

k (I − KkHk)T + KkRkKT. (4.27)

The prediction of the state and its covariances is rather a formality. The true complexity of
the system, which has been avoided so far, is introduced with the predicted observations. A
single CAI observation h(x̃−

k ) is a scalar which depends on the phase shift predicted with the
nominal IMU data from Eq. (4.10),

h(x̃−
k ) = A cos(ϕ− + ϕL) + p0. (4.28)

The observation matrix H per single predicted observation h is computed based on the fol-
lowing chain of derivatives:

H = ∂h

∂x̃−
k

= ∂h

∂ϕ−
∂ϕ−

∂x̃−
k

∂x̃−
k

∂δx−
k

(4.29)

The outer derivative with respect to the predicted phase shift yields

∂h

∂ϕ−

∣∣∣ϕ−+ϕL= π
2

= −A sin(π2 ) = −A. (4.30)

In order to approach the remaining inner derivatives of the predicted phase shift ϕ− to
the state vector and to the error states, the connection between the true values, the nominal
variables and the error states has to be clarified. The inertial quantities are given by

f̃ b
ib = f b

ib + b̃a, Ω̃b = Ωb + [b̃g×], (4.31)

where
b̃a = ba − δba, [b̃g×] = [bg×] − [δbg×]. (4.32)

For simplicity reasons, aligned systems are assumed such that Cs
b = I. The impact of a mis-

alignment is discussed later in Sec. 4.3. The derivation of Eq. (4.10) w.r.t. the accelerometer
bias reads

∂ϕ−

∂b̃a
= −(ke)TT 2 − (ke)TΩb

ibT
3. (4.33)
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The derivation of the accelerometer bias w.r.t. the bias error reads
∂b̃a
∂δba

= −I. (4.34)

The observation matrix Ha for the acceleration bias error is therefore

Ha = ∂h

∂δba
= −A(ke)TT 2 −A(ke)TΩb

ibT
3. (4.35)

The acceleration and the mixed term yield a sensitivity to the acceleration bias. The skew-
symmetric matrix Ωb

ib leads to the second term being only non-zero if a rate of change of the
orientation in direction of the respective perpendicular axes is present.

The derivation of the observation matrix Hg for the gyroscope bias error follows a similar
pattern. A mathematical treatment of the derivatives of the involved cross products is provided
in Appendix A.3. The observation matrix Hg results in the rather extensive expression

Hg = ∂h

∂δbg
= A(ke)T[(Ωb

ibxb
bs)×]T 2 +A(ke)TΩb

ib[xb
bs×]T 2

+2A(ke)T[vs
sa×]T 2 +A(ke)T[f b

ib×]T 3

+A(ke)T[Ωb
ib(Ωb

ibxb
bs)×]T 3 +A(ke)TΩb

ib[(Ωb
ibxb

bs)×]T 3 +A(ke)TΩb
ib(Ωb

ib[xb
bs×])T 3

+A(ke)T[(Ω̇b
ibxb

bs)×]T 3 +A(ke)T[(Ωb
ibxs

sa)×]T 2 +A(ke)TΩb
ib[xs

sa×]T 2.

(4.36)

The first two terms come from the derivation of the centrifugal term w.r.t. the gyroscope
bias. The term 2A(ke)T[vs

sa×]T 2 resembles the Coriolis term seen by the atoms in a rotating
s-frame. This term scales with the atom velocity. The fourth term A(ke)T[f b

ib×]T 3 results
from the partial derivative of the mix term, which scales with the linear accelerations. The
terms five to seven arise from differentiating the centrifugal term between the b- and s-frame
according to the product rule. The final line consists of the Euler term including the angular
acceleration Ω̇b

ib and the two terms resulting from the differentiation of the centrifugal term
w.r.t. the atom wave packet position xs

sa.

Formal Expression for a 6DOF CAI Model

The observation equation and matrices in the s-frame are stated so far for an arbitrary CAI
observation on a single sensitive axis as defined by the wave vector ke. In the six degree
of freedom case, there are now two measurements per spatial axis at a time in order to
differentiate between angular rates and linear accelerations. This differential measurement is
available for the three axes that span the sensor frame. For the complete description, the
index j is introduced with j ∈ {x ↑, y ↑, z ↑, x ↓, y ↓, z ↓}, whereas CAI can produce one of the
six observations in pj . The indices ↑ and ↓ represent the two observations that are covered by
the initially split propagating wave packets due to different sign of the initial velocity. This
also means that there is a total of six predicted observations that need to be evaluated with
the AtoS. The general observation equations are

hj = A cos(ϕLj + ϕ−
j ) + p0j . (4.37)

The wave vector kej is only dependent on the axis of the s-frame, but not on the direction of
the initial split velocity, e.g.

kex↑ = kex↓ =
[
kx 0 0

]T
.

The complete observation matrix H reads

H =
[∑

j Haj
∑

j Hgj

]
. (4.38)
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4.3 QINS System Analysis

In this section, some specific aspects of the system are discussed. This includes the stability
of the system for different state vector augmentations. Stability is concerning the question
about how a system behaves in the face of different dynamics. One can define stability based
on the Eigenvalues of the dynamic matrix A, or transition matrix F, respectively (Lunze,
2008, p. 476). This kind of stability analysis can only give information about the stability of
the homogeneous part of the system.

In a feedback system the stability analysis needs to be enhanced, since the control input
affects the system dynamics. This leads to the question of controllability. Furthermore, feeding
information back to the system also means that the corresponding state has to be measured
in the first place. Hence, the observability needs to be granted.

In a Kalman filter, a system that is both, observable and controllable, eventually converges
to a steady state, in a sense that the state covariance P converges to a certain value, and
thus a stationary condition is reached (Schweppe, 1973, p. 142). In the context of the QINS,
this steady state enables several options for an in-depth analysis. Namely, the accuracy
of the hybrid navigation solution for different settings and the sensitivity of the EKF for
different states can be assessed, while additional topics like the choice of classical sensors for
the hybridization can be discussed analytically.

4.3.1 Error State Dynamic System and Stability

The system state vector as introduced before only inherited the biases of the classical ac-
celerometers and gyroscopes. In the frame of this section, some further state vector augmen-
tations are discussed. Namely, the misalignment γs

b and the lever arm xb
bs between the b- and

the s-frame. The CAI’s sensitivity to those parameters will be examined in order to see how
precise they need to be defined in the system integration.

Further augmented states are the error of the position and velocity of the atom wave packet
center of mass in the s-frame, δxs

sa and δvs
sa. The platform kinematic states xn

eb and vn
eb, like

included in Tennstedt et al. (2023), are not considered here in order to limit the discussion
to the platform-bound coordinate frames used by the hybrid sensor system, i.e. the b- and
s-frame. Beyond the scope of this sensor unit, the sensor behaves like an arbitrary inertial
measurement unit and analysis as shown in Sec. 2.6 can be applied as demanded.

The error state vector is given by

δx =
[
δxs

sa δvs
sa δba δbg γs

b δxb
bs

]T
. (4.39)

As extension to Eqs. (4.31) and (4.32), the additional nominal states and error states stand
in the following relation:

ṽs
sa = vs

sa − δvs
sa, b̃a = ba − δba, b̃g = bg − δbg.

x̃s
sa = xs

sa − δxs
sa, x̃b

bs = xb
bs − δxb

bs, C̃s
b = (I − [γs

b ×])Cs
b.

The alignment is defined as Cs
b = I. Furthermore, the misalignment γs

b is assumed to be small
in order to avoid complicated description of the orientation, so that the nominal alignment
is given by C̃s

b = I − [γs
b ×]. The specific forces and angular rates are represented by f b and

ωb in the scope of this section in order to improve the readability. The adaptions and the
derivation of the error state kinematic equations are further explained in Appendix A.5.
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The differential equations for the velocities in nominal ṽs
sa and true state vs

sa read

v̇s
sa = −

(
(f b + ba) − 2(ωb + bg) × vs

sa − (ωb + bg) × [(ωb + bg) × xb
bs]
)
, (4.40)

˙̃vs
sa = −

(
(I − [γs

b ×])(f b + b̃a) − 2((I − [γs
b ×])(ωb + b̃g)) × ṽs

sa

−(I − [γs
b ×])(ωb + b̃g) × [(ωb + b̃g) × x̃b

bs]
)
. (4.41)

The error state differential equation system including the additional states is:

˙δxs
sa = δvs

sa, (4.42)
˙δvs

sa = −δba − γs
b × (f b + ba)

+ 2(ωb + bg) × δvs
sa + 2δbg × vs

sa

+ 2vs
sa × (ωb + bg) × γs

b

+ ωb × δbg × xb
bs + δbg × ωb × xb

bs

+ bg × δbg × xb
bs + δbg × bg × xb

bs

+ γs
b × ωb × ωb × xb

bs + γs
b × ωb × bg × xb

bs

+ γs
b × bg × ωb × xb

bs + γs
b × bg × bg × xb

bs

+ ωb × ωb × δxb
bs + ωb × bg × δxb

bs

+ bg × ωb × δxb
bs + bg × bg × δxb

bs, (4.43)
˙δxb

bs = 0, (4.44)
γ̇s

b = 0, (4.45)
˙δba = wa, (4.46)
˙δbg = wg. (4.47)

Any products of error terms are neglected in the analysis because of their low impact and in
order to reduce the complexity of the already rather inflated system. An input to the system
exists in shape of the yet to be defined processes wa and wg affecting the bias states. The
input matrix reads

B =



0 0
0 0
I 0
0 I
0 0
0 0


. (4.48)

The system dynamic matrix reads

A =



0 I 0 0 0 0
∂ ˙δvs

sa
∂δxs

sa

∂ ˙δvs
sa

∂δvs
sa

−I ∂ ˙δvs
sa

∂δbg
∂ ˙δvs

sa
∂γs

b

∂ ˙δvs
sa

∂δxb
bs

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


, (4.49)

where
∂ ˙δvs

sa

∂δvs
sa

= 2[(ωb + bg)×], (4.50)

∂ ˙δvs
sa

∂δba
= −I, (4.51)
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∂ ˙δvs
sa

∂δbg
= −2[vs

sa×] − [ωb×][xb
bs×] − [(bg × xb

bs)×], (4.52)

∂ ˙δvs
sa

∂γs
b

= [(f b + ba)×] − 2[vs
sa×][(ωb + bg)×]

− [(ωb × (ωb × xb
bs))×] − [(ωb × (bg × xb

bs))×]
− [(bg × (ωb × xb

bs))×] − [(bg × (bg × xb
bs))×], (4.53)

∂ ˙δvs
sa

∂δxb
bs

= [ωb×][ωb×] + [ωb×][bg×] + [bg×][ωb×] + [bg×][bg×]. (4.54)

The terms that involve the lever arm xb
bs and its error state can be stated for the initial atom

position xs
sa and error state δxs

sa in an analogous fashion. The following properties are worth
noting from the equations (4.50)-(4.54):

� The velocity error δvs
sa is always affected by an acceleration bias error in the correspond-

ing direction.

� It is affected by the angular rate bias error if the atoms move perpendicular to the
sensitive axis, or if an rotation and a lever arm or atom displacement perpendicular to
the axis is present.

� On a specific axis it is affected by an error in the calibrated lever arm on that axis, if
a rotation or initial angular rate bias is present in any direction perpendicular to the
sensitive axis.

� The misalignment on a specific axis will affect the phase shift in the same direction if it
forms an orthogonal system with a rotation or initial angular rate bias and a lever arm
or atom displacement.

A closed solution of the system is not possible since the velocity error state grows unbounded
due to the dependency on its own state. However, in the light of small interrogation times
the impact of this autoregression of δvs

sa is rather small. As a simplification, the derivatives
∂ ˙δvs

sa/∂δvs
sa and ∂ ˙δvs

sa/∂δxs
sa are set to zero and the following closed solution of the system

can be produced.

F(t) =



I It −1
2It2 1

2
∂ ˙δvs

sa
∂δbg

t2 1
2

∂ ˙δvs
sa

∂γs
b
t2 1

2
∂ ˙δvs

sa

∂δxb
bs

t2

0 I −It ∂ ˙δvs
sa

∂δbg
t ∂ ˙δvs

sa
∂γs

b
t ∂ ˙δvs

sa

∂δxb
bs

t

0 0 I 0 0 0
0 0 0 I 0 0
0 0 0 0 I 0
0 0 0 0 0 I


. (4.55)

Because of its triangular structure it is easy to see that the transition matrix F(t) in Eq. (4.55)
is unipotent, and thus all Eigenvalues are equal to one. As such, the dynamic system itself,
even with the simplifications, can never be stable regardless of the remaining entries in the
upper triangle part. The observability and controllability thus need to be evaluated.

4.3.2 Impact of Error Sources on the Phase Shift

Before the observability and controllability are being discussed, the error state kinematics of
the atom wave packet will be analyzed by means of Monte Carlo (MC) simulation. This will
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help to gain some first impression of the interaction of the different parameters, and reveals
how the phase shift error is affected. The terms which yield the largest impact on the phase
shift error are then discussed in detail, and parameter assessment models for system design
are derived. Using the simplified transition matrix in Eq. (4.55), the atom position error can
be stated as closed solution,

δxs
sa(t0 + ∆t) = δxs

sa(t0) + ∆tδvs
sa(t0)

− 1
2∆t2δba(t0) + 1

2∆t2∂
˙δvs

sa

∂δbg
δbg(t0)

+ 1
2∆t2∂

˙δvs
sa

∂γs
b

γs
b (t0) + 1

2∆t2∂
˙δvs

sa

∂δxb
bs

δxb
bs(t0). (4.56)

For the position error δxs
sa, a corresponding phase shift error δϕ can be associated, which is

similar to the total state phase shift,

δϕ = ke · δxs
sa(t0) − 2ke · δxs

sa(t0 + T ) + ke · δxs
sa(t0 + 2T ). (4.57)

Interestingly, if Eq. (4.56) is inserted into Eq. (4.57), the first two terms, namely the de-
pendency of δxs

sa on the initial atom position error as well as the atom velocity error, are
compensated due to their linear growth,

ke · δxs
sa(0) − 2ke · δxs

sa(T ) + ke · δxs
sa(2T ) = 0,

ke · δvs
sa(0) · 0 − 2ke · δvs

sa(T ) · T + ke · δvs
sa(2T ) · 2T = 0. (4.58)

Of course this is only valid if their values do not change over time, i.e. the scatter of the wave
packet stays constant. Since the focus is on the impact of systematic and calibration errors
like misalignment and lever arm errors, their initial values are set to zero. More sophisticated
approaches could include modeling the evolution of the errors according to Sec. 3.5.1. The
final phase shift error can be stated as

δϕ = −ke · T 2
(
δba(t0) + ∂ ˙δvs

sa

∂δbg
δbg(t0) + ∂ ˙δvs

sa

∂γs
b

γs
b (t0) + ∂ ˙δvs

sa

∂δxb
bs

δxb
bs(t0)

)
. (4.59)

A total of 1 × 104 MC samples are generated. The CAI is configured with the follow-
ing properties: an interrogation time of T = 0.025 s, an effective wave number of ke =
4π/780 nm−1 for the respective sensitive axis, as well as an initial atom velocity of vs

sa =
[5.5, 100, 5.5]T mm/s. Furthermore, the following accelerations and angular rates are applied,
f b
ib = [−1, 1, 9.81]T m/s2, ωb

ib = −[0.01, 0.01, 0.05]T rad/s. An initial lever arm with the di-
mension xb

bs = [0.1, 0.1, 0.5]T m length is applied. The lever arm error δxb
bs is varied in all

three spatial directions, sampled uniformly from a range of zero to 10 cm. Likewise, the mis-
alignment between the systems is sampled uniformly from 0 to 10 µrad. This makes a total
of six MC variables. In addition, deterministic initial bias errors of δbg = 2 · 10−4 · [1, 1, 1]T
rad/s and δba = 4 · 10−5 · [1, 1, 1]T m/s2 are applied. For now they are chosen to resemble a
reasonable classical IMU that is used for the hybridization. The origin of those values will be
elaborated in another dedicated study in Sec. 4.4.1.

The phase shifts δϕ for all three axes of the s-frame are depicted in Fig. 4.4. Here, the solu-
tions based on the linearized model are compared with the difference between the numerically
integrated true and nominal solution of the differential equations. Both methods are in good
agreement. The deviation is in the order of 20 mrad.

Fig. 4.5 reveals additional correlation effects, which are further quantified in Tab. 4.1. The
letters x, y and z are referring to the sensor frame’s respective axis.
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Figure 4.4: Comparison of QINS error state solutions. Left: phase shift error as computed from the difference
between the true and nominal phase shift as gained from numerical integration (blue) and the analytical
linearized solution with the simplified transition matrix (black dots). Right: difference of the numerical and

the linearized solution.

Figure 4.5: CAI phase shift errors resulting from calibration uncertainty. Left panels: misalignment. Right
panels: lever arm error. The color code indicates the coordinate component of the error source (γs

b or δxb
bs).

The plots are partially overlapped. The pairings with the strongest correlations are shown in the front. The
pairings in the back show no particular interesting behavior.
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� Phase shift error in x-direction (top row): The lever arm in x-direction has the largest
impact, which is further amplified by the initial atom velocity and the misalignment in
y-direction. A weaker effect of the lever arm error in y- and z-direction is visible as well.

� Phase shift error in y-direction (middle row): In analogy to the phase error in x-direction
the y-axis corresponds to the lever arm error in y- and the misalignment in x-direction.
An increased effect of the lever arm error in z-direction is visible as well.

� Phase shift error in z-direction (bottom row): The lever arm error in y-direction has the
largest impact, mainly because of the initial atom velocity in this direction, while the
lever arm error in x-direction has slightly less impact. The lever arm error in z-direction,
just like all three misalignment axes, has almost no effect.

δϕx δϕy δϕz

γs
b,x -0.0054 0.4461 -0.0718
γs

b,y -0.3508 0.0252 -0.0956
γs

b,z 0.0407 0.0301 0.0075
δxb

bs,x -0.9220 -0.0373 -0.6710
δxb

bs,y -0.0326 -0.9186 0.6658
δxb

bs,z -0.1756 0.1733 -0.2655

Table 4.1: Pearson correlation coefficients of the error state kinematic system.

The correlations between the phase shift errors and the parameters in Tab. 4.1 give a first
qualitative idea about the effects of the parameters on the phase shift errors. A more quanti-
tative and design oriented analysis demands full evaluation of the kinematic equations, which
of course depends on the dynamics of the trajectory. Just to convey a very rough idea, simple
equations based on the knowledge of the correlations can be stated for the lever arm error as
well as for the misalignment. The respective strongest correlation to any of the phase shift
errors is focused. Taking the phase shift error in x-direction as an example, the strongest
correlation with the lever arm error can be found in the x-component δxb

bs,x with a correlation
coefficient of −0.9220, while for the misalignment it is the y-component with a correlation
coefficient of −0.3508.

Dominant Systematic Effects

The correlations in Tab. 4.1 show that there are some impact factors that clearly outweigh the
others. To further examine the relations, the resulting phase shift error in x-direction δϕx is
now taken as an example. The strong impact of the misalignment in y-direction, γs

b,y, on the
phase shift error δϕx is mainly caused by the large effect of gravity. A simplified formulation
for the phase shift error caused by misalignment, gained by inserting Eq. (4.53) into Eq. (4.59)
and reduced to this particular term and parameter pair, clearly supports this finding:

δϕx = keT
2gzγ

s
b,y. (4.60)

The misalignment γs
b,x has a similar effect on the phase shift error δϕy.

Consulting Tab. 4.1 again, the lever arm error term with the largest influence on any phase
shift error can be found in the x-direction, where the corresponding lever arm error that causes
the phase shift error is the one aligned in x-direction. In Eq. (4.54), the major impact factor
appears to be the angular rates. For this particular pair of phase shift error and lever arm
error, the following approximation can be formulated,

δϕx = −keT
2(ω2

z + ω2
y)δxb

bs,x. (4.61)
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Clearly, the angular rates on the axes perpendicular to the errors of phase shift and lever arm
lead to a scaling of δxb

bs,x.

A similar assessment can be done for the impact of the total state of the lever arm, which
might resemble a serious design limitation for the QINS. The corresponding derivative reads

∂δv̇s
sa

∂xb
bs

= [ωb×][δbg×] + [δbg×][ωb×] + [bg×][δbg×] + [δbg×][bg×]

+ [γs
b ×][ωb×][ωb×] + [γs

b ×][ωb×][bg×] + [γs
b ×][bg×][ωb×] + [γs

b ×][bg×][bg×].
(4.62)

The term with the largest impact of the x-axis lever arm on the phase shift error δϕx in the
given scenario can be simplified to

δϕx = −2keT
2(ωzδbg,z + ωyδbg,y)xb

bs,x, (4.63)

which shows that the largest scaling effect in conjunction with the lever arm is resulting from
the angular rate of the heading ωz and the bias error δbg,z, which represents the uncertainty
of the classical gyroscope.

Fig. 4.6 shows the impact of different parameters on the phase shift according to the most
dominant terms in Eqs. (4.60), (4.61) and (4.63). The total lever arm is less problematic,
which is mainly thanks to the low angular rates that are allowed for the CAI to work. Despite
of this, in practice the lever arm should be kept as small as possible in any case, as such large
distances need more sophisticated modeling (Wagner, 2003), since the structures cannot be
considered rigid anymore.

The lever arm error mainly scales with the angular rates on the perpendicular axes. It can
be slightly larger than 5 cm for the given scenario. Again, this value is not problematic, as
calibration procedures based on laser trackers reach an accuracy level of well below 1 mm.
The critical value of the misalignment is about 15 µrad. This value could cause problems for
larger CAI scale factors like the one in the simulated scenario, as values of up to 50 µrad of
intrinsic misalignment are typical (iMAR, 2017b). As this large impact is mainly caused by
gravity on Earth, applications in space would not suffer as much from this specific effect and
other phase shift error terms might become dominant.
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Figure 4.6: Impact of misalignment and lever arm on the phase shift error. The lever arm can be quite large
and only surpasses a phase shift error of π/2 (dotted black line) after a horizontal distance of 6 m. The lever
arm error is critical for values larger than 5 cm. The misalignment yields the largest impact which is mainly
caused by the vertical acceleration due to gravity. The critical value for the chosen scenario is about 15 µrad.

Once more it has to be stressed that the impact of the initial uncertainty of the atom wave
packet position and velocity has not been considered in this study in order to allow a closed
solution as approximation for the interaction of the calibration errors and the phase shift error.
Larger initial values of δxs

sa and δvs
sa do scale larger with time due to the autoregression over

the Coriolis and centrifugal terms. Those two effects however are associated with the s-frame.
The only way they interact with the other error states of the QINS is by the misalignment
affecting the angular rates, including gyroscope bias and δbg. Here it can be argued that
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δxs
sa has a similar effect on the phase shift as the lever arm error. It was shown in Sec. 3.5.1

that the initial atom position uncertainty is in the order of some µm, as compared to the cm
that are allowed for the lever arm error. Consequently, the contrast loss due to the spread
of the wave packet over time is reached long before any of the just mentioned effects have a
meaningful impact.

4.3.3 Observability

Method

Observability answers the question if a state in x is observable, i.e. if it can be reached by at
least one observation in the vector y via

y = Hx.

It is quite apparent that this question is directly related to the observation sensitivity described
by the matrix H. Assume that each state can be reached by an observation. The next question
that subsequently needs to be asked is, if there are several states that are reached by this
particular observation. If this is the case, this might lead to an underdetermined system. An
approach to answer both questions is the observability matrix Oobs (Lunze, 2008, p. 95),

Oobs =


H

H · F
H · F2

...
H · Fn−1

 . (4.64)

For n states, the observability of the system is given if Oobs yields full column rank,

rank(Oobs) = n. (4.65)

As Eq. (4.64) indicates, observability can also be granted via the system model expressed in the
transition matrix F. This multiplication in each line of the matrix Oobs can be interpreted in
a way that the system model generates additional observations with each new prediction step.
If no dynamic model connects the states and hence F = In, then it is sufficient to evaluate the
observation matrix H. Obviously, this is a mere qualitative method, as the matrix Oobs in
principle compares the number of linear independent observation equations with the number
of states and gives a yes or no answer to the observability question.

The presented approach requires a constant H for the time frame that is considered. There
are other approaches like the observability analysis for piecewise constant systems (Goshen-
Meskin & Bar-Itzhack, 1990) to tackle nonlinear problems. Another interesting method for
a more quantitative approach, including the effect of the noise variances, is the computation
of observability coefficients via the modal values of the steady state transition matrix (Becker
et al., 2010). This section’s goal is to examine the qualitative observability of different state
vector settings. For this task, the presented approach is deemed sufficient.

Application to QINS State Vector

The observation model according to Eq. (4.28) has already been presented for acceleration and
angular rate biases. The derivative is now revisited with closer attention to the implications for
the observability. Furthermore, the observation model h and the matrix H are now extended
by lever arm and misalignment.
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The chain of derivatives for the CAI observation update was expressed in Eq. (4.29). The
outer derivative which was evaluated in Eq. (4.30) is independent from the state vector. It
says that, in order to produce an observation, the amplitude A needs to be different from zero.
This is the first general condition.

The derivative ∂x̃
∂δx is essentially −1 for the biases and the lever arm. This means that the

observability properties of state and error state, besides a change of sign, are not altered. The
only exception is the alignment error γs

b , which is related to the nominal alignment C̃s
b by

C̃s
b = (I − [γs

b ×])Cs
b. (4.66)

Apart from that, the attributes of relevance to the observability lie in the middle term of
Eq. (4.29), the derivative ∂ϕ

∂x̃ . As simplification the frames are assumed to be aligned, Cs
b = I3.

Some error in form of a misalignment is still present, so that C̃s
b = (I − [γs

b ×]). The predicted
phase shift which is based on the nominal IMU data then reads

ϕ− = ke ·
(
2(C̃s

bΩ̃b
ib)ṽs

saT
2 − C̃s

b f̃ b
ibT

2 + C̃s
bΩ̃b

ib(Ω̃b
ibx̃b

bs)T 2 + C̃s
bΩ̇b

ibx̃b
bsT

2 + (C̃s
bΩ̇b

ib)x̃s
saT

2

+ (C̃s
bΩ̃b

ib)((C̃s
bΩ̃b

ib)x̃s
sa)T 2 − Ω̃b

ib(f̃ b
ib − Ω̃b

ib(Ω̃b
ibx̃b

bs) − Ω̇b
ibx̃b

bs)T 3
)
.

(4.67)

This rather extensive equation requires some detailed discussion. First, every term involves the
nominal orientation C̃s

b, which yields the alignment error (I − [γs
b ×]). As [γs

b ×] is in general
a small value, the observability properties of the remaining equation are not qualitatively
different from the terms that are multiplied by the identity I. The study will thus first
concentrate on the terms that are not multiplied by [γs

b ×]. The only exception is the discussion
of the observability of the misalignment itself, which focuses on the remaining terms.

A number of different terms can be found in Eq. (4.67) that contribute to the observation
sensitivity. For simplicity reasons they are grouped into:

� Principal terms with major impact on the phase shift, such as

ke · f̃ b
ibT

2, 2ke · Ω̃s
isṽs

saT
2, ke · Ω̃b

ibf̃ b
ibT

3.

These terms are the ones that qualify the interferometer as an inertial sensor and will
be the focus of the discussion.

� Terms that are associated with the lever arm x̃b
bs between the systems. A lever arm can

greatly improve the observability of certain terms in turn maneuvers, but at the same
time it scales uncertainties of the IMU data by the transformation to the s-frame and
generally needs to be kept small.

� Terms that are associated with the position of the wave packet x̃s
sa. The displacement

of the wave packet raises fictitious force terms that make the interferometer sensitive to
a rotation as well. The effect for the observability is similar to that of the lever arm,
but on a much smaller scale.

The mixed term has additional dependencies that arise with the transformation of the specific
forces, namely ke ·Ω̃b

ibΩ̃b
ib(Ω̃b

ibx̃b
bs)T 3 and ke ·Ω̃b

ibΩ̇b
ibx̃b

bsT
3. They are neglected for two reasons:

First, from a qualitative perspective, they have the same properties as the terms resulting from
the transformation of f b

ib itself, safe from an additional factor of T and Ω̃b
ib. Second, those

additional factors drastically reduce the magnitude of the impact for the observability in most
cases, which does not justify the added complexity of the model.

The observability of the states δba, δbg, γs
b and δxb

bs on the basis of the principal terms in
the observation equation is now discussed in detail.
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Acceleration Bias

For the discussion, the index j indicating the axes of the 6DOF CAI is included again. The
derivative of the phase shift to the acceleration bias reads

∂ϕ−
j

∂ba
= −(kej)TIT 2 − (kej)T[ω̃b

ib×]T 3. (4.68)

Two terms are resulting. Depending on the vector kej , the first term can always assure the
observability of the corresponding acceleration bias. As an example, in order to observe ba,x,
the first entry of kej has to be non-zero, e.g. j = x ↑ or j = x ↓.

The second term, however, also yields a small observability to the biases perpendicular
to the sensitive axis, whenever an angular rate is present on either one of those axes. The
derivative of this second term reads in detail,

−
[
kx 0 0

]
T 2 −

[
kx 0 0

]
·

 0 −ωz ωy

ωz 0 −ωx

−ωy ωz 0

T 3 = −
[
kxT

2 −kxωzT
3 kxωyT

3
]
.

(4.69)
The indices are reduced to improve readability, such that f b

ib,x = fx, ωb
ib,x = ωx, vs

sa,x =
vx, γs

b,x = γx, etc. It is obvious that the system is unstable if an angular rate on either
perpendicular axis is present. For this case, three perpendicular CAI observations are required,

∂ϕ−
x

∂ba
∂ϕ−

y

∂ba
∂ϕ−

z
∂ba

 = −

 kxT
2 −kxωzT

3 kxωyT
3

kyωzT
3 kyT

2 −kyωxT
3

−kzωyT
3 kzωxT

3 kzT
2

 , (4.70)

in order to achieve a full rank(H) = 3 of the observation matrix according to the dimension
of the acceleration bias states.

Gyroscope Bias

Displaying only the principal terms, the derivative of the phase shift to the gyroscope bias is

∂ϕ−
j

∂bg
= 2(kej)T[ṽs

sa,j×]T 2 + (kej)T[f̃ b
ib×]T 3. (4.71)

Two terms with large impact result, both involving a skew-symmetric matrix. This means that,
contrary to the accelerometer bias, the gyroscope bias is not always observable. In order to
observe the gyroscope bias on a particular axis, e.g. j = x ↑, a velocity or acceleration on one
of the perpendicular axes needs to be present. For this reason, many CAI gyroscope designs
are providing an initial momentum to the atom wave packet in a direction perpendicular to
the sensitive axis.

For the sake of further discussion of the case with j = x ↑, let vs
sa,j = [0, vy, 0]T be applied

in y-direction. The derivative of the Coriolis term w.r.t. the bias reads in detail

2
[
kx 0 0

]
·

 0 0 vy

0 0 0
−vy 0 0

T 2 =
[
0 0 2kxvyT

2
]
. (4.72)

This shows that it is possible for the system to be sensitive to the gyroscope bias in z-direction
only. However, as the velocity of the atoms evolves with time, a sensitivity on a much smaller
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scale is also present for the bias on the y-axis1. Furthermore, the mixed term adds additional
sensitivity with the gyroscope bias in the x-direction being the only exception. For terrestrial
applications the most notable parameter in this term is the gravitational acceleration, which
adds a huge sensitivity to the gyroscope bias in x- and y-direction and cannot be neglected.

According to the observability analysis, the system is theoretically unstable in any case if
only the observation of one CAI axis is used. The full observation sensitivity matrix with
three perpendicular observations reads

∂ϕ−
x

∂bg
∂ϕ−

y

∂bg
∂ϕ−

z
∂bg

 =

 0 −2kxvzT
2 − kxfzT

3 2kxvyT
2 + kxfyT

3

2kyvzT
2 + kyfzT

3 0 −2kyvxT
2 − kyfxT

3

−2kzvyT
2 − kzfyT

3 2kzvxT
2 + kzfxT

3 0

 , (4.73)

which has full rank of 3 again, according to the three gyroscope bias states.

Misalignment

For the misalignment, three terms of Eq. (4.67) are of interest,

ϕ−
j = −kej ·(I− [γs

b ×])f̃ b
ibT

2 +2kej ·((I− [γs
b ×])Ω̃b

ib)ṽs
sa,jT

2 −kej ·(I− [γs
b ×])Ω̃b

ibf̃ b
ibT

3. (4.74)

The derivative with respect to the misalignment γs
b yields the following result:

∂ϕ−
j

∂γs
b

= −(kej)T[f̃ b
ib×]T 2 − 2(kej)T[ω̃b

ib×][ṽs
sa,j×]T 2 − (kej)T[(ω̃b

ib × f̃ b
ib)×]T 3. (4.75)

Three terms are emerging. The first one indicates that in order to observe the misalignment
on one axis, an acceleration on an axis perpendicular to it needs to be present. Once again,
the index j = x ↑ is taken as an example:

−[kx, 0, 0] ·

 0 −fz fy

fz 0 −fx

−fy fx 0

T 2. (4.76)

The remaining terms are comparable, but not as intuitive. Taking the same example as
developed for the gyroscope bias, with an initial atom velocity in y-direction, the second term
in detail reads

− 2
[
kx 0 0

]
·

−ωzvz − ωyvy ωyvx ωzvx

ωxvy −ωzvz − ωxvx ωzvy

ωxvz ωyvz −ωyvy − ωxvx

T 2

=
[
2kx(ωzvz + ωyvy)T 2 −2kxωyvxT

2 −2kxωzvxT
2
]
. (4.77)

The first entry corresponds to the observability of the misalignment in x-direction. This term
requires an atom velocity and an angular rate on a common axis perpendicular to the obser-
vation to be different from zero. The observation on the x-axis can also reach the remaining
two misalignments γs

b,y and γs
b,z. For this purpose, an angular rate on the respective axis needs

to be present in addition, as well as an atom velocity on the axis of the observation.

1For this reason it is more suitable to use the mean velocity as parameter in the equation rather than the
initial velocity. The same applies to the terms depending on the wave packet position, if they need to be
included in the model.



4.3 QINS System Analysis 85

The third term is evaluated now, resulting in

−[kx, 0, 0] ·

 0 ωzfy 0
−ωzfy 0 −ωxfy

0 ωxfy 0

T 3 =
[
0 −kxωzfyT

3 0
]
. (4.78)

The result shows that with this observation term the misalignment on a perpendicular axis,
here: γy, can be reached by an acceleration acting on the atoms in direction of this axis.
However, in that case an angular rate has to be present that is perpendicular to the acting
force and the axis of the observation.

Lever Arm

For the lever arm, two terms of Eq. (4.67) are relevant:

ϕ−
j = kej · (Ω̃b

ib(Ω̃b
ibx̃b

bs)T 2 + Ω̇b
ibx̃b

bsT
2). (4.79)

The derivative w.r.t. the lever arm is

∂ϕ−
j

∂xb
bs

= (kej)T[ω̃b
ib×][ω̃b

ib×]T 2 + (kej)T[ω̇b
ib×]T 2. (4.80)

Taking the example with j = x again, the second term shows that an angular acceleration
around the y- or z-axis leads to the lever arm in x-direction to be observable. The first term
associated with the centrifugal acceleration is not that intuitive. In detail it reads:

[
kx 0 0

]
·

−ω2
z − ω2

y ωyωx ωzωx

ωyωx −ω2
z − ω2

x ωzωy

ωzωx ωzωy −ω2
x − ω2

y

T 2

=
[
−kx(ω2

z + ω2
y)T 2 kxωyωxT

2 kxωxωzT
2
]
.

(4.81)

Here it can be seen that the lever arm in sensitive direction is observable, as long as angular
rates on the perpendicular axes are present. Furthermore, observability is given for the y- and
z-direction, when additionally an angular rate on the x-axis is present. Thus the system is
only stable with one CAI observation, when no rotation on the sensitive axis occurs. Since
only small rotations are allowed for the CAI, and furthermore all angular rates are quadratic
in the matrix, the lever arm is expected to be only weakly observable.

Conclusion

The observability of the different states has been discussed individually. Altogether there
is a maximum of six observations available at a time for a total of 12 independent states.
An overview is given in Tab. 4.2, where the major dynamic requirements, which connect the
observations and the states, are pointed out. The terms proportional to T 3, as well as products
of different conditions, e.g. vyωz, are not included.

The states are not correlated over a dynamic model and hence the system cannot produce
any additional observations via H · F in Eq. (4.64). This indicates that the system is not
fully observable at any time. Hence, and this is the first conclusion, a reduced state vector
augmentation with only angular rate and acceleration bias is proposed for the QINS.

For this augmentation with the bias states, it was shown that the acceleration bias can be
distinguished from the angular rate bias thanks to the interrogation of two parts of an atomic
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hx↑ hy↑ hz↑ hx↓ hy↓ hz↓

δba,x 1 0 0 1 0 0
δba,y 0 1 0 0 1 0
δba,z 0 0 1 0 0 1
δbg,x 0 vz vy 0 vz vy

δbg,y vz 0 vx vz 0 vx

δbg,z vy vx 0 vy vx 0
γs

b,x ωz, ωy fz fy ωz, ωy fz fy

γs
b,y fz ωz, ωx fx fz ωz, ωx fx

γs
b,z fy fx ωy, ωx fy fx ωy, ωx

δxb
bs,x ω2

z , ω
2
y ω̇z ω̇y ω2

z , ω
2
y ω̇z ω̇y

δxb
bs,y ω̇z ω2

z , ω
2
x ω̇x ω̇z ω2

z , ω
2
x ω̇x

δxb
bs,z ω̇y ω̇x ω2

y , ω
2
x ω̇y ω̇x ω2

y , ω
2
x

Table 4.2: QINS observability requirements.

wave packet after the initial momentum split. However, the observation is sensitive to up to
two perpendicular angular rate biases, leading to the situation that two observations per axis
are present for three observable states. Something similar occurs for the acceleration bias,
where additional sensitivities arise from the mixed term. Hence, the only way to guarantee
full observability is by using all six CAI observations. This was shown in Eq. (4.70) and
(4.73). This means that any reduced CAI configuration with less than six linear independent
observations would lead to an unstable system. Consequently, the proposal for using a full
6DOF CAI is the second conclusion.

4.3.4 Controllability

Controllability in a control-theory sense measures whether a state can be reached by control
input. In other words, the goal of a controllability study is to find out if one can control a
certain state by external input. In a Kalman filter the interpretation is slightly different. In
the prediction step, the state is driven by the data that are modeled as control input. In the
frame of the QINS, it is an IMU that is used to propagate the motion model of the kinematic
state. Consequently, the core of the controllability analysis in the Kalman filter is to evaluate
if the dynamic model is sufficient in order to have a prediction for each state. If no prediction
model for a particular state exists, the corresponding system is unstable. Similarly to the
observability matrix, a controllability matrix C (Lunze, 2008, p. 66) can be defined such that

C =
[
B FB F2B ... Fn−1B

]
. (4.82)

For n states, the controllability of the system is given if,

rank(C) = n. (4.83)

The input is given by u = [wa,wg]T, with the two processes wa associated with the acceler-
ation input, and wg associated with the angular rates. The input matrix was already stated
before in Eq. (4.48),

B =



0 0
0 0
I 0
0 I
0 0
0 0


.
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Using the simplified transition matrix from Eq. (4.55), the powers Fn of the matrix can be
represented as a closed solution,

Fn =



I nI∆t −n2

2 I∆t2 n2

2 ∆t2 ∂δv̇s
sa

∂δbg
n2

2 ∆t2 ∂δv̇s
sa

∂δγs
b

n2

2 ∆t2 ∂δv̇s
sa

∂δxb
bs

0 I −nI∆t n∆t∂δv̇s
sa

∂δbg
n∆t∂δv̇s

sa
∂δγs

b
n∆t∂δv̇s

sa

∂δxb
bs

0 0 I 0 0 0
0 0 0 I 0 0
0 0 0 0 I 0
0 0 0 0 0 I


. (4.84)

The complete controllability matrix C reads

C =



0 0 ... −1
2(n− 1)2∆t2I 1

2(n− 1)2∆t2 ∂δv̇s
sa

∂δbg

0 0 ... −(n− 1)∆tI (n− 1)∆t∂δv̇s
sa

∂δbg

I 0 ... I 0
0 I ... 0 I
0 0 ... 0 0
0 0 ... 0 0


. (4.85)

While for n = 1 only the bias error states δba and δbg can be reached by the input, it is
only possible to extend the controllability to δxs

sa and δvs
sa, even with an arbitrary number

of n > 1. The impact of wg further depends on the derivative

∂ ˙δvs
sa

∂δbg
= −2[vs

sa×] − [ωs×][xb
bs×] − [(bg × xb

bs)×],

which was already discussed in Sec. 4.3.1. The misalignment and lever arm error stay unaf-
fected by the input at all times.

4.3.5 Steady State Formulation

If the state of a Kalman filter is both controllable and observable, it will eventually reach a
steady state, in which the covariances of the predicted observation and the actual observation
are in equilibrium, i.e. the Kalman gain K does not change anymore. This steady state
Kalman gain, denoted by K∞, is given by

K∞ = P∞HTR−1, (4.86)

with the measurement noise matrix R. The steady state covariance matrix P∞ still needs to
be derived. An alternative representation of the filtered covariance matrix P+

k is the following,

P+
k =

[
HT

k R−1
k Hk + (P−

k )−1
]−1

, (4.87)

which can be established based on the so-called information filter formulation of the KF
(Simon, 2006, p. 156), allowing for an arguably simpler representation of the update step.
The time propagation of the covariance matrix is given by

P−
k = Fk−1P+

k−1FT
k−1 + Qk−1. (4.88)

In a steady state situation, the covariance matrix converges to its steady state value, P+
k =

P+
k−1 = P∞. Further assume, that the matrices F, H, Q and R are time invariant. The
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equations (4.88) and (4.87) can then be reformulated and included in a single expression
(Schweppe, 1973, p. 142), which is a discrete algebraic matrix Riccati equation:

P∞ =
[
HTR−1H + (FP∞FT + Q)−1

]−1
. (4.89)

The next step would be the solution of Eq. (4.89). This can be done with numerical approaches
like discussed in Bittanti et al. (1991), or the so-called Hamiltonian approach (Simon, 2006,
p. 207), which further allows to test the feasibility of the solution. Analytical solutions are
generally not possible, but can be developed under certain circumstances. As the analytical
solution is an important topic for several aspects of the QINS system design, it will be discussed
next.

Analytical Solution of the Steady State Variances

The analytical solution of the Riccati equation is driven by the objective to derive a closed
solution for the accuracy of the output that is produced by the QINS. In order to allow an
analytical solution, the following characteristics of the system are assumed:

� A single state on a single axis is considered.

� There are no correlations between individual states.

� All noise processes are considered stationary.

Those assumptions appear strongly limiting at first, but they can be justified for certain cases:

� Only inertial quantities given in the b-frame are considered. Thus, no transient transfor-
mations between the systems are required. The kinematic states of the moving platform
are excluded from the analysis.

� Only the reduced state vector with δba and δbg is discussed. With the reduced state
vector of degree n, the transition matrix from Eq. (4.55) is the unity matrix, F = Inxn.

� CAI yields high long-term stability of several thousand seconds. In contrast, the time of
a measurement cycle is below one second. The noise in the measurement over the course
of one cycle can therefore be regarded as white noise only. The variance is stationary
and thus R is constant.

� The process noise Q for the respective IMU measurement is considered as constant over
the course of a measurement cycle. This can be justified for IMUs of tactical grade
or better, as the white noise is dominant for several seconds, before the flicker floor is
reached.

Note that those requirements are provided for the analytical description of the steady state
of δba and, to a degree, δbg. For the latter, a constant atom velocity is assumed.

The analysis is now simplified according to the items listed above, and only a single state is
considered. The matrices P, F, H, Q and R will not be displayed in bold style anymore for
the remainder of this section, since they are of dimension 1 × 1. Still, the label matrix will
be used.

Starting from Eq. (4.89), the system matrix F for a single bias state can be simplified to
assume a value of one, thus

P∞ = 1
H2

R + 1
P∞+Q

. (4.90)
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Some reformulation leads to:
0 = P 2

∞ +QP∞ − QR

H2 , (4.91)

which has the two solutions,

P∞,1,2 = −Q

2 ±

√
Q2

4 + QR

H2 . (4.92)

Only the first solution is needed, since no negative variances exist and P∞ will only be greater
or equal zero if the square root is added to the first term. The final equation for the steady
state variance reads

P∞ = −Q

2 +

√
Q2

4 + QR

H2 . (4.93)

Some interesting properties of Eq. (4.93) can be observed:

� If R = 0, the equation yields the trivial solution P∞ = 0.

� If Q = 0, the steady state solution would be zero, independent from R.

� If H = 0, the state is not observable, and the solution of P∞ approximates ∞ in the
limit. A similar outcome is achieved by R → ∞.

� For Q ≫ R, the solution converges to P∞ = R
H2 , cf. Fig. 4.7.

� For R ≫ Q, the solution can be approximated2 by P∞ ≈
√
QR/H.
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Figure 4.7: Steady state variance in a Kalman filter. For different process noise values Q (x-axis) and different
observation variances R (colored lines) the resulting P∞ is expressed. Large values of Q ≫ R cause the steady

state variance to converge to P∞ = R
H2 .

In summary it can be stated that individual solutions for P∞ other than zero are only possible
if

R > 0, Q > 0.

For the accelerometer bias with the discrete input white noise variance Qa and observation
matrix Ha = AkeT

2, the following steady state variance results

Pa,∞ = −Qa

2 +
√
Q2

a

4 + QaR

(AkeT 2)2 . (4.94)

The steady state expression for the gyroscope bias variance only works under the assumption
that only an atom velocity vy perpendicular to the observed state and the laser wave vector

2This rough approximation can be derived by setting R/H2 to ηQ, where η is a large factor. E.g. P∞ ≈ 30Q,
when η = 900.
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is present according to Eq. (4.72). In this particular case it can be formulated as

Pg,∞ = −Qg

2 +
√
Q2

g

4 + QgR

(2Akevs
saT

2)2 . (4.95)

Obviously the applicability of Pg,∞ is highly problematic, and the equation can only be re-
garded as a rough estimate for the resulting variance on a specific sensor axis. The atom
velocity vs

sa is subject to accelerations, notably the component in z-direction due to gravity,
which causes it to be a non-constant value. Additionally, components of the velocity in several
directions are almost inevitable, in which case H is not a scalar anymore.

4.4 Limits of Hybrid Navigation

By developing the error state kinematics of the wave packet time evolution it was shown
that different errors affect the predicted phase shift, resulting in a phase shift error δϕ of the
prediction. As a first example, the phase shift error is assumed to be caused entirely by the
accelerometer bias. By assuming constant values of f s

is, a closed form to approximate the
phase shift can be stated. The true value of ϕ and the nominal value ϕ̃ are given by

ϕ = −ke(f s
is + ba)T 2, ϕ̃ = −ke(f s

is + b̃a)T 2, b̃a = ba − δba,

so that the error phase shift δϕ = ϕ− ϕ̃ results in

δϕ = −keδbaT
2. (4.96)

This δϕ can be troublesome for two major reasons:

� Similarly to the ambiguity of the CAI phase shift due to large variations of the dynamic
input, the phase shift error is not allowed to be larger than the interval which defines
the dynamic range of the sensor. This can be a problem if the dead time of the CAI is
too large, i.e. the time in which the bias can grow without correction due to systematic
and long-periodic effects so that the accumulated δϕ grows beyond the reciprocal region
of the cosine signal.

� Even if the accumulated δϕ is still on the corresponding flank of the cosine signal, the
sensitivity for the bias is smaller, the further away the observation is from the mid fringe
operating point.

The second point is the focus of the following section.

4.4.1 Optimal Hybridization

Motivation

Assume a static case with no external dynamics. An accelerometer is used to measure the
accelerations of the interferometer frame on a single axis. The data of the classical accelerom-
eter aacc and the CAI observations are sampled from a zero-mean normal distribution with
variance Q and R, respectively. This is done for a total of 104 MC instances. The filtered
accelerations are given by

afil = āacc + ba. (4.97)
The bar represents the mean of the accelerations during the atom flight time Tf = 2T . This
step is necessary, as the values of ba can only be produced at the rate of the EKF, which is
given by Tf.
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To simplify the analysis and actually allow a closed analytical representation of the solution,
the following linearized model can be used to calculate the phase shift for this static case,

ϕ = −keāaccT
2. (4.98)

Let σ2
acc and σ2

fil denote the variances as computed from the acceleration samples aacc and afil,
respectively. A ratio R = σacc

σfil
can be defined, resembling the gain of sensitivity thanks to

the EKF.

This simulation is now processed for different values of Q which defines the variance of the
normal distribution from which the accelerometer data values are sampled. The corresponding
R is calculated for each simulation, allowing to illustrate the relationship between Q and the
filter sensitivity gain. The results are depicted in Fig. 4.8. Clearly, there is a large increase of
R for growing uncertainty of the accelerometer, thanks to the superior accuracy of the CAI
and, at a certain value of σa, a maximum of the sensitivity gain is reached. After that point,
R begins to drop until it approximates a value of one again, which represents a situation in
which no improvement can be achieved anymore. This drop is explained by the phase shift
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Figure 4.8: Limit of the QINS performance gain. Left: the conventional IMU is used to predict the phase shift
of the target interval and the laser phase is adjusted so that the sum of both terms equals ϕ0 = π/2 (green).
The further away the actual observation pCAI (red) is from the mid fringe point, the larger is the error of the
linear model assumption H = ∂p/∂ϕ0 in the stochastic model used for the Kalman filter update. Right: the
larger the error of the IMU is, the better the sensitivity gain thanks to the EKF. Further increase of the error
leads to a drop of sensitivity gain until the target fringe interval is left and no improvement can be achieved

anymore.

error δϕ approaching the top or bottom of the cosine fringe flank. The distinct performance
peak indicates that there is an optimal setting of parameters of the CAI and the uncertainty
of the classical sensor. It is highly relevant to understand this behavior in detail, and derive
an analytical description of R: It would allow an assessment of the ideal interrogation time of
the interferometer for a given accelerometer. Likewise, if the scale factor of the CAI is fixed,
maybe due to sensitivity requirements, the ideal classical accelerometer can be identified. The
latter might also be interesting from an economical point of view, since a QINS with a lower
quality accelerometer can have a similar performance as if a higher quality and perhaps more
expensive accelerometer is used which is too good for the CAI.

The task at hand can be addressed by finding models for two sub-problems:

1. Model for the improvement of the EKF estimates. The sensitivity gain of the filtered
solution for a scalar state can be assessed with the use of the respective steady state
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variance P∞. The following relationship is proposed,

R2 = Q

P∞
. (4.99)

where Q is the discrete noise variance of the input process affecting that particular state.

2. Model to penalize the accuracy of CAI observations close to top/bottom fringe. For this
part, a model is developed which is based on the linearization error occurring close to
the top or bottom region of the cosine flank. For this, the measurement uncertainty R
is adapted by an additional variance Rpen,

R = σ2
p +Rpen (4.100)

Both models are subsequently applied and discussed for the accelerometer and gyroscope
hybridization. The derivation of the penalty model is elaborated in Appendix A.6 extensively.
The general steps are the following:

� Derivation of the linearization model of the CAI observation, cf. Appendix A.6.1.

� Propagation of the IMU uncertainty in order to associate an additional observation
variance to the distance to the mid fringe operating point due to the RMS of the IMU
bias error, cf. Appendix A.6.2.

� Determination of the optimal IMU uncertainty by evaluating the intersection point of
the variances of CAI and penalty model.

� Evaluation of the performance gain at the optimal IMU uncertainty.

Optimal Accelerometer Hybridization

For the accelerometer a discrete time white noise variance of σ2
a is the input. This can be

justified for short interrogation times in which the white noise behavior is clearly dominant,
and the process noise Q can be assumed to be consisting of white noise only, so that

Q = σ2
a. (4.101)

More sophisticated models which include random walk are discussed later on in Sec. 4.4.2.
The steady state variance of the filtered accelerations Eq. (4.94) including the penalty model
Rpen reads

Pa,∞ = −1
2σ

2
a +

√
σ4

a

4 +
σ2

a(σ2
p +Rpen)
H2

a

, (4.102)

where
Ha = −AkeT

2.

The derivation of the model for Rpen is described in Appendix A.6.3, cf. Eq. (A.75). It is
given by,

Rpen = 5
12A

2(keT
2)6σ6

a. (4.103)

The model of the sensitivity gain R can be stated as

R2 = Qa

Pa,∞
. (4.104)
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In order to find the optimal σ∗
a corresponding to the peak of the improvement R, one option

is to maximize Eq. (4.104) with respect to σa,

max

R2 = σ2
a

−1
2σ

2
a +

√
σ4

a
4 + σ2

a(R+ 5
12 A2(keT 2)6σ6

a)
H2

a

 . (4.105)

As this is analytically cumbersome, a good alternative approximation is to find the intersection
point of the CAI variance with the variance of the penalty model in acceleration space, see
Fig. 4.9 to get a clearer picture. The optimum appears to coincide with the intersection,
which in fact makes sense, as the point in which the uncertainty due to the linearization error
is larger than the variance of the CAI observation marks the moment at which the solution
should degrade. By setting Rpen = σ2

p, and solving for σa, the following optimum σ∗
a can be

retrieved,

σ∗
a = 1

keT 2
3

√√
12
5
σp

A
. (4.106)

The empirical results, the model and the optimum are visualized in Fig. 4.10. The detail plot
shows that the approximation only leads to a rather small offset from the actual peak.
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Figure 4.9: Uncertainty of the different QINS components expressed as acceleration variance. CAI parameters:
σ2

p = 4 × 10−4, T = 25 ms. Red: empirical variance of the accelerations of the MC instances, which directly
corresponds to the input standard deviation of the acceleration signal. Blue line: empirical variance of the
filtered accelerations. After an initial improvement, the variance converges to the input noise process again
due to the distance to the mid fringe operating point. The latter is expressed by the penalty model Rpen (solid
magenta line). The CAI variance expressed in acceleration space (dotted magenta line) represents a limit to
which the steady state variance of the filtered accelerations (blue line) is converging until the linearization error
grows too large. For large values of σa, the variance of the filtered state converges to the variance of the input
signal again. The optimal accelerometer quality (dotted cyan line) is evaluated at the intersection of the CAI

variance and the penalty model. Right: detailed view on the intersection of Rpen and σ2
p.

Equation (4.106) shows, that all parameters of the interferometer have an impact on the
value σ∗

a. The impact of ke and T 2 is much larger than that of the parameters σp and A under
the cubic root, which are related to the detection and imaging process of the interferometer.
More specifically, the ratio of A/σp can also be interpreted as the signal-to-noise ratio (Geiger
et al., 2011).
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Figure 4.10: QINS sensitivity gain as a function of the accelerometer uncertainty. CAI parameters: σ2
p = 4 ×

10−4, T = 25 ms. The empirical gain R is illustrated as blue line, the model as red line. The larger the error
of the IMU is, the better the sensitivity gain thanks to the EKF. Further increase of the error leads to a drop
of sensitivity gain until the target fringe interval is left and no improvement can be achieved anymore. Right:

detailed view on the section around the maximum.

In turn, if one has an accelerometer with noise variance σ2
a and momentum transfer defined in

ke, and is interested in a feasible interrogation time T ∗, the equation (4.106) can be rearranged,

T ∗ =

√√√√ 1
keσa

3

√√
12
5
σp

A
. (4.107)

Or, if only the velocity random walk/acceleration white noise density N2
a as stated in data

sheets is considered,

T ∗ =

 √
2

keNa

3

√√
12
5
σp

A

2/3

. (4.108)

The iNAT-RQT-4003 (iMAR, 2017b), as one example of a navigation grade sensor, yields a
white noise density N2

a = (12 µg√
Hz

)2. Thus, the optimal CAI interrogation time would be as
large as T ∗ = 4.4 ms, if rotational induced phase shifts and other cross-coupling effects are
neglected.

The theoretical improvement of the EKF sensitivity for the optimal value σ∗
a can be assessed

by inserting the value into Eq. (4.104). The derivation leads to the following solution for R:

R2 = 1

−1
2 +

√
1
4 + 3

√
10
3
(σp

A

)4 . (4.109)

Or after further McLaurin series expansion and truncation as discussed in Appendix A.6.4,

R2 ≈ 1 + 3

√√√√ 3
10

(
A

σp

)4

. (4.110)

The level of improvement is solely defined by the amplitude A and the detection noise σp of
the interferometer. This is a very important result, as it implies that the length of the inter-
rogation time as well as the momentum transfer are not relevant for the relative improvement
of the hybrid solution over the conventional accelerometer. To point out two examples, for an
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amplitude of A = 0.5 and a CAI noise variance of 4 × 10−4, the value for the improvement
is R ≈ 7. This is the improvement that was already illustrated in Fig. 4.10. This value is
not affected by a lower interrogation time of T = 5 ms, as demonstrated in Fig. 4.11. With
a sufficiently large preparation time and number of atoms, the uncertainty level of the laser
noise with a variance of 1.6 × 10−7 could be reached in a static application, cf. Fig. 4.12. This
corresponds to R ≈ 95.
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Figure 4.11: Comparison of the empirical sensitivity gain R (blue) as compared to the model (red). CAI
parameters: σ2

p = 4 × 10−4, T = 5 ms. Right: detailed view on the section around the maximum.
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Figure 4.12: Comparison of the empirical sensitivity gain R (blue) as compared to the model (red). CAI
parameters: σ2

p = 1.6 × 10−7, T = 25 ms. Right: detailed view on the section around the maximum.

The result in Eq. (4.110) can be used for a quick assessment of the accuracy of the QINS
acceleration output. By reformulating Eq. (4.104),

Pa,∞ = Qa

R2 . (4.111)
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Optimal Gyroscope Hybridization

For the optimization of the gyroscope solution the equations from before can be applied, with
the major difference being the scale factor. The observation sensitivity in this case reads

Hg = 2Avs
sakeT

2. (4.112)

The values for the optimal angular rate noise variance σ∗
g of the gyroscope is straightforward,

as only the scale factors are changing,

σ∗
g = 1

2vs
sakeT 2

3

√√
12
5
σp

A
, (4.113)

which for the chosen parameters of vs
sa = 94 mm/s and T = 25 ms results in a variance of

2.09 × 10−4 rad/s, which equals a white noise density of 0.0027 deg/s/
√

Hz. This corresponds
to a typical tactical grade gyroscope.

The corresponding improvement is calculated just as in the acceleration hybridization case,

R2 = Qg

Pg,∞
. (4.114)

After including σ∗
g in Eq. (4.95) and subsequently in Eq. (4.114), the scale factors 2vs

sakeT
2 are

canceled out. This results in the same expression as for the accelerations in Eq. (4.109). The
interaction between the different components of the model in angular rate space are illustrated
in Fig. 4.13. The comparison of the model with the empirical results is expressed in Fig. 4.14.
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Figure 4.13: Uncertainty of the different QINS components expressed as angular rate variance. CAI param-
eters: σ2

p = 4 × 10−4, T = 25 ms. Red: Empirical variance of the angular rates of the MC instances, which
directly corresponds to the input standard deviation of the gyroscope signal. Blue line: empirical variance of
the filtered angular rates. After an initial improvement the variance converges to the input noise process again
due to the distance to the mid fringe operating point. The latter is expressed by the penalty model Rpen (solid
magenta line). The CAI variance expressed in angular rate space (dotted magenta line) represents a limit to
which the steady state variance of the filtered angular rates (blue line) is converging until the linearization
error grows too large. For large values of σg, the variance of the filtered state converges to the variance of the
input signal again. The optimal gyroscope quality (dotted cyan line) is evaluated at the intersection of the CAI

variance and the penalty model. Right: detailed view on the intersection of Rpen and σ2
p.
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Figure 4.14: QINS sensitivity gain as a function of the gyroscope uncertainty. CAI parameters: σ2
p = 4×10−4,

T = 25 ms, vs
sa = 94 mm/s. Comparison of the empirical sensitivity gain R (blue) as compared to the model

(red). The larger the error of the IMU is, the better the sensitivity gain thanks to the EKF. Further increase
of the error leads to a drop of sensitivity gain until the target fringe interval is left and no improvement can be

achieved anymore. Right: detailed view on the section around the maximum.

One open question is how the filtered QINS variance in the optimal configuration is related
to the observation noise variance of the CAI. This is relevant for situations in which one is
interested in the quality of the QINS in terms of angular rate measurements, if it is only
coupled with accelerometers. Let Ra denote the observation variance in acceleration space,

Ra = R

H2
a

. (4.115)

Then, another ratio R2
obs can be defined which relates the steady state variance with the CAI

observation variance,
R2

obs = Pa,∞
Ra

= Qa

R2Ra
. (4.116)

This ratio is a mere placeholder. It is the same for accelerations and angular rates, conse-
quently it can be stated that

R2
obs = Pa,∞

Ra
= Pg,∞

Rg
, (4.117)

where Rg is the CAI observation variance expressed in angular rate space. The performance
of the angular rate output of the QINS is given by

Pg,∞ = Rg

Ra
Pa,∞ = H2

a

H2
g

Pa,∞ = 1
4(vs

sa)2Pa,∞. (4.118)

Discussion

This section leaves several important implications: First, the level of noise that a classical
accelerometer and/or gyroscope can have in order to work with an atom interferometer with
certain settings. The parameters ke and T have the largest impact on that. Second, the order
of magnitude of the improvement can be assessed. Here, the amplitude A and the observation
noise σp of the CAI are the defining factors.

The observation noise could theoretically be reduced with a larger number of atoms. In a
static setting without perturbations it could be as low as the quantum projection noise limit of
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the CAI. This means, that with a larger number of atoms and thus longer preparation times,
the relative improvement can be enhanced until the technical noise floor due to laser phase
fluctuations is reached. In the experiment of Gouët et al. (2008), the observation noise of the
CAI was limited by the laser phase noise with a variance at a level of 1.6 × 10−7.

The requirements for the quality of classical sensors that were derived can be seen as a
foundation for future QINS designs. It has to be stressed that the model was developed on
the base of an acceleration on a single axis. Applications to a three dimensional case might
introduce axis cross-coupling and similar effects that were not considered. Also, the averaging
of the input acceleration signal in Eq. (4.98), which was applied in order to enable an analytical
solution, could stand in conflict with the actual trajectory, as averaging or any other means of
filtering the data comes with a loss of certain information about the actual dynamics. Thus,
the model for the improvement of sensitivity is representing the ideal case scenario, providing
a general idea about the potential sensitivity of the QINS.

4.4.2 Impact of Dead Times

The real acceleration data as gained from an IMU including the uncertainties are a continuous
process. The CAI on the other hand does in general need some time per measurement cycle
to prepare the atoms, in which the interferometer is not sensitive, while the readout process
covers some time as well in which the interferometer is blind. As the error of the IMU with
respect to the latest bias estimate is growing during this dead times, and the latter can be as
large as 10 times the interrogation time, this raises two important questions:

1. How long can the dead time between CAI measurements last, before the phase shift
error induced by bias errors grows beyond the reciprocal region of the cosine flank;

2. How does the dead time affect the sensitivity of the CAI and the QINS?

Maximum Dead Time

The timeline of a CAI measurement cycle as introduced in Eq. (3.13) is extended by an
additional time Tinactive which resembles a systematic, but potentially varying time between
the CAI cycles as due to dynamic maneuvers in which the measurement needs to be discarded,
or due to a sequential 6DOF operation mode. The total time Ttotal between the ends of two
subsequent CAI measurement cycles is

Ttotal = Tprep + Tf + Tdet + Tinactive, (4.119)

where Tf = 2T is the duration of the atom travel including the individual interrogation pulses.

The evaluation of the optimum solution for the noise densities in the sections before can
be enhanced by the knowledge of the complete noise processes. Inertial measurement units
are often characterized by power law noise processes. In order to keep the degree of freedom
reasonably low, let the time discrete process noise Q be composed of a white noise process
with power spectral density (PSD) N2, an acceleration random walk with PSD K2, as well
as a bias fluctuation with variance B2. The variance of the white noise process, resembling
the mere measurement accuracy of the IMU, can be reduced during the interrogation interval,
since it scales with ∼ 1/t over the active measuring time. Thus, the time frame t ∈ [0; 2T ] of
the corresponding CAI measurement is relevant here. On the other hand, let the acceleration
random walk process result from external factors like a change of temperature. This causes
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the difference between both systems to grow over the course of Ttotal. Q then reads

Q = N2

2T +K2Ttotal +B2, (4.120)

where N2

2T is the white noise variance corresponding to a band-limitation of the white noise
PSD N2 for the course of a measurement, K2Ttotal is the white noise variance of the integrated
random walk process, and B2 the variance corresponding to the flicker noise floor.

The dead time Td = Tprep +Tdet +Tinactive is the interesting quantity now. During this time,
an error in the acceleration of the IMU is accumulated, driven mainly by the random walk
process. The acceleration difference leads to a phase uncertainty with variance σ2

ϕ = σ2
a(keT

2)2,
which can be expressed as

σ2
ϕ =

(
N2 1

2T +K2Ttotal +B2
)

(keT
2)2. (4.121)

By demanding that σϕ ≤ π
2 , the equation can be solved for the time Ttotal:

Ttotal ≤
π2

4 − (N2 1
2T +B2)(keT

2)2

K2(keT 2)2 . (4.122)

Note that the value computed by Eq. (4.122) is based on the 1-σ value of the accumulated
phase uncertainty. For a more robust assessment, the value could be divided by a safety factor.

Two inertial measurement unit accelerometers of different quality are considered: A naviga-
tion grade sensor with the noise characteristics Nnav = 12×10−5 m/s3/2, Bnav = 4×10−5 m/s2

and Knav = 1.1 × 10−5 m/s5/2, as well as a tactical grade MEMS sensor with Ntac = 50 ×
10−5 m/s3/2, Btac = 2 × 10−4 m/s2 and Ktac = 6.7 × 10−5 m/s5/2. The CAI interrogation time
is T = 10 ms. In Fig. 4.15 the phase shift error resulting from the noise processes is illustrated.
It is differentiated between the total error, the impact of the white noise processes and the
impact of the random walk processes.
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Figure 4.15: Impact of integrated noise on the phase shift error δϕ during CAI dead time for tactical grade
(TAC, red lines) and navigation grade IMU (NAV, blue lines). The individual processes contributing to the

total phase shift error are expressed by different line styles.

The first observation is that the white noise clearly has the largest impact on the resulting
phase shift error. The phase shift error resulting from the white noise of the navigation grade
accelerometer is just below the π/2 threshold, while the corresponding phase shift error of the
tactical grade accelerometer is far beyond the limit. The phase shift error caused by random
walk only slowly grows over time. While the drift of the navigation grade accelerometers is
small enough, the phase shift error due to the MEMS approaches the π/2 line comparably
fast. It still does not transgress the limit in the time of 100 s that is considered, here.
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This study shows that in the frame of hybridization, the consideration of dead times is
mostly relevant for high drift sensors like OMR or piezoelectric devices. For most conventional
IMU, the white noise density yields the larger limitation. Limiting the analysis to the noise
characteristics of single axis acceleration data, even if it is the major impact source for a single
sensitive axis, only conveys a rough idea about the increase of the phase shift error during
the dead times. Additional systematic effects and axis cross coupling depend on the specific
implementation of the QINS and need to be carefully considered in applications where longer
outages of CAI are to be expected.

QINS Long-Term Noise Characteristics

It was mentioned before that the steady state variance in Eq. (4.94) is only valid for stationary
noise processes, meaning that neither the observation noise variance R nor the accelerometer
noise Qa is allowed to be time-varying. However, it is an interesting question, how the hybrid
solution behaves for longer time periods. Recall the steady state solution Pa,∞, stated for
(very) large values of Qa ≫ R,

lim
Qa→∞

Pa,∞ = lim
Qa→∞

−Qa

2 +
√
Q2

a

4 + QaR

H2
a

= R

H2
a

. (4.123)

This result is apparent in Fig. 4.9, where the value for Pa,∞ converges to R
H2

a
before the

linearization error is taking effect. This fraction resembles the variance of the CAI observation,
expressed in accelerometer space. However, it was demonstrated that the variance of the
filtered acceleration does not exactly reach this limit and is rather represented by the sensitivity
gain R from Eq. (4.110).

One further aspect that needs clarification is the impact Td has on the resulting variance
of the QINS. In the presence of dead times, the following approximation for the accuracy on
a certain axis can be used,

QQINS = αP∞ + βQIMU. (4.124)

The weight factors α and β are based on the ratio of dead time Td and active measurement
time Tf,

α = Tf
Td + Tf

, β = Td
Td + Tf

. (4.125)

In order to avoid the explicit computation of P∞, the equation can also be reformulated, if R
is solved for P∞,

P∞ = Qa

R2 , (4.126)

and inserted in Eq. (4.124):
QQINS = QIMU

(
α

R2 + β

)
. (4.127)

This equation can be used to assess the long-term uncertainty of the QINS. As R is a function
of the CAI observation uncertainty, also model extensions like random walk could be included
in the latter. Note that Eq. (4.127) applies to either accelerometer or gyroscope data, as the
sensitivity gain factor in the optimal configuration is independent of the sensor type.

4.4.3 Conclusion

In the previous sections, models have been introduced to assess the optimal configuration of
CAI and classical sensors on the example of accelerometer and gyroscope hybridization. It
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was demonstrated that several degrees of freedom are present in form of different parameters
of the CAI and the noise processes of the classical sensors. Concerning the question how an
optimal configuration of classical accelerometers and gyroscopes in conjunction with the CAI
parameters should look like, it is safe to say: it depends.

The situation gets even more complicated in real world applications, because the spatial
distance between the sensors needs additional consideration. This introduces several effects
that are depending on the dynamics of the trajectory. The studies using the error state
kinematics of the atom wave packet in the sensor frame already included a bias error that
corresponds to the standard deviation of the VRW and ARW according to Eqs. (4.106) and
(4.113). There it was shown that, at least for the trajectories discussed in the frame of this
thesis, the lever arm has a minor impact.

As a major takeaway it can be stated that accelerometers constitute the more severe lim-
itation. The requirements for gyroscopes are comparably relaxed. Here, the effects due to
lever arms are negligible and the accuracy requirements are low enough so even some tactical
grade gyroscopes are valid for hybridization. In turn, this even means that in order to achieve
a noticeable reduction in noise level of the hybrid angular rate measurement of high-quality
classical gyroscopes, the required CAI scale factor would exceed the level of any classical
accelerometer that is available up to date.

Consequently, the search for the optimal CAI/IMU configuration can be reduced to the
accelerometers alone. After the optimal configuration of accelerometers and CAI parameters
is found, the gyroscopes of the chosen IMU need to be good enough, i.e. the white noise
variance due to ARW has to be well below the value of Eq. (4.113). This value was already
declared problematic before, because of the non-constant atom velocity. Thus, it should only
be used as a rough guess of the upper limit, rather than a sound recommendation.

4.5 Performance Evaluation and Discussion

So far, the theory behind the hybridization concept has been presented. The AtoS as a
method for the prediction step, as well as the EKF for the bias correction were introduced
and some further aspects like stability and state vector augmentations were elaborated in
detail. Furthermore, the choice of optimal parameters for the hybridization was discussed.

In this section, some dedicated simulation results are presented which are used to verify
the hybridization concept and some of the hypotheses that have been stated. Since the
Monte Carlo simulations are computationally rather demanding, the simulated maneuvers
are designed as long and simple as needed.

The goals of the upcoming, first group of low level performance studies are:

� Transfer of the findings from the studies for the optimal configuration to the 6-DOF
case.

� Validation of the extended model for the EKF CAI observation variance, including the
linearization error.

� Discussion of the impact of a present lever arm and misalignment in the basic state
vector configuration of the EKF.

� Evaluating the impact of dead times on the solution.

Ultimately, a set of statements about the accuracy of the QINS solution under stationary
conditions will be formulated, which will further help to create a base of understanding for
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a final dynamic scenario. In the latter, the focus lies on further aspects like cross-coupling
between different sensor axes, which is mainly caused by the addition of a lever arm and
misalignment between the classical IMU and the CAI. This will further underline the effects
that have already been laid out in Sec. 4.3.2. Additionally, the working procedure of the EKF
in the basic state vector configuration, i.e. when only acceleration and angular rate biases are
included, is demonstrated.

An additional intention of these low level performance studies is to justify some of the
assumptions that are made for the second group of high level simulation studies. Those are
based on the error state navigation differential equations from Sec. 2.6 and allow a comparison
and discussion of different QINS sensor settings.

4.5.1 Low Level Performance Studies

The first part of the simulation studies is based on MATLAB scripts in which the IMU
navigation computer, CAI signal generator and EKF according to the equations in the prior
Chaps. 2 - 4 are implemented. This allows for detailed studies on the behavior of the QINS
in the light of different maneuvers and sensor settings. The reference trajectories are given as
time series of specific forces f b

ib and angular rates ωb
ib in the b-frame.

The single processing steps follow the pattern as illustrated in Fig. 4.1. The kinematic state
is computed by the navigation solution from Sec. 2.3. The prediction of the atomic states and
the phase shift is based on Sec. 3.4, and the EKF is applied as described in Sec. 4.2. The
initial conditions and settings for IMU and CAI are stated in the beginning of the individual
scenario.

Static Scenario

As a first step, the findings of the optimal combination of CAI and IMU from Sec. 4.4.1 are
now tested in the simulation framework. The scenario, labeled NoMotion, is generated which
includes roughly four seconds of IMU noise only. The white noise density of the accelerometers
is always set according to the optimum defined by the CAI parameters. Additionally, a random
walk process is included, which raises the phase shift error into the region above the optimal
operation point. For a fair comparison with the analytical study in Sec. 4.4.1, the acceleration
and angular rate signals are averaged for each observation interval before the phase shift is
evaluated for each axis individually according to the first two terms of Eq. (3.53).

Two different cases are now considered. The first one without dead times, the second one
including a dead time of T d = 200 ms. The atom flight time of the CAI measurements yields
T f = 0.05 s, the IMU data rate is equal to 200 Hz. The variance of the CAI observation yields
σ2

p = 4 × 10−4. The white noise variance σ2
a of the acceleration noise is set according to the

optimum as in Eq. (4.106) and corresponds to a noise density of Na = 8.9 × 10−6 m/s3/2.
The noise density of the gyroscopes is set equal to Ng = 1.45 × 10−6 rad/s1/2. An additional
random walk process is added to the accelerometers and gyroscopes, with input white noise
amplitude spectral density of Ka = 2 × 10−5 m/s5/2 and Kg = 2 × 10−5 rad/s3/2, respectively,
on all axes. A total number of 200 MC samples are processed.

Fig. 4.16 shows the results of the empirical standard deviation (STD) for all six sensor axes,
as computed from the scatter of the single MC solutions. First to notice is the reduction of
the overall uncertainty by a factor of above five for the acceleration uncertainty on all three
axes. This is in accordance with the theoretical sensitivity gain that was assessed in Sec. 4.4.1.
The IMU acceleration uncertainty is furthermore affected by an increase in time caused by
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Figure 4.16: Standard deviation of the estimated acceleration and angular rate bias in the NoMotion scenario.
The phase shift is predicted with the correlation method. Blue and red represent the scatter of the QINS and
IMU signals, respectively. Black is the standard deviation as assessed from the square root of the respective
state covariance matrix entry. Dotted black is the theoretical QINS signal standard deviation including the

penalty model.

the random walk process. This drift is successfully compensated with the help of the CAI,
which causes the uncertainty of the filtered signal to stay at a constant magnitude over the
course of the scenario.

The growing uncertainty of the gyroscope signal caused by the random walk is suppressed as
well. The filtered solution assumes the accuracy level of the CAI and the standard deviation
estimate of the EKF coincides with the empirical standard deviation. In this case, the estimate
including the penalty model is larger than the empirical variance. The reason for this rather
pessimistic assessment is that the model for the observation variances,

R̃ = R+Rpen,

can only be applied to the CAI observation itself, which is of course used for both the obser-
vation of the gyroscope biases as well as the accelerometer biases. It will always be dominated
by the sensor with the largest uncertainty, and thus it represents a worst case scenario. In this
case, the gyroscope uncertainty is far below the level of the acceleration uncertainty, expressed
in CAI observation space.

Fig. 4.17 shows the results for a dead time of 200 ms. During the preparation time there is
no obvious difference between the IMU signal and the filtered signal for both, the accelerations
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Figure 4.17: Estimated acceleration and angular rate bias in the NoMotion scenario with a dead time of 200 ms
between CAI measurements. Blue and red represent the scatter of the QINS and IMU signals, respectively.
Black is the standard deviation as assessed from the square root of the respective state covariance matrix entry.

Dotted black is the theoretical QINS signal standard deviation including the penalty model.

and angular rates. The CAI measurement intervals that cover a time of 50 ms every 200 ms are
illustrated by the empirical standard deviation according to the length of the CAI measurement
interval, which explains the systematic ditches in the STD at those times. The IMU is treated
in the same way in order to allow comparison of the results. The filtered signal yields a largely
reduced uncertainty compared with the IMU signal. For the accelerations it is at the level
of the analytically assessed theoretical sensitivity value, as can be seen in the detail plot of
Fig. 4.17. The empirical STD of the angular rates, like in the scenario without dead times,
comply with the STD from the state covariances produced by the EKF. Note that after some
time when the long periodic drift of the IMU signal is apparent, the EKF is able to remove
those parts of the signal. This shows that the filtered signal is improved during the preparation
time intervals as well, which is in line with the discussions about the dead times in Sec. 4.4.2,
where it was stated that the QINS works as long as the drift between the signals does not
exceed the ambiguity limit posed by the CAI fringe pattern period.

It is further worth to mention that the question whether the IMU data should be averaged
before being used for the phase shift prediction in order to improve the sensitivity gain, is
losing its importance in the light of longer dead times, as the improvement in shot-by-shot
sensitivity is only achieved for a fraction of the total time.
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Dynamic Scenario

This second scenario is motivated by the question about how the QINS would behave when
applied in a realistic, dynamic trajectory. The simulated trajectory is based on actual dynamic
measurements recorded by different inertial measurement units in experiments where a car
was used as platform (Weddig et al., 2022). The angular rates and accelerations are depicted
in Fig. 4.18. The trajectory features an initial phase in almost stationary conditions with
minor vibrations during the first ten seconds, followed by larger vibrations on all axes with a
forward acceleration from second 10 to 15 and a deceleration on the same axis from second
15 to 20. The trajectory is concluded with an s-shaped curve between second 20 and 30, with
a large spike of the signals on multiple axes occurring right after second 25.

0 5 10 15 20 25 30
Time [s]

-15

-10

-5

0

5

S
pe

c.
 F

or
ce

s 
[m

/s
2
]

x
y
z

0 5 10 15 20 25 30
Time [s]

-1

-0.5

0

0.5

1

1.5

A
ng

. R
at

es
 [r

ad
/s

] x
y
z

Figure 4.18: Simulated dynamic scenario. Left: simulated specific forces. Right: simulated angular rates.

Regarding the sensor settings, the same parameters of IMU and CAI are applied as in
the NoMotion scenario from before. The dead time of CAI is 100 ms. The random walk in
the accelerations and angular rates measured by the IMU is kept at a high level in order to
illustrate the ability of the QINS to remove long-term drifts and systematic error effects better.
Additionally, a lever arm between the CAI and the IMU body frame is applied in b1-direction,
xb

bs = [3, 0, 0] m. The phase shift is evaluated with the AtoS method, meaning that the QINS
is expected to be able to resolve the changing dynamics with the data rate of the IMU. A
certain degree of cross-talk between the sensor axes due to noise and the dynamics is to be
expected. This time, the stochastic model for the CAI observation in the EKF, and thus the
standard deviation as gained from the main diagonal of P, already includes the penalty model
from Sec. 4.4.1, so that no further differentiation is needed. The scenario is evaluated for two
different cases: with and without a misalignment between CAI and IMU.

The first setting illuminates the impact of a lever arm on the QINS solution. In Fig. 4.19,
the empirical standard deviation of the accelerations and angular rates for this setting are
depicted. Starting with the angular rates first, the empirical STD of the filtered solution is
in good agreement with the STD gained from the EKF. Besides the jumps between the dead
times and the CAI update, which are not visible because of the density of data in time, it
stays at a constant magnitude while the STD of the IMU is growing over time as caused by
the random walk process. There is no visible effect of the lever arm, which stands in line with
the theoretical model. The transformation of angular rates on rigid body-fixed systems is not
depending on the position of the sensing element on the rotating frame, any location on the
same rigid rotating platform experiences the same angular rate. This is fully embodied in
Eq. (4.7), where the angular rates are only transformed by the multiplication with Cs

b.

Regarding the accelerations, there is a number of different interesting effects visible. First
of all, the STD of the filtered accelerations is considerably larger than the one produced
by the EKF, even with the penalty model included. This can be explained by a violation
of the requirements that were stated for the closed solution of the steady state variances in
Sec. 4.4.1. More specifically: the assumption that there are no correlations between individual
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Figure 4.19: Standard deviation of the estimated bias in a dynamic scenario without misalignment. Depicted
are the standard deviations of the IMU signals (red) and the filtered signals (blue). The black line indicates

the QINS standard deviation including the penalty model.

states. Since the AtoS uses data from all sensor axes in order to predict the phase shift on
a single CAI axis, there are clearly correlations present. The comparably large empirical
STD of the filtered accelerations is the result of noise processes of essentially all IMU sensor
axes, culminating in a phase shift error that is very likely exceeding the optimum stated in
Sec. 4.4.1, ultimately leading to a sub-optimal EKF update. This problem could be tackled
by a numerical solution of the complete Riccati equation from Eq. (4.89). It is, however, an
open question whether analytical solutions exist.

At the S-curve between seconds 20 and 25 there is a clear systematic effect visible which is
caused by the lever arm. Just like discussed in Sec. 4.3.2, the lever arm in x-direction mainly
affects the phase shift error in x-direction, and to a less degree in z-direction. Subsequently
this impacts the acceleration bias estimate on those two axes and consequently the filtered
acceleration signal. The detail view in Fig. 4.19 furthermore shows that the STD produced by
the EKF represents the empirical STD of the filtered signal quite well again during the time
of the maneuver, which shows that the magnitude of the uncertainties overshadows the effect
of the combined stationary white noise processes of the single IMU axes on the corresponding
phase shift error. Interestingly, the spike in the trajectory signals at 25 s has only a very small
effect on the uncertainty. It is mainly visible in the filtered accelerations in x-direction, caused
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by the increase of the angular rates in z-direction. The y- and z-direction are barely sensitive
to this effect.

In Fig. 4.20, the velocity and attitude errors of the mean process of the MC samples w.r.t.
the reference trajectory in the n-frame are illustrated. After initial convergence of the EKF,
the velocity error of each single axis of the QINS solution is reduced by about an order of
magnitude, as compared to the IMU solution. The velocity errors in x- and y-direction are
considerably larger than in z-direction for IMU and QINS alike, resulting from the trajectory
being mostly planar. The final velocity error of the QINS yields 1×10−2 m/s horizontally and
1 × 10−4 m/s vertically at 30 s.
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Figure 4.20: Dynamic scenario: mean velocity and attitude errors of the MC samples w.r.t. the reference
trajectory in the n-frame. Bold lines: QINS filtered solution. Dotted lines: classical IMU solution.

Systematic effects caused by the lever arm are not really visible. The small systematic
changes of the filtered velocity error in z-direction after 12 s coincide with the accelerations on
the x- and y-axis and can be related to the computation scheme for the platform kinematic
state. They are independent from the lever arm and the QINS. This result complies with the
discussion in Sec. 4.3.2, where the limit for the lever arm for the given settings was determined
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at 7 m. Note that the 3 m that are set in this scenario are already unrealistically large, as most
implementations will see the IMU placed right next to the CAI sensor frame. Consequently,
the lever arm is not a particular limitation for QINS design. The attitude error shows a
similar improvement of over an order of magnitude as the velocity. At 30 s, the error is about
5 × 10−5 rad on all three axes. As expected, no impact of the lever arm is visible.

The second setting includes an additional, presumably unknown, misalignment γs
b of 30 µrad

on all three axes. This value is notably larger than the 15 µrad that were stated as the limit in
the first theoretical assessment in Sec. 4.3.2. Looking at the STD of the filtered acceleration
in Fig. 4.21, the solution seems to be unaffected by the misalignment.
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Figure 4.21: Standard deviation of the estimated bias in a dynamic scenario with misalignment. Depicted
are the standard deviations of the IMU signals (red) and the filtered signals (blue). The black line indicates
the QINS standard deviation including the penalty model. While the peaks in the acceleration bias at 22.5
and 27.5 seconds are similar to the case without misalignment, a large decline of the accuracy in the gyroscope

biases in x- and z-direction during the first few filter steps at less than one second is visible.

This is not entirely true, as the detailed view in x-direction clearly shows. During the
first few EKF updates, there is a large decline in accuracy of the filtered signals. The solution
stabilizes after about 0.8 s, when the STD reaches a level that compares to the scenario without
the misalignment. The same effect can be seen in the filtered accelerations on the y-axis as well.
Both can be explained by the large magnitude of the gravity vector which stands perpendicular
to both axes. The inclination angles due to the misalignment are projecting the gravity vector
on those two axes, introducing a phase shift error. Following the observability results from
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Sec. 4.3.3, the phase shift error on a specific axis is directly related to the estimated acceleration
bias on the same axis. Consequently, the filtered accelerations in x- and y-direction are directly
affected. A similar effect can be seen in the STD of the filtered angular rates. Here, the phase
shift errors δϕx and δϕy are directly affecting the observations of the angular rate bias in
z- and x-direction. This is, again, right according to the observability analysis. The initial
decline in accuracy can also be seen in the velocity and attitude errors in Fig. 4.22, where the
velocity error of the filtered solution in x- and y-direction jumps to about 1 × 10−4 m/s before
it stabilizes and follows the same pattern as in the setting without the misalignment. This
applies to the attitude errors as well which, aside from the initial increase in the roll φ and
pitch angle θ, show the same behavior as in the case without misalignment.

0 5 10 15 20 25 30
Time [s]

10-6

10-5

10-4

10-3

10-2

10-1

100

V
el

oc
ity

 E
rr

or
 [m

/s
]

FIL  v
x

FIL  v
y

FIL  v
z

IMU  v
x

IMU  v
y

IMU  v
z

0 5 10 15 20 25 30
Time [s]

10-7

10-6

10-5

10-4

10-3

10-2

A
tti

tu
de

 E
rr

or
 [r

ad
]

FIL  
FIL  
FIL  
IMU  
IMU  
IMU 

Figure 4.22: Dynamic scenario: mean velocity and attitude errors of the MC samples w.r.t. the reference
trajectory in the n-frame with misalignment between CAI and IMU. Bold lines: QINS filtered solution. Dotted

lines: classical IMU solution.

This example demonstrates that the basic configuration of the EKF works quite well even
for unknown systematic error sources like the misalignment. The reason the system converges
is that the parts of the gravity vector that are projected to the observable axes are essentially
treated as a bias, partially in the angular rates and partially in the accelerations. The mis-
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alignment is thus effectively compensated by the bias states. One word of caution has to be
stated: in this leveled scenario with almost zero inclination with respect to the n-frame this
works quite well, as the error introduced by the projection of the gravity vector to the hori-
zontal axes stays nearly constant over the course of the whole trajectory. In cases of very large
changes of acceleration, or a considerable larger roll or pitch angle, this particular error term
is not constant anymore and might lead to a loss of the tracked phase shift error. As in this
scenario it was already demonstrated that for accelerations as large as 1 g the compensation
works well, it can be expected that the largest problem for QINS design is still the magnitude
of the unknown misalignment.

4.5.2 High Level QINS Performance

The studies before showed that if all the necessary conditions are met, i.e.

� CAI is able to physically resolve the dynamics of the trajectory, meaning that rotations
and accelerations are not too large according to the requirements in Sec. 3.5,

� CAI and IMU parameters are designed or chosen according to the requirements stated
in Sec. 4.4.1, i.e. the integrated noise of the classical sensors does not exceed the limits
posed by the CAI fringe ambiguity,

� the dead time of CAI can be bridged by the IMU without losing track of the phase shift
error which might occur at |δϕ| ≥ π/2, or ultimately will occur at |δϕ| ≥ π,

the EKF in the minimum configuration converges well, and the hybrid quantum navigation
system is fully functional. Furthermore, the corrected accelerations and angular rates es-
sentially allow to treat the QINS just as any other classical IMU for higher level navigation
systems or performance studies. From this high level system integration perspective, the QINS
as combination of IMU and CAI can thus be considered as a single entity, producing inertial
measurements at the data rate of the classical sensors that are used for the hybridization.

The simplified model for strapdown navigation error kinematics as presented in Chap. 2
is used again here, meaning that the impact of an acceleration error in the North channel,
as well as the angular rate error in the East and Down channel is defined as perturbation
input to the system, and their respective impact on the total position error on the n1-axis is
computed. As before, all sensors as well as the body frame are assumed to be aligned with
the n-frame. This is done in order to exclude additional and particular nasty effects from
the attitude representation, to clearly point out the differences between the sensors and to
focus the discussion on those aspects. The resulting positioning accuracy can be seen as a
benchmark to compare the different QINS designs. They might give a hint about the order of
magnitude of the accuracy of a QINS, but should by no means be taken as reliable indicators
for actual performance.

The input noise processes for the accelerations and angular rates are composed of white
noise of the respective sensor of the classical IMU. An additional bias stability is added which
corresponds to the CAI standard deviation limit of σ2

lpn = 1.6 × 10−7 , as defined by the
laser phase noise (Gouët et al., 2008), expressed as acceleration and angular rate by the
corresponding scale factor.

Comparison between IMU and CAI

As a first step, the navigation solution based on an entirely CAI-based sensor, assuming it
is able to resolve the dynamics of the trajectory, is compared to a classical navigation grade
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IMU (iMAR, 2017b) equipped with force-feedback accelerometers and RLG. The CAI has an
effective wave number of ke = 4π/780 nm−1, an interrogation time of T = 10 ms, as well as
an initial atomic drift velocity of vs

sa = 94 mm/s. The sensor is assumed to be measuring on
all axes at the same time. The preparation and readout times are combined in a dead time of
Td = 100 ms. The observation uncertainty per shot is σ2

p = 4 × 10−4. Those settings are also
applied to any upcoming CAI in this section, unless stated otherwise.

In Fig. 4.23 the North position error is visualized based on the different error sources, namely
the accelerometer in n1-direction, as well as the gyroscopes in n2- and n3-direction. For the
accelerometer, velocity random walk, initial bias uncertainty and an acceleration random
walk process is included. The angular rates are modeled with an angular random walk and
an initial bias uncertainty. That being said, the performance of the IMU is essentially the
same as in the example shown in Fig. 2.11, but in double logarithmic representation. The
modulation of the Schuler loop is clearly visible especially in the portions of the position error
caused by the East angular rate uncertainty and North acceleration uncertainty. The latter
is in fact mostly bounded and only a long-term increase that scales with ∼ t0.5 is visible, as
discussed in Sec. 2.6. The CAI on the other hand shows some interesting properties. The
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Figure 4.23: Position drift of a navigation grade IMU compared to a CAI. The position errors (here: North)
of a strapdown navigation solution in a terrestrial setting based on a classical navigation grade IMU (bold
lines) and CAI only (dotted lines) are compared. The impact of the acceleration error on the position error is

depicted in blue. The impact of an inclination (red) and heading (green) gyroscope error is shown as well.

position error caused by the acceleration uncertainty is largely reduced. In fact, even after
one hour of navigation, the error is well below one meter. Contrary to that, the comparably
lower sensitivity of the CAI to angular rates leads to a degradation of the performance as
compared to the classical RLG. Long before the CAI solution profits from the improved
long-term stability, the horizontal position error already reaches a level of several tens of
thousands of meters, which renders the overall solution inferior to that of the navigation grade
IMU. This comparison demonstrates that the CAI could be a superior inertial sensor, but its
sensitivity to angular rates is a bottleneck that prevents it from being utilized as complete
inertial measurement unit. The major adjustment parameter that is independent from the
acceleration sensitivity and the trade-offs that were already widely discussed, is the initial drift
velocity of the atoms. Larger values would improve the sensitivity in a direct proportional
manner, and thus reduce the position error caused by the integrated angular rate uncertainty.
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On the other hand, higher velocities would demand larger space in the vacuum chamber, so
this is another design discussion that would exceed the frame of this thesis.

Comparison of different QINS Designs

In order to design a complete QINS, a long list of different decisions has to be tackled. While
the most important topics have been covered in the previous chapters, they all have been stated
under the premise that a QINS consists of a 6DOF classical IMU and a 6DOF CAI. There is
another option especially relevant for gravimetry, where only accelerometers (seismometers,
OMR) are used for the ambiguity solution in order to enable the CAI measurement. Most
of the algorithms developed so far can also be applied here, but there is a difference in the
assessment of the sensitivity of the QINS, since no continuous measurement is available. In
order to include the CAI dead time for a case in which hybridization is only used to make
the CAI measurement work, the measurement is only covering a fraction of the time. The
resulting variance QQINS-C under consideration of the dead time Td and flight time Tf reads:

QQINS-C = Td + Tf
Tf

QCAI. (4.128)

The schematics of the two QINS designs are illustrated in Fig. 4.24. Each follows a different
objective:

� QINS-C (1): CAI based with classical sensor support. This is a design that is mainly
proposed by the physics community. The goal is to apply conventional accelerometers to
measure high frequency vibrations of the retroreflective mirror which defines the inertial
reference of the frame. The scatter of this vibration spans several fringe intervals, so a
complete pattern can be assessed by measuring the vibrations with the accelerometer.
For this reason, small high sensitivity sensors like piezoelectric accelerometers or OMR
(Gerberding et al., 2015) are very convenient and easy to be implemented directly on the
mirror. The downside is the large drift of this type of classical sensor, which consequently
needs to be reduced, e.g. by applying bandpass filters. This has the additional advantage
of drastically reducing the systematic errors like misalignment and initial bias between
the systems, but leads to a limited bandwidth of the QINS, as systematic changes of
the accelerations lead to an additional offset between the null-fringe and the predicted
phase shift. Consequently, this sensor design is mainly supposed to work for stationary
maneuvers, in conjunction with canceling any unwanted effects, either by a stabilized
platform or rotation compensation.

� QINS-I (2): IMU based with CAI support. This is the combination of three classi-
cal accelerometers and gyroscopes with the CAI, proposed as a solution to navigation
problems in this thesis. The mirror is assumed to be fixed to the sensor frame, and
the accelerations and rotations of the frame are measured by a classical IMU. For the
accelerometers, navigation grade high accuracy force-feedback sensors with sufficient
long-term stability are chosen. The gyroscopes are FOG in the upper end of the navi-
gation grade spectrum. For actual performance values please refer to Honeywell (2020)
and Cordova et al. (1996), respectively. This design is an all-rounder and can be applied
to most scenarios, as long as the dynamics do not exceed the hard-limit of the CAI. It
has to be stressed that the combination of IMU with CAI demands very precise calibra-
tion in terms of lever arm and sensor alignment, as a small misalignment in the face of
gravity can already cause a loss of the target fringe.

For the two different QINS designs, the following computation steps are necessary in order
to derive the parameters as they are stated in Tab. 4.3:
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Figure 4.24: Schematics of different QINS designs. Left: QINS-C with tilt mirrors and accelerometers at-
tached. Right: QINS-I with fixed mirrors and a complete inertial measurement unit. The axes of the sensor

frame are indicated by s1, s2 and s3. The laser systems are not depicted.

1. Definition of the CAI parameters (not including T ) and the noise density of the classical
accelerometer.

2. Computation of the optimal T for the chosen parameters according to Eq. (4.108).

3. Computation of the sensitivity gain factor R2 according to Eq. (4.110).

4. Computation of the steady state variances for accelerations and angular rates based on
Eqs. (4.111) and (4.118).

5. Inclusion of dead times in the assessed values. Two different cases occur, depending on
the QINS design:

� QINS-C: Computation based on Eq. (4.128).

� QINS-I: Computation based on Eq. (4.124).

6. Expression of the QINS variances as noise densities under the knowledge of T from step
2.

The bias stabilities of QINS-C are assessed by transforming the laser phase noise variance
1.6 × 10−7 with the corresponding scale factors into the respective acceleration and angular
rate representation. The noise values of the gyroscope of QINS-I are based on the classical
gyroscope, as the noise of the CAI in that combination is an order of magnitude larger.

The performance of those two settings, in terms of horizontal position error, is shown in
Fig. 4.25. The impact of the acceleration error on the position error is visualized secluded
from the total error. The following should be noted from the classical IMU, first. The
position error due to the accelerometer uncertainty dominates the solution up to the point
where the Schuler oscillation reaches its maximum at exactly 42.2 minutes. Afterwards, the
error due to acceleration bias does only marginally grow in magnitude since it is bounded
by the oscillation. The total error after that point in time mainly grows due to the impact
of the gyroscope uncertainty. It is apparent that the gyroscopes and accelerometers that are
integrated in this IMU are optimally adapted to each other, and a well-rounded sensor system
is the result. A gyroscope of better quality would not improve the solution in the initial time
frame at all.

The QINS design 1 yields the best sensitivity to accelerations. However, the comparably
lower scale factor for rotations leads to the result that the overall performance cannot profit
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Design (1) QINS-C (2) QINS-I
Continuous Solution no yes

Data Rate low, defined by CAI high, defined by IMU
Bandwidth limited large

System Calibration easy complex
Classical Acc OMR (Gerberding et al., 2015) Q-Flex (Honeywell, 2020)

White Noise N [m/s2/
√

Hz] 1 · 10−6 7 · 10−6

Bias B [m/s2] ≈ 0 (high pass filtered) 2 · 10−6

Classical Gyro none IFOG (Cordova et al., 1996)
White Noise N [rad/s/

√
Hz] - 2.618 · 10−7

Bias B [rad/s] - 4.363 · 10−9

CAI Parameters
ke 32π/780 nm 4π/780 nm
T 26.6 ms 29.1 ms
vs

sa 94 mm/s 94 mm/s
Td 100 ms 100 ms

QINS Acc
White Noise N [m/s2/

√
Hz] 2.401 · 10−7 5.598 · 10−6

Bias B [m/s2] 8.762 · 10−9 5.867 · 10−8

QINS Gyro
White Noise N [rad/s/

√
Hz] 1.277 · 10−6 2.618 · 10−7

Bias B [rad/s] 4.661 · 10−8 4.363 · 10−9

Table 4.3: Parameters and attributes of two different QINS design approaches.

Figure 4.25: Position drift of different QINS implementations. The position error in North direction is
compared for different QINS designs in double logarithmic representation. The impact of the acceleration
errors on the position error is depicted as dotted line, while the total error is depicted as bold line. For
a comparison, the iNAT RQT as navigation grade IMU (blue) is included again, as well as the CAI from
Fig. 4.23 (cyan). Magenta is representing the performance of design 2 with a current high end gyroscope

replacing the navigation grade FOG.

from the high accuracy of the accelerations at all. In the end, design 1 reaches a positioning
accuracy roughly at the same order of magnitude as the classical IMU. The QINS design
2 is already closer in its core to a well-rounded integrated sensor system. The sensitivity
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to accelerations is lower than that of design 1 by a factor of almost 10, but thanks to the
navigation grade FOG, the overall performance is much better. As it is visible in the first few
seconds, the overall solution can even profit from the improved acceleration sensitivity. The
horizontal position error after an hour of navigation is well below 200 meters. If the gyroscope
in this configuration is replaced by one of the current high end strategic grade gadgets (Mead
& Mosor, 2020) with Ng = 4.654×10−9 rad/s/

√
Hz and Bg = 1.454×10−10 rad/s, the error can

be further reduced. Horizontal position errors of below 10 meters after one hour of navigation
could be possible.





5
Experimental Applications

In Chap. 3 the atom interferometer was presented as an inertial sensor, with its advantages
and special characteristics. The measurement of the cold atom interferometer (CAI) was intro-
duced as a transition probability of an atom wave packet between two entangled momentum
states, or rather, paths. This transition probability depends on the phase difference between
the paths, and can be modeled by a sinusoidal function with amplitude A and offset p0, which
were, so far, assumed to be known and constant.

The goals of this chapter are twofold: After shortly summarizing the data set that was
used, a method to estimate the parameters of the fringe pattern is presented first. This
method is based on a least-squares method (Koch, 1999), which allows a parametrization of
the observation model. The second goal is a demonstration of the hybridization method. For
both purposes, a data set from an actual CAI prototype (Richardson et al., 2020) is used.

5.1 Introduction

5.1.1 ATLAS Data Set

The ATLAS data set (Richardson et al., 2020) in use was kindly provided by the IQO Quantum
Sensing group of Ernst Rasel. For the duration of almost one full day, data of a single-axis
atom interferometer were recorded in a static laboratory environment. The data set was
recorded with the goal in mind to validate the coupling of the interferometer with a novel
prototype of an opto-mechanical resonator (OMR). The classical accelerometer (Nanometrics
inc., 2023) was merely a reference for the accelerations. The use of this data set has several
implications that need to be stated. Namely:

� The data recording of all three sensors was triggered by an automatic script. The
timestamps however were not recorded. For the CAI shots, timestamps of the time of
creation of the files in the Windows file system are available. This allows for sorting the
CAI measurement shots, but accurate variance propagation between subsequent CAI
measurements is not possible. The raw data of the Titan is available in chunks of
60.03 ms each, sampled around the center pulse of the interferometer. Since the CAI
measurement time is 20.03 ms, a subset of 2003 data values is corresponding to each CAI
shot.

� CAI has a single sensitive axis and acceleration data were only recorded for this one
axis, cf. Fig. 5.1.

� No calibration of the distance or alignment between the accelerometer and CAI exists.
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� No offset in the laser phase is applied, meaning that a mid fringe feedback control is not
possible.

Atom 
Source

Retroreflection
Mirror

Titan 
Accelerometer

Sensitive Axis

Optomechanical
Resonator

Detection

Laser

3D MOT

Figure 5.1: ATLAS experimental assembly. Left: sketch of the schematics. The Titan accelerometer is
placed directly under the retroreflection mirror. The detection of the photons after the interferometer sequence
is realized by a photo diode (blue box). No seismic attenuation is applied. Right: remaining parts of the
assembly without vacuum system, atomic source and interrogation laser. Visible are the mirror and OMR

placed on the Titan accelerometer, as well as parts of the detection opto-electronics.

For these reasons, a full 6DOF experimental verification of the extended Kalman filter
(EKF) presented in Chap. 4 is not possible. However, the data set will serve three purposes
in the frame of this thesis.

1. Estimation of the CAI measurement uncertainty. The data set provides an excellent basis
for an evaluation of the CAI uncertainty processes, and thus to derive a basic observation
uncertainty estimate for the EKF and to understand some aspects of the measurement.
For the first step of parameterizing the fringe pattern, least-squares estimation (LSE) is
applied.

2. The residuals of the estimate and the data will further be analyzed by a maximum like-
lihood estimation (MLE) method in order to derive the uncertainties of the parameters
in a more differentiated way, opening the possibility to distinguish between technical
noise and phase noise, and enabling the identification of the true error source.

3. The parameters and their uncertainties are saved after the identification. A reduced
form of the EKF is applied, in which the acceleration bias on the one axis available is
estimated. Instead of a mid fringe operation as introduced in Sec. 4.2.1, the operating
point is defined by the predicted phase shift. This means that the sensitivity can vary
largely.

Especially the last point is of high interest, because the operation without the laser feedback
control to the mid fringe point is easier to implement both from a hardware and software
point of view. The main drawbacks are an expected lower sensitivity of the EKF update and
the increased complexity for an analytical solution like presented in Sec. 4.2.
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5.1.2 CAI and Titan Parameters

The atom interferometer is of Kasevich-Chu type (Kasevich & Chu, 1992). The interrogation
time is 10 ms, the pulse time τ is 7.5 µs. The sensitive time interval of the interferometer,
consistent of beamsplitter pulse (τ), mirror pulse (2τ) and a final beamsplitter pulse, spans a
total of 20.03 ms. The effective wave number ke is 4π/780 nm−1.

The CAI measurement was done in sets of ten subsequent measurements. After one set, the
direction of the sensitive axis, as expressed by the effective wave vector ke, was reversed by
changing the orientation of the momentum transfer. This k-reversal technique (Snadden et al.,
1998) is mainly used in order to suppress systematic errors of the CAI itself. Each direction
has different fringe pattern parameters. In the frame of this thesis only the k-minus direction
is considered, as the data in k-plus direction have additional leakages. The timestamps are
reproduced by taking the time of the first and the last CAI measurement and dividing this by
the number of samples, which results in an estimate of the total cycle time Ttotal of 1.8157653
seconds.

The classical accelerometer considered here is a Nanometrics Titan TACCL-N1 (Nanomet-
rics inc., 2023). The data is not continuously available. The recording was triggered for each
CAI measurement shot, so that there are slices of 60.03 ms of data available at a rate of Ttotal.
During post-processing the data were high-pass filtered with a cutoff frequency at 50 Hz, and
each data slice reduced to a length of 20.03 ms which corresponds to the CAI measurement
interval. The corresponding data are visualized in Fig. 5.2.
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Figure 5.2: Ambient accelerations as measured by the Titan accelerometer over time. Since the measurement
is not continuous, the data have been averaged for ten subsequent CAI measurements, and the mean and
standard deviation were computed as depicted. This gives a general idea about the magnitude of the offset

and the vibrations for different times.

5.2 Fringe Parameter Estimation

5.2.1 Approach

As the data set was recorded in a static laboratory environment, the contrast is not subject
to varying rotations or other systematic deviations caused by dynamics (apart from ambient
vibrations). For the theoretical and the concept studies in the prior chapter it was assumed
that the amplitude A = 0.5 and the zero offset p0 = 0.5 were known and constant. On the
basis of the prototype data set some aspects of the real observations will now be elaborated.
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This is done in two steps: the estimation of the fringe parameters, followed by an estimation
of the observation uncertainty.

For the fringe parameter estimation a least-squares adjustment is applied. The method
consists of the following equations. The model for a single observation is

h(x) = A cos(ϕ+ ϕ0) + p0. (5.1)

The parameter vector reads
x =

[
A ϕ0 p0

]T
, (5.2)

with amplitude A, offset p0 and phase offset ϕ0, which resembles a shift of the fringe pattern
with respect to its null-fringe, i.e. the intersection of the fringe pattern with the y-axis at
ϕ = 0. This null-fringe is realized by a frequency sweep at about 25 MHz, which is applied in
each measurement in order to compensate for the acceleration due to gravity1, cf. Eq. (3.56).

The phase shift ϕ in this context is produced from the correlation of the accelerations with
the CAI acceleration sensitivity function, cf. Fig. 5.3. Actual changes of the acceleration with
respect to gravity, for which the CAI is calibrated thanks to the null-fringe sweep rate, are
measured by the Titan. Those changes, which lead to a scatter of the phase shift over several
periods of the sinusoidal fringe pattern, mainly result from ambient vibrations. The offset ϕ0
from the null-fringe is resulting from systematic errors between the Titan and the CAI.
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Figure 5.3: Fringe pattern as reconstructed from the accelerometer data. The accelerations represent the
x-axis and the CAI data the y-axis. The black dots represent the raw data. The red dots which look like a line

are generated by the model based on the estimated fringe parameters.

For the adjustment a number of n observations is available. In the case of a general linear
system, the actual observation vector y and the observation model, as gained by the product
of the Jacobian H and the parameter vector x, reads

y + v = Hx. (5.3)

The adjustment is done by minimizing the residuals v, or more specifically (Niemeier, 2008),

vTR−1v → min . (5.4)

The estimated parameter vector x̂ associated with this minimal error is

x̂ =
(
HTR−1H

)−1
HTR−1y. (5.5)

1Based on correspondence with the authors of Richardson et al. (2020).
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Note, that in this model there is no discrimination between co-factor matrix and covariance
matrix as it is often used in geodesy, e.g. Niemeier (2008), in order to avoid the introduction
of additional symbols. As the observation noise R is unknown, it is for now defined as the
identity matrix, R = I.

Since the observation model is non-linear, the equation is solved in several iterations indexed
by the superscript i, with error parameters δx̂(i) with respect to an operation point x̂(i−1),

δx̂(i) =
(
(H(i−1))TR−1H(i−1)

)−1
(H(i−1))TR−1v̂(i−1), (5.6)

where
v̂(i−1) = y − h(x̂(i−1)). (5.7)

The Jacobian H(i−1) is given by

H(i−1) = ∂h(x̂(i−1))
∂x̂(i−1) =


cos(ϕ1 + ϕ̂0

(i−1)) −Â(i−1) sin(ϕ1 + ϕ̂0
(i−1)) 1

cos(ϕ2 + ϕ̂0
(i−1)) −Â(i−1) sin(ϕ2 + ϕ̂0

(i−1)) 1
...

cos(ϕn + ϕ̂0
(i−1)) −Â(i−1) sin(ϕn + ϕ̂0

(i−1)) 1

 . (5.8)

The parameter vector is updated after each iteration,

x̂(i) = δx̂(i) + x̂(i−1). (5.9)

The computation is aborted, if the update δx̂(i) is below a certain threshold ϵ. All parameters
that were indexed by i before assume the value after the final iteration for the upcoming
equations. As an indicator for the accuracy of the least-squares adjustment, the a posteriori
variance factor σ̂2

0 can be estimated

σ̂2
0 = v̂TR−1v̂

nDOF
, (5.10)

where nDOF is the degree of freedom of the system, i.e. the number of observations nobs minus
the number of parameters npar,

nDOF = nobs − npar. (5.11)
This nDOF acts as a weight, or rather correction factor, for the initially unknown R. Further-
more, with the help of this weight coefficient, an estimate of the parameter covariances P can
be computed,

Ptotal = σ̂2
0

(
HTR−1H

)−1
. (5.12)

Note that this variance resembles the accuracy of the estimate for a number of n samples.
The shot by shot variance which is required for the EKF can be assessed by

P = nDOFPtotal. (5.13)

This iterative method requires adequate initial values x̂0. They can generally be initialized as
A = 0.5, p0 = 0.5 and ϕ0 = 0. Two other options for A and p0 are:

� The mean of the sample set in order to assess p0, followed by a histogram fit which yields
information about the amplitude A.

� For subsequent estimations, the prior estimate x̂ can be used as initial parameter vector.

In case the phase shift offset ϕ0 is not known at all, it can be acquired by a cross-correlation
of the data set with a template fringe model based on the initial estimates of A and p0, after
the data set is ordered with respect to the phase shifts, and possibly interpolated as required.
The data array resulting from the correlation, in theory, yields its maximum at the location
of the phase shift ϕ0.
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5.2.2 Application and Discussion

The application of the method to the experimental data set is done in two steps. First, the
fringe parameters are estimated for sets of ten subsequent measurements in order to get a
first idea about the order of magnitude of the fringe parameters, cf. Fig. 5.4. Besides the
uncertainty due to low sample size, all estimates reveal a drift of the parameters over time.
The value of ϕ0, besides the initial offset of about −132 rad, varies over a range of 0.5 rad
over the course of this stationary data set. The amplitude A and the offset p0 show similar
changes, especially in the beginning.
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Figure 5.4: Fringe parameters estimated by a least-squares method with a window size of ten subsequent
samples. From top to bottom: phase shift in blue, amplitude A in red and the offset p0 in green.

Furthermore, a rough idea about the change over time of the parameters is gained by
applying the Allan variance computation method to the estimated parameters. This step
needs further explanation, since the main application of the method is to analyze the stability
of oscillators. The interpretation in this case is different. Here, the Allan variance method
does not allow to extract any noise processes, but it gives an idea about how the estimated
parameters scatter for different averaging intervals. If this scatter is uncorrelated in time and
follows a normal distribution, the variance will decrease by a 1

nobs
rule. For systematic changes

of the parameters, different behavior will occur. Ultimately, and this leads to the second step
of the analysis, there is a plateau in which the scatter between the estimated parameters is
minimal. The corresponding averaging time can then be used as window size for the parameter
estimation process. This reduces the computational effort for a potential online application,
and increases the accuracy of the estimated fringe parameters. The results in Fig. 5.5 indeed
reveal a window size where the variance of the averaged sample sets yields a minimum. This
corresponds to 600 samples, or about 2179 seconds.

The estimation is now repeated with a window size of 600 samples. The estimated param-
eters are depicted in Fig. 5.6. The amplitude reaches maximum values of about 0.12 close to
the beginning of the experiment, and yields a minimum just below 0.08 at the middle section.
The offset p0 is relatively constant with values between 0.4 and 0.43 over the course of the
experiment. The phase shift offset ϕ0 varies over a total range of 0.5 rad between −131.6 rad
and −132.1 rad. A clear drifting behavior is inherent which likely results from the difference
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Figure 5.5: Overlapping Allan standard deviation of the fringe amplitude and offset. The amplitude A in
blue and the offset p0 in red show a distinct minimum at an averaging time of just above 2000 seconds, which

corresponds to 600 samples. The amplitude furthermore reaches a first plateau at about 180 seconds.

of the predicted observation due to sensor drift of the Titan over time and the actual CAI
measurement.

The estimated variances as produced from the LSE are depicted in Fig. 5.6 (right panels).
The mean values for the standard deviation are 18.39◦ for the phase shift, 0.0294 for the
amplitude, and 0.0208 for the offset p0. The graphs of the results show that they are clearly
correlated, which is mainly because they are all calculated on the same basis, i.e. the residual
sum of squares. The method fails to identify the true source of the noise, i.e. phase noise or
detection noise in the measurement.
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Figure 5.6: Fringe parameters estimated by a least-squares method with a window size of 600 samples. Left:
estimated CAI fringe parameters. Right: estimates of the parameter standard deviations per CAI shot.

To summarize, the results show that the LSE method can be applied to the estimation of
the fringe parameters. Furthermore, the accuracy of the estimates can be assessed through the
parameter covariances in P. While the variance estimate σ̂2

p is reasonable, it is not possible
to identify the correct variance components for phase noise σ2

ϕ0
and detection noise σ2

p0 , i.e.,
the true noise sources.
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5.3 Maximum Likelihood Estimation of Fringe Parameter
Uncertainty

In this section, MLE as an alternative method for the estimation of the variance components
is applied. As a data basis, the residuals of the LSE are used again in order to compare the
results of both methods.

5.3.1 Methodology

The likelihood L of a variance σ2
i and mean µi for a given sample xi under the assumption of a

Gaussian normal distribution with independent and identically distributed random variables
reads

L(µi, σi|xi) = 1√
2πσi

· exp
(

−1
2 · (xi − µi)2

σ2
i

)
. (5.14)

The variance σ2
i of a sample is composed of the variances of the offset σ2

p0 , the phase σ2
ϕ0

as well
as the amplitude σ2

A. It can be computed by variance propagation of the single parameters
according to

σ2
i =

∣∣∣∣ ∂h∂ϕ0

∣∣∣∣2 · σ2
ϕ0 +

∣∣∣∣ ∂h∂p0

∣∣∣∣2σ2
p0 +

∣∣∣∣ ∂h∂A
∣∣∣∣2 · σ2

A, (5.15)

where h is the observation according to Eq. (5.1). The resulting equation for the variance is

σ2
i = A2 · sin(ϕi)2 · σ2

ϕ0 + σ2
p0 + cos(ϕi)2 · σ2

A. (5.16)

The samples are now representing the residual process after the LSE fit, thus µi = 0. A
parameter vector θ is defined as

θ =
[
σp0 σϕ0 σA

]T
. (5.17)

The total likelihood of this parameter vector for a total of n samples is given by the product

L(θ|x) =
n∏

i=1

1√
2πσi

· exp
(

−1
2 · x

2
i

σ2
i

)
. (5.18)

The log-likelihood, cf. Appendix A.7, is then given by

lnL(θ|x) = −1
2 ln 2π +

N∑
i=1

(
− ln σi − x2

i

2σ2
i

)
. (5.19)

A closed form solution for the maximum of the likelihood does not exist, since the composed
variances σ2

i yield a dependency on the phase shift ϕi of the samples, cf. Eq. (5.16). Conse-
quently, an iteration technique like gradient ascent is used.

The estimate θ̂ = [σ̂p0 , σ̂ϕ0 , σ̂A]T can be solved by the gradient ascent given the recursive
equation

θ̂
(k) = θ̂

(k−1) + β(k−1)J(k−1), (5.20)

where

J(k−1) = ∂ lnL(k−1)

∂θ̂
(k−1) (5.21)
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is a vector with derivatives of the log-likelihood function w.r.t. the three parameters, which
are (without explicitly stating the index k − 1) given by Eqs. (5.22) - (5.24),

∂ lnL
∂σp0

=
N∑

i=1

(
−σp0

σ2
i

+ x2
i

σp0

σ4
i

)
, (5.22)

∂ lnL
∂σϕ0

=
N∑

i=1

(
−A2 sin(ϕi)2σϕ0

σ2
i

+ x2
i

A2 sin(ϕi)2σϕ0

σ4
i

)
, (5.23)

∂ lnL
∂σA

=
N∑

i=1

(
−cos(ϕi)2σA

σ2
i

+ x2
i

cos(ϕi)2σA

σ4
i

)
. (5.24)

After convergence, e.g. when the difference of two subsequent θ̂(k) − θ̂
(k−1) is sufficiently low,

the recursion loop may be stopped. The step width β is defined by the inverse Hessian of the
log-likelihood (Schweppe, 1973, p. 349),

β(k−1) =
(
∂J(k−1)

∂θ̂
(k−1)

)−1

, (5.25)

with the derivatives being stated in detail in Appendix A.7.

The combined uncertainty of a single CAI observation, σp, can then be reconstructed from
the estimated components,

σ2
p = A2 · sin(ϕ)2 · σ̂2

ϕ0 + σ̂2
p0 + cos(ϕ)2 · σ̂2

A, (5.26)

and applied on the main diagonal of the observation uncertainty matrix R. Note that the
phase ϕ in this particular calculation depends on the individual samples, but can be considered
random and uniformly distributed for the set of samples that were used for the MLE. In case
of a feedback mid fringe operation, the value can be set to the controlled point at ϕ = π

2 , and
thus sin(ϕ) = 1 and cos(ϕ) = 0, the latter being a clear indicator that the uncertainty of the
amplitude does not affect the observation uncertainty. However, in the randomly distributed
case, the root mean square (RMS) of the sinusoidals can be used as an approximation. Here,
the factor sin(ϕ) is approximated by the RMS under the assumption of uniformly distributed
phases, cf. Svitlov (2012), so that sin(ϕ) = cos(ϕ) = 1√

2 .

5.3.2 Application and Discussion

As a first demonstration of the method, a fringe signal is simulated. Additive white noise is
applied on all three parameters. Fig. 5.7 shows the simulated signal with the noise parameters
σA = 0.03, σp0 = 0.05 and σϕ0 = 0.2618 rad. A total number of 500 samples are generated.
For the initial parameter estimate θ̂0 of the gradient ascent method, the simulated values were
applied with a deviation of +100 %. As the results indicate, it is possible to reconstruct all
three parameters within a small error margin. The estimates converge quite fast after just ten
iterations.

Application of the algorithm to the ATLAS data set is straight forward possible. First
tests show that the parameter for σA is often estimated as zero. In order to reduce numerical
issues, only the variances of ϕ and p0 are estimated. A total of 20 iterations of Eq. (5.20) are
processed. Fig. 5.8 displays the results for σ2

ϕ0
and σ2

p0 . The uncertainties and their standard
deviation over the whole data set are (11.397±3.667)◦ for the phase shift and (0.0191±0.0033)
for the offset, respectively.
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Figure 5.7: Simulated example of a fringe signal and the MLE results. Left panel: simulated fringe signal,
with the reference in red color and the noisy signal in blue color. Below is the residual process from which the
variance components are estimated. Right: variance components as reconstructed from the observations by the

MLE and gradient ascent method.

For comparison, the STD estimates from the LSE are added in the figure. While σp0 is
comparable, the LSE estimate for σϕ0 is too large. Still, the direct juxtaposition of the total
observation STD σp as computed by both methods shows that they are comparable. The
estimate from the MLE method tends to be slightly larger than that of the LSE at some
regions, e.g. the spike after 3 × 104 s. This difference likely results from the transformation
step of the σϕ0 term in Eq. (5.16), where the factor sin(ϕ) is approximated by the RMS under
the assumption of uniformly distributed phases.
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Figure 5.8: Comparison of the estimated fringe parameter variances as computed by MLE and LSE. The
blue lines indicate the result from the maximum likelihood method and the red lines represent the empirical

standard deviation from the least-squares estimation. The bottom figure shows the total uncertainty.
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While the parameter estimation by maximum likelihood method is a valid method for the
reconstruction of the variance components, the following drawbacks need to be considered:

� Estimation of parameters always includes uncertainty, which can be reduced with the
number of samples for white, normally distributed processes.

� MLE is a biased estimator. This bias is reduced by the number of samples as well.

� As the gradient ascent method is a recursive procedure, there is always a chance to find
a local maximum instead of the intended global maximum. This problem can be widely
mitigated by using the prior variance component estimates.

It is quite clear that the LSE is less computationally demanding and in general sufficient
when the goal is to produce an estimate of the total observation uncertainty of σp. This is
especially true since the LSE is needed anyway in order to estimate the fringe parameters and
the observation variance is merely a side product. The maximum likelihood method however
is more suitable to find the source of the uncertainty, i.e. if the noise process is resulting
from detection noise or from phase noise. This is important to identify the noise source, and
ultimately enables more distinct fault detection.

As a final addition, by exactly controlling the phase shift it seems possible to get a proper
estimate of the noise source with the LSE as well. A closer look at Eq. (5.16) under consid-
eration of uncertainties in p0 and phase noise,

σ2
p = A2 · sin(ϕ)2 · σ2

ϕ0 + σ2
p0 , (5.27)

reveals that in case of ϕ = 0 and thus sin(ϕ) = 0, σ2
p is entirely composed of σ2

p0 because
at the top/bottom fringe the interferometer is not sensitive to the phase uncertainty. As a
result, the detection noise can be identified. In subsequent measurements with arbitrary phase
shift, the phase noise can be attained by subtracting the detection noise from the total noise.
This approach however is only accurate if the noise is stationary, and as the prior analysis
demonstrated, this is not necessarily the case.

5.4 Experimental Demonstration of the Hybridization

As a final study, the hybridization algorithm from Chap. 4 is now evaluated on the static
data set. This will serve as a demonstration of the applicability of the algorithm and filter
to real data of accelerometers and atom interferometers on a single axis. The EKF is utilized
as described in Sec. 4.2.2. The process noise variance Q of the acceleration input is set to
5 × 10−13 m2/s4, according to the white noise assessed from the data sheet (Nanometrics inc.,
2023). The initial conditions at t0 are defined as follows:

ba(t0) = −0.0817 m/s2,

P (t0) = 1 × 10−8 m2/s4. (5.28)

In this case, the initial bias ba(t0) was determined during post-processing by taking the mean
of the accelerations in Fig. 5.2. Note that the value of the parameter is much larger than the
ambiguity range. In an online-scenario where the initial bias is unknown, intelligent adaption
of the interrogation time is required in order to get a first lock-on on the bias induced phase
shift, cf. Appendix A.8.1. The initial state variance P (t0) is set, so that the standard deviation
is about two orders of magnitude above the uncertainty of the accelerometer. It is possible
to apply larger values in order to improve the convergence time of the filter. Lower values
however increase the convergence time and could lead to wrong estimates of the bias state,
and thus a divergence of the filtered solution.
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The amplitude and the uncertainty of the fringe pattern were computed before by means
of LSE for chunks of subsequent measurements, and saved in order to reduce computation
time. The σp uncertainty estimate of the MLE is saved as well. In order to bring the scenario
as close to the resemblance of an online operation as possible, it is not allowed to define the
initial values of A and p0 based on the LSE estimates that were gained from future data. In
a real online scenario, an initial data set needs to be taken before the kinematic experiment
in order to produce a first estimate. In this case, the following values are set,

A(t0) = 0.11,
p0(t0) = 0.42,
ϕ0(t0) = 0 rad. (5.29)

Furthermore, the estimates of ϕ̂0, which were computed by the LSE, now serve as a comparison
for the online estimation of the phase shift by the EKF. For the transformation into the
corresponding acceleration bias, Eq. (3.3) is applied.

The estimated acceleration bias and standard deviation are depicted in Fig. 5.9 and Fig. 5.10,
respectively. Clearly, the bias can be tracked and the filter runs stable. The results of the
EKF, which are computed with every new observation, comply with the ones from the LSE
which were computed from sets of 600 data points. This means that online tracking of the
bias is possible even though no mid fringe feedback operation of the laser phase is applied.
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Figure 5.9: ATLAS: estimated Titan acceleration bias. The EKF result is depicted as blue line. This resembles
the continuous estimation which can also be applied online. For comparison, the LSE ϕ0 estimate, multiplied

by the CAI scale factor to accelerations, is depicted as well as red line.
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Figure 5.10: ATLAS: standard deviation of the estimated Titan acceleration bias (left), and a detailed view
on the first filter time steps (right) to clarify the impact of the initial state variance on the convergence time.
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The state standard deviation as computed from
√
P is depicted in Fig. 5.10. The value

converges to a steady state. The convergence speed depends mainly on the setting of the
initial uncertainty P (t0). The small changes of the value after the convergence correspond to
the different, time-depending, values of the measurement uncertainty R that are used in the
EKF.

The stability of the filtered accelerations can be improved thanks to the reduction of the
signal by the acceleration bias. This is demonstrated by computing the AD as depicted in
Fig. 5.11. The flicker floor of the raw signal is reached after about 1 × 104 s at a value of
6 × 10−4 m/s2, while the flicker floor of the filtered signal does not seem to be reached in the
time frame covered by the data. In fact, even after 4 × 104 seconds no clear drift is visible.
Note that ambient vibrations overshadow the actual noise of the accelerometer in magnitude,
which is why a difference caused by sensor noise is only visible well after 5000 seconds. Because
of this circumstance, an accurate assessment of the white noise density is not possible with
this method, and not further pursued.
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Figure 5.11: ATLAS: overlapping Allan deviation of the Titan and filtered acceleration data, indicating
the performance gain by the EKF. Depicted are the overlapped Allan standard deviation results for the

accelerometer data as blue line (ACC), as well as the corrected accelerations in red (FIL).

A final interesting option, especially for mere CAI gravimetry approaches in which ambient
vibrations are corrected by high rate sensors, is the improvement of the CAI observation under
the additional knowledge of the estimated phase shift offset ϕ0. If the acceleration signal is
not filtered before being convoluted with the CAI transfer function, in order to assign phase
information to the measurement and reconstruct the fringe pattern, the CAI observation
is affected by additional errors. If, however, the estimated phase offset is included in the
reconstructed phase shift as gained by the convolution, the discrepancy of the actual CAI
observation and the reconstructed fringe can, in this case, be reduced by 8.91 %. Both are
illustrated in Fig. 5.12.

To conclude, the two-step method described here, i.e. the estimation of the fringe parameters
and the online EKF phase shift error estimation, is a novel approach for an online operation
of a QINS. Other experiments rely on a histogram fit (Richardson et al., 2020) of chunks of
data, or solely on a least-squares fit of the data with a sinusoidal model. Those methods are
often not considering the phase bias between the reconstructed fringe and the interferometer
measurement.

One experiment closest in its core to the methods described in this thesis is the one presented
in Cheiney et al. (2018), where data from a high-bandwidth classical sensor and a single-axis
cold atom interferometer is combined in a regular Kalman filter. The major difference is that
their state vector is composed of the three fringe parameters and additionally the rate of
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Figure 5.12: ATLAS: atom population error of the predicted and filtered model. Blue: error of the prediction
model w.r.t. the CAI data. Red: model with corrected bias error.

change of the phase shift bias. They do not comment on the stability of their filter. In fact,
using one observation for four (time-dependent) states at a time leads to an underdetermined
system. This can only be justified for slowly changing values of the parameters and the phase
shift error. Otherwise, batch estimation or other means of a reduction of the state vector
are necessary. Nevertheless, it was discussed in Sec. 3.5 that the amplitude, or contrast, is
a quantity that is strongly correlated with rotations. Thus, the augmentation of the state
vector by the contrast should be further experimentally investigated, but with an additional
focus on the stability of the filter.

Furthermore, the KF, which is applied in Cheiney et al. (2018), in truth suffers from the
same inability to identify the true non-stationary driving noise processes as the LSE. In
the simulated example, they show that the parameters of the variances of the driving noise
processes are constant over time and quite similar in their order of magnitude. In the case of
large deviations of the variances, the KF would fail to reconstruct all variances accordingly.
The MLE presented here thus constitutes a valuable addition.



6
Summary and Outlook

In this thesis, a number of important topics on the steep road toward a quantum inertial
navigation system have been discussed. A promising concept for the design of such a system
has been presented. The main motivation being the limited bandwidth of CAI, as well as the
circumstance that the observation is subject to an ambiguity, leading to a limited dynamic
range of the sensor. There are four major accomplishments.

Result 1: Adapted Kinematic Model and Atom Strapdown

A kinematic model for the atoms has been elaborated, based on the Feynman path integral
and the Bordé midpoint line theorem in conjunction. Under certain circumstances this allows
to reduce complex quantum physics, necessary to describe the spatio-temporal evolution of the
wave packet of two interferometer paths, to the arguably easier to handle kinematic differential
motion equations of a single point mass. This methodology has been adapted to the kinematics
that are relevant for high rate inertial navigation. To accomplish this, a sensor frame for the
atom interferometer has been introduced for which the kinematics have been developed. This
allows to apply inertial navigation methodology, i.e. the evaluation of the kinematic state of the
point mass by using data of three accelerometers and gyroscopes alone in a classic strapdown
navigation algorithm, to the case of a moving atom wave packet in a CAI. Consequently, the
method is labeled Atom Strapdown. The major applications of this method are the following:

1. The formalism allows to include accelerations and angular rate measurements in the
phase shift prediction, which means that it is in principle possible to use CAI without
stabilization or means of compensation for external rotations, at least within the physical
limits of the CAI. Furthermore, systematic errors between the CAI s-frame and the
IMU b-frame are already part of the differential equation system. So far, the transfer
function between the accelerometers and the CAI was often unknown and needed to be
experimentally estimated, or completely avoided by bandpass filtering the acceleration
signals, which in turn affected the bandwidth of the system.

This culminates in the Atom Strapdown being a generalization and potential alternative
to the basic correlation approach. As the fringe pattern can be reconstructed even for
large scatter of phase shifts beyond the dynamic range, the method by itself already
allows for a basic hybridization of CAI with classical IMUs.

2. It was discussed that the very same phase ambiguity problem, for which the hybridization
with high rate classical sensors is the intended solution, is still present in shape of a phase
shift error ambiguity problem. This phase shift error is the result of any accumulated
systematic and stochastic errors between the reconstructed phase shift and the actual
CAI observation. In order to further elaborate this topic, the error state kinematic
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differential equations of the Atom Strapdown have been developed. This allows to point
out the conditions under which the phase shift error exceeds the dynamic range limit
posed by the fringe signal cosine flank. For terrestrial applications, the misalignment was
identified as the major impact factor in this regard. For other applications like in space,
parameter assessment for system integration, or in order to derive quality requirements
for system calibration, the developed methods can readily be applied.

Result 2: Quantum Inertial Navigation System Based on Extended Kalman Filter

The Atom Strapdown can be utilized for a second hybridization technique. Rather than just
reconstructing the fringe pattern by computing the phase shift, this second method allows
to estimate the systematic offset of the classical sensors. This is realized by predicting the
phase shift in the frame of an extended Kalman filter (EKF). The update step of the filter is
essentially an attempt to distribute the phase shift error to certain states that are modeled
in the system. The observation sensitivities, as derived from the explicit formulation of the
phase shift in the solution of the Atom Strapdown differential equations, are acting as a weight
for this distribution. In a sense, the EKF is a solution to the second ambiguity problem
concerning the phase shift errors. Systematic effects and long term drift of the phase shift
error can efficiently be removed, leaving the majority of remaining errors being caused by
stochastic effects and systematics that depend on the trajectory dynamics.

This method was demonstrated for a minimum state vector configuration consisting of the
biases of the classical accelerometers and gyroscopes. The system in this minimum configura-
tion was shown to be stable. Furthermore, systematic effects like lever arm and misalignment
between IMU and CAI were compensated with the bias states alone, as demonstrated by a
scenario under dynamic conditions.

An extended observability study has revealed that it is not sufficient to have one or two
counterpropagating CAI measuring sequentially in order to achieve a stable system in a six
degree of freedom navigation case. The main reason for this is the ability of the atoms to move
freely in space. The velocity and position of the atoms in the s-frame is affected by inertial
effects on all axes. This generates a sensitivity to the accelerations and angular rates on all
axes which builds up, the larger the velocity and position displacement of the atoms grows.
Thus, the use of CAI that cover all six degrees of freedom seems pivotal.

The misalignment and lever arm as state vector augmentations have been discussed, and the
observability conditions have been evaluated. This opens the possibility for an online estima-
tion under certain dynamic conditions. Based on the results, strategies for initial calibration
procedures of complete QINS can be elaborated.

Result 3: Limits and Uncertainty of CAI Related to Inertial Navigation

Another result of modeling the CAI is the restriction of the sensor in terms of dynamic range,
which can be further differentiated in soft limits and hard limits. While the soft limits, defined
by the phase shift ambiguity, can be removed by the use of high rate sensors in the frame of the
QINS, the hard limits come in shape of actual physical restrictions of CAI. For measurements
in laser direction the acceleration is only limited by the dimension of the vacuum chamber,
which can be rather large. Accelerations perpendicular to the sensitive axis are limited by the
width of the laser. Depending on the interrogation time, the lateral acceleration is limited to
25 m/s2, for T = 10 ms and a laser width of 10 mm, while for interrogation times of 25 ms the
limit is at 4 m/s2. For any non-constant acceleration signals over the course of the measurement
it was demonstrated that CAI introduces systematic errors for any signals that are not point-
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symmetric in time with respect to the mirror pulse at time T . Apart from that, CAI is
essentially a low-pass filter for accelerations and angular rates, and additionally blocks certain
signal frequencies.

The hard limit for angular rates is related to the contrast of the measurement. The contrast
is reduced exponentially with the path separation, i.e. the distance of the two wave packets, at
the second beam splitter pulse at time 2T . A geometric approach to model this impact factor
was presented. It can be shown that the path separation scales with the angular rate and
the recoil velocity of the beam splitters. Depending on the interrogation time, the limitations
to angular rates are very strict: an interrogation time of 10 ms yields a limit of 41.3 mrad/s,
while for interrogation times of 25 ms that are needed to compare with classical navigation
grade sensors, the limit is at a very low 6.6 mrad/s.

This model works quite well for most applications with short interrogation times. Longer
times make the consideration of the thermal expansion of the wave packet necessary. In
this regard, the contrast loss can as well be explained with the phase shift error due to
uncertainty of the wave packet position and velocity. This was demonstrated using some
simplified examples, but ultimately the complete distribution of the wave packets would need
to be modeled, which is well beyond the scope of the engineering approach which is pursued
in this thesis. Some studies, e.g. Rakholia et al. (2014), even mention that the contrast could
benefit from a large spread of the wave packet since the overlap is partially recovered.

CAI data from a stationary experiment without stabilization have been analyzed. It was
demonstrated that besides the phase shift also the amplitude and offset of the fringe pattern
are time-varying. Further analysis has revealed that even the uncertainty of the parameters is
varying, indicating the non-stationary nature of the noise processes over long periods of time.

These results show that dynamic experiments with time-depending rotation rates and ac-
celerations are a necessity in order to further develop and adapt the models and ultimately
to proceed in this field. For this static data set, the EKF was successfully applied and the
online bias correction for the acceleration measurement was demonstrated. The methods that
were used for the fringe pattern estimation and the uncertainty assessment can be further
developed to allow an online fault detection of CAI.

Result 4: Solutions to QINS Related Trade-Offs

The CAI as inertial sensor was introduced as a system with a multitude of engineering options
and optimization problems. The timing of the measurement cycle alone yields three major
adjustments that were discussed. Here, the preparation time and the interrogation time have
the largest impact.

The preparation time, required to prepare and cool the atoms, is related to the number of
atoms that are incorporated in the wave packet and thus the quantum projection noise level.
Thus, it correlates with the accuracy of the CAI. The combination with a complete classical
IMU has the great advantage that a continuous measurement is available to cover the timespan
in which the CAI is not measuring. It was shown that for sufficiently large bias stability, which
is given by some tactical and most navigation grade sensors, this dead time is allowed to be
quite large, up to several tens of seconds, so there is no limitation from the side of the QINS.
In terms of the benefit to the CAI accuracy itself it was shown that the performance is limited
by the laser phase noise. One of the largest preparation times reported in literature is 600 ms
(Freier et al., 2016). Consequently, the preparation time should be chosen as long as necessary
to reach the limit due to the laser phase noise and thus the maximum performance.
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The second adjustment is the interrogation time T . Using CAI alone, the sensitivity to
accelerations and angular rates scales with T 2, the dynamic range with 1/T 2. With the
proposed QINS this trade-off is already solved by the high rate IMU, and any additional
systematic phase shift errors are removed by the EKF. Under the circumstance that the
phase shift error is mainly composed of stochastic errors, an optimization problem between
the quality of the classical sensors and the performance gain of the QINS has been revealed.
Using steady state formulation of the EKF, models for improvement and a penalty factor
related to the IMU noise have been established. This allows to find the optimal IMU for any
specific CAI parameters, in terms of variance or power spectral density of the accelerations
and angular rates. The location of the optimum mainly depends on the scale factor of the
CAI, and to a lower degree on the signal to noise ratio (SNR) of the CAI. The sensitivity gain
of the QINS over the IMU is entirely defined by the CAI SNR.

From a more general perspective, two different QINS designs based on the methods have
been elaborated. It was shown that the CAI-based design with supporting accelerometers
(QINS-C) yields the best sensitivity to accelerations measurements. The large CAI scale
factor can only be supported with very high sensitivity classical acceleration sensors, that
often go in hand with an unfavorable large bias drift. A continuous solution is thus not
possible, and the main application appears to be a mere gravimetry operational mode, with
the additional opportunity of providing angular rate measurements. The latter, however, is
expected to be in the tactical/navigation grade quality range. The IMU-based design with
supporting CAI (QINS-I) yields the best overall performance. The simulations have revealed
that the sensitivity of CAI to accelerations and angular rates is not necessarily the main
argument for its use in dynamic applications, since the gain is coupled to the quality of the
classical sensor that is used for the hybridization. The real improvement results from the
long term stability of the CAI by the bias estimation of the classical IMU. The total position
error of the system is defined by the classical gyroscope thanks to the Schuler-bounding of
accelerometer-related errors. Consequently, QINS is predestined to be used for high-accuracy,
medium-term inertial navigation. For the QINS-I in combination with Q-Flex accelerometers
and strategic grade FOG, a horizontal position error of below 10 m during the first hour of
free inertial navigation seems plausible. For longer times, switching to gravimetry operation
mode in conjunction with gravity maps could still limit the position error to the lower 100 m
level (L. Wu et al., 2017). Combined operational modes with intelligent adaption might thus
be worth considering in order to achieve the best possible overall performance.

A general framework for the hybridization of classical IMU and CAI has been developed,
which is vital for first assessments of applications of CAI in navigation related tasks. The
additional topics that have been discussed are significant tools for the planning of future
integrated QINS designs. That being said, further steps toward an actual hardware platform
include additional questions that cannot be answered by simulations alone. This especially
involves the time synchronization of the systems, the cycle time of the integrated circuits
of the navigation computer and the time delays of the laser feedback control. Furthermore,
in-situ calibration of the CAI sensor and the complete QINS needs to be further evaluated
and discussed in order to reduce the problems caused by a misalignment between the sensors.
Sophisticated calibration procedures need to be established. At this stage, prototyping and
experimental validation are essential in order to iterate to a final product.
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Appendix

A.1 Physical and Technical Constants

Physical constants

Speed of light in vacuum
c = 299 792 458 m/s. (A.1)

Planck constant
h = 6.626 070 15 × 10−34 Js. (A.2)

Reduced Planck constant

ℏ = h

2π = 1.054 571 817 × 10−34 Js. (A.3)

Boltzmann constant
kB = 1.380 649 1 × 10−23 J/K. (A.4)

Unit atom mass
u = 1.660 539 066 6 × 10−27 kg. (A.5)

Earth rate
Ωe

ie = 7.292 115 × 10−5 rad/s. (A.6)

Reoccurring technical parameters

Effective wave number for 87Rb

ke = 4π · 1
780 · 10−9 m−1. (A.7)

Recoil velocity for |1⟩ → |2⟩ state transition of 87Rb

vrec = 11.8 mm/s. (A.8)

Initial atom split velocity for multi axis design

vs
sa = ±94 mm/s. (A.9)
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A.2 Laplace Correspondences

Laplace domain F (s) Time domain f(t)

1 δ(t)

e−as δ(t− a)

1
s 1

1
s2 t

1
sn

tn−1

(n−1)!

1
s+a e−at

1
s2+a2

1
a sin at

s
s2+a2 cos at

sX(s) + x0
∂x(t)

∂t

1
sX(s)

∫ t
0 x(t) dt

F (s)G(s)
∫ t

0 f(τ)g(t− τ) dτ

Table A.1: Laplace correspondences
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A.3 Matrix Algebra

Derivative of a function with respect to a vector

Let f denote a scalar function depending on a vector x = [x1, x2, ..., xn]T, then the derivative
∇f = ∂f

∂x ,
∇f =

[
∂f
∂x1

∂f
∂x2

... ∂f
∂xn

]
, (A.10)

is a vector as well and represents the gradient of the function with respect to the single
dimensions of the vector x.

Derivative of a vector valued function

Let f denote a set of equations, depending on a vector x = [x1, x2, ..., xn]T,

f(x) =


f1(x)
f2(x)
...

fn(x)

 . (A.11)

Then the derivative J = ∂f
∂x is composed of the individual functions with respect to the vector,

J = ∂f(x)
∂x =


∂f1(x)

∂x1
∂f1(x)

∂x2
... ∂f1(x)

∂xN
∂f2(x)

∂x1
∂f2(x)

∂x2
... ...

... ... ... ...
∂fn(x)

∂x1
... ... ∂fn(x)

∂xn

 . (A.12)

The derivative may be called the Jacobian of f . One special case is the differentiation of an
n-by-1 vector with respect to itself,

∂a
∂a = ∂[a1, a2, ..., an]T

∂[a1, a2, ..., an]T =


∂a1
∂a1

∂a1
∂a2

... ∂a1
∂an

∂a2
∂a1

∂a2
∂a2

... ∂a2
∂an

... ... ... ...
∂an
∂a1

∂an
∂a2

... ∂an
∂an

 =


1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1

 = I(nxn), (A.13)

which yields the identity I with dimension n-by-n.

Hessian matrix

Let H denote the second derivative of the function f w.r.t. the vector x = [x1, x2, ..., xn]T,
then it is the same as the derivative of the Jacobian J with respect to the vector x,

H = ∂J(x)
∂x = ∂2f(x)

∂x∂x =


∂2f1(x)
∂x1∂x1

∂2f1(x)
∂x1∂x2

... ∂2f1(x)
∂x1∂xn

∂2f2(x)
∂x2∂x1

∂2f2(x)
∂x2∂x2

... ...

... ... ... ...
∂2fn(x)
∂xn∂x1

... ... ∂2fn(x)
∂xn∂xn

 . (A.14)

Note that the matrix is quadratic in this case.
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Derivative of scalar products

Let a and b denote 3-by-1 vectors, and c is defined as the scalar product between a and b so
that c = a · b. Then

∂c
∂a =

∂

a1
a2
a3

 ·

b1
b2
b3


∂

a1
a2
a3


= ∂ (a1b1 + a2b2 + a3b3)

∂

a1
a2
a3


=
[

∂c
∂a1

∂c
∂a2

∂c
∂a3

]
=
[
b1 b2 b3

]
= bT.

(A.15)
Likewise, as the scalar product is commutative,

∂c
∂b = aT. (A.16)

Derivative of a cross product

Differentiation w.r.t. a vector in a cross product of two 3-by-1 vectors yields

∂

∂a [a × b] = −[b×] = [b×]T. (A.17)

In detail, let c = a × b, then

∂c
∂a =

∂

a1
a2
a3

×

b1
b2
b3


∂

a1
a2
a3


=

∂

a2b3 − a3b2
a3b1 − a1b3
a1b2 − a2b1


∂

a1
a2
a3


=


∂c1
∂a1

∂c1
∂a2

∂c1
∂a3

∂c2
∂a1

∂c2
∂a2

∂c2
∂a3

∂c3
∂a1

∂c3
∂a2

∂c3
∂a3

 =

 0 b3 −b2
−b3 0 b1
b2 −b1 0

 = −[b×].

(A.18)
Likewise

∂

∂b
[a × b] = [a×]. (A.19)

Derivative of concatenated cross products

Double cross product differentiated w.r.t. a via product rule:

∂

∂a [a × (a × b)] = ∂

∂aa × (a × b) + a × ∂

∂a (a × b)

= −[(a × b)×] − [a×][b×]. (A.20)

Double cross product differentiated w.r.t. b via product rule:

∂

∂b [a × (a × b)] = ∂

∂ba × (a × b) + a × ∂

∂b(a × b)

= [a×][a×]. (A.21)

Double cross product with different factors d = a × (b × c), differentiated w.r.t. a:

∂d
∂a = −[(b × c)×]. (A.22)
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Similarly,
∂d
∂b = −[a×][c×]. (A.23)

Triple cross product differentiated w.r.t. a via product rule:
∂

∂a [a × (a × (a × b))]

= ∂

∂aa × (a × (a × b)) + a × ( ∂
∂aa × (a × b)) + a × (a × ∂

∂a (a × b))

= − [(a × (a × b))×] − [a×] [(a × b)×] − [a×][a×][b×]. (A.24)
Triple cross product differentiated w.r.t. b via product rule:

∂

∂b [a × (a × (a × b))]

= ∂

∂b
a × (a × (a × b)) + a × ( ∂

∂b
a × (a × b)) + a × (a × ∂

∂b
(a × b))

= [a×][a×][a×]. (A.25)

Derivative of scalar triple products

Let d = a · (b × c), then

∂d
∂a =

∂

a1
a2
a3

 ·


b1
b2
b3

×

c1
c2
c3




∂

a1
a2
a3


= ∂ (a1b2c3 − a1b3c2 + a2b3c1 − a2c3b1 + a3b1c2 − a3b2c1)

∂

a1
a2
a3


=
[

∂d
∂a1

∂d
∂a2

∂d
∂a3

]
=
[
b2c3 − c2b3 b3c1 − b1c3 b1c2 − b2c1

]
= [b × c]T = −[b × c].

(A.26)
Likewise,
∂d
∂b =

[
∂d
∂b1

∂d
∂b2

∂d
∂b3

]
=
[
−a2c3 + c2a3 −a3c1 + a1c3 −a1c2 + a2c1

]
= −[a × c]T = [a × c],

(A.27)
and
∂d
∂c =

[
∂d
∂c1

∂d
∂c2

∂d
∂c3

]
=
[
a2b3 − a3b2 a3b1 − a1b3 a1b2 − a2b1

]
= [a × b]T = −[a × b].

(A.28)
Furthermore it can be shown that

−[a × b] = aT[b×]. (A.29)
Finally, let d = k · [a × (b × c)], then

∂d
∂a = −kT[(b × c)×]. (A.30)

Another non-trivial derivative needed in Sec. 4.3.3 is d = ((I − [a×])b × c). The term is first
reformulated,

d = ((b − a × b) × c)
= b × c − (a × b) × c
= b × c + c × (a × b)
= b × c − c × (b × a). (A.31)
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The derivative with respect to a reads

∂d
∂a = −[c×][b×]. (A.32)

Matrix Exponential

The matrix exponential exp A can be evaluated as an infinite power series,

exp A =
∞∑

k=0

1
k!A

k, (A.33)

if convergence is provided (Papula, 2007). The matrix A thus needs to be nilpotent, which is
the case when Ak = 0 for sufficiently large exponents k.

A.4 Stochastic Error Modelling

A.4.1 Allan Variance

In order to associate a variance to the spectral density, the following integral needs to be
evaluated (Schweppe, 1973):

σ2 =
∫ ∞

−∞
S(f) df. (A.34)

The classical Allan variance AVc can be defined by transferring the spectral density Sy into
time domain

AVc(τ) =
∫ fc

0
Sy(f) · 4sin

4(πτf)
(πτf)2 df, (A.35)

with the cut-off frequency fc used as upper limit, and zero as lower limit for the inte-
gral. Apart from that, the equation is essentially Eq. (A.34) with a windowing function
4 sin4(πτf)/(πτf)2. This windowing function introduces a time constant τ , and acts as weight
for certain frequency ranges. The lower τ is, the wider the spectrum that is covered. For large
τ , a small region at low frequencies is weighted larger.

A modification that is often considered superior with respect to the classical AVc is the
overlapping Allan variance (AV). Based on a set of phase data x, the overlapping Allan
variance reads (Riley, 2008):

AV (τ) = 1
2(n− 2m)τ2

n−2m∑
i=1

[xi+2m − 2xi+m + xi]2 . (A.36)

Here, n is the number of measurements, τ0 corresponds to the data rate and τ = mτ0 is the
averaging time, where the integer m represents the size of the averaging window.

A.4.2 Response of a LTI System to Random Perturbation Input

The response y(t) of a causal system f(t) to an input x(t) is given by

y(t) =
∫ t

0
f(t− τ)x(τ) dτ. (A.37)
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The autocorrelation φyy of y(t) reads

φyy(t2 − t1) = E

〈∫ t1

0
f(t1 − τ1)x(τ1) dτ1

∫ t2

0
f(t2 − τ2)x(τ2) dτ2

〉
. (A.38)

The response function is identical for each sample so that the integrals can be combined,

φyy(t2 − t1) =
∫ t1

0

∫ t2

0
f(t1 − τ1)f(t2 − τ2)E⟨x(τ1)x(τ2)⟩ dτ1dτ2. (A.39)

For an input consistent of an ensemble of constant functions with MSE ⟨x2
0⟩, the following

MSE of the output can be stated (Maybeck, 1979)

E⟨y2(t)⟩ =
∫ τ2=t

τ2=0

∫ τ1=t

τ1=0
f(t− τ1)f(t− τ2)E⟨x2

0⟩ dτ1dτ2. (A.40)

which results in
E⟨y2(t)⟩ = E⟨x2

0⟩
∫ t

0
f2(t− τ) dτ. (A.41)

As an example, for white noise with PSD N2 the autocorrelation function reads (Britting,
1971)

φxx(t2 − t1) = N2δ(t2 − t1), (A.42)
so that the output results in

E⟨y2(t)⟩ = N2
∫ t

0
f2(t− τ) dτ. (A.43)

In the case that f = 1, which represents an integrator, the result is the random walk process

E⟨y2(t)⟩ = N2t. (A.44)

A.4.3 Discrete Time vs. Continuous Time White Noise

Following Farrell et al. (2022), let a measurement denoted by ã(t) be composed of the true
signal a(t) and a white noise process q(t), then

ã(t) = a(t) + q(t). (A.45)

The discrete time measurement yields

ã(k) = 1
T

∫ tk+1

tk

(a(τ) + q(τ)) dτ, (A.46)

where T is the time between tk and tk+1, i.e. sample time. The Eq. (A.46) can be divided
into two terms,

ã(k) = ā(k) + qd(k). (A.47)
The first term resembles the mean ā(k) of the interval, the second one qd(k) reads

qd(k) = 1
T

∫ tk+1

tk

q(τ) dτ. (A.48)

The variance can now be stated,

E⟨q2
d(k)⟩ = 1

T 2

∫ tk+1

tk

N2 dτ. (A.49)

For a constant N2, this results in the following representation of the discrete process noise
variance

Qk(k) = E⟨q2
d(k)⟩ = 1

T
N2. (A.50)
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A.5 Error State Kinematics

The derivation of the error state differential equations for the QINS is summarized in this
section. In order to reduce unnecessary complexity, it is assumed that Cs

b = I, meaning that
the s- and the b-frame are considered to be aligned, up to an error due to misalignment. The
indices are furthermore reduced, so that the specific forces and angular rates read f b and ωb,
respectively. It was established in Eq. (4.6) and Eq. (4.7) that for a rigid connection between
the s- and the b-frame f b

is = f b
ib and ωb

is = ωb
ib. According to the definition of the sensor frame

in Sec. 3.4 it is furthermore assumed that the initial atom position is xs
sa = 0.

Case 1: No displacement and misalignment between s-frame and b-frame

The equations for the velocity v̇s
sa and nominal velocity ˙̃vs

sa under the assumption of perfect
alignment and without lever arms are

v̇s
sa = −(f s + ba) + 2(ωs + bg) × vs

sa, (A.51)
˙̃vs

sa = −(f s + b̃a) + 2(ωs + b̃g) × ṽs
sa. (A.52)

The nominal values are defined as follows, whereas the δ indicates the corresponding error
state:

ṽs
sa = vs

sa − δvs
sa, b̃a = ba − δba, b̃g = bg − δbg.

The effect of the change of orientation between f s and ωs is neglected in the frame of the error
state kinematic equations. The error equations are

δvs
sa = vs

sa − ṽs
sa, (A.53)

δv̇s
sa = v̇s

sa − ˙̃vs
sa. (A.54)

This means for the ODE of δv̇s
sa:

δv̇s
sa = −(f s + ba) + 2ωs × vs

sa − 2bg × vs
sa

− (−(f s + b̃a) + 2ωs × ṽs
sa − 2b̃g × ṽs

sa)
= f s + ba − 2ωs × vs

sa − 2bg × vs
sa

− (f s + ba − δba − 2ωs × (vs
sa − δvs

sa) − 2(bg − δbg) × (vs
sa − δvs

sa)) . (A.55)

The equation is now expanded. Products of error terms are neglected. The resulting equation
is

δv̇s
sa = −δba + 2ωs × δvs

sa + 2bg × δvs
sa + 2δbg × vs

sa

= −δba + 2(ωs + bg) × δvs
sa + 2δbg × vs

sa. (A.56)

Case 2: Error state kinematics including lever arm and misalignment

Let the true alignment Cs
b be composed of the nominal value C̃s

b and the orientation error
δCs

b,
Cs

b = C̃s
bδCs

b. (A.57)

The orientation error is expressed as matrix exponential with the misalignment, δCs
b =

exp [γs
b ×], and truncated after the first order term,

δCs
b = I − [γs

b ×]. (A.58)
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The nominal value can thus be expressed as

C̃s
b = (I − [γs

b ×])Cs
b. (A.59)

This equation can be solved for the misalignment,

[γs
b ×] = I − Cs

bC̃s
b. (A.60)

The ODE for the velocities read

v̇s
sa = −

(
(f b + ba) − 2(ωb + bg) × vs

sa − (ωb + bg) × [(ωb + bg) × xb
bs]
)
, (A.61)

˙̃vs
sa = −

(
(I − [γs

b ×])(f b + b̃a) − 2((I − [γs
b ×])(ωb + b̃g)) × ṽs

sa

− (I − [γs
b ×])((ωb + b̃g) × [(ωb + b̃g) × x̃b

bs]). (A.62)

Compared to the prior example, there are two major differences. Namely, the inclusion of
the misalignment γs

b and the centrifugal term caused by the lever arm xb
bs. The additional

nominal value of the lever arm is defined as:

x̃b
bs = xb

bs − δxb
bs.

Starting with the term associated with the specific forces first,
˙δvs

sa = v̇s
sa − ˙̃vs

sa

= −(f b + ba) −
(
−(I − [γs

b ×])(f b + ba − δba)
)

= −f b − ba + f b + ba − δba − [γs
b ×]f b − [γs

b ×]ba + [γs
b ×]δba.

The equation is now further evaluated. Products of error terms are neglected. The resulting
equation under the assumption that Cs

b = I, meaning that the systems are aligned, is
˙δvs

sa = −δba − γs
b × (f b + ba). (A.63)

The error state term associated with the Coriolis effect reads
˙δvs

sa = v̇s
sa − ˙̃vs

sa

= −(−2(ωb + bg) × vs
sa) − 2

[
((I − [γs

b ×])(ωb + bg − δbg)) × (vs
sa − δvs

sa)
]
.

Expanding the equation and neglecting the products of error terms yields
˙δvs

sa = 2ωb × δvs
sa + 2bg × δvs

sa + 2δbg × vs
sa + 2(γs

b × ωb) × vs
sa + 2(γs

b × bg) × vs
sa.
(A.64)

The final term of the velocity error state ODE is associated with the centrifugal term due to
the lever arm. It reads

˙δvs
sa = v̇s

sa − ˙̃vs
sa

= −
(
−(ωb + bg) × (ωb + bg) × xb

bs

)
−
(
−(I − [γs

b ×])(−(ωb + bg − δbg) × (ωb + bg − δbg) × (xb
bs − δxb

bs))
)
.

Again, expanding the equation and neglecting the products of error terms results in
˙δvs

sa = ωb × ωb × δxb
bs + ωb × bg × δxb

bs + bg × ωb × δxb
bs + bg × bg × δxb

bs

+ ωb × δbg × xb
bs + δbg × ωb × xb

bs + bg × δbg × xb
bs + δbg × bg × xb

bs

+ γs
b × ωb × ωb × xb

bs + γs
b × ωb × bg × xb

bs + γs
b × bg × ωb × xb

bs + γs
b × bg × bg × xb

bs.
(A.65)
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The total velocity error ODE under inclusion of Eq. (A.63), Eq. (A.64) and Eq. (A.65) finally
reads

˙δvs
sa = −δba − γs

b × (f b + ba)
+ 2(ωb + bg) × δvs

sa + 2δbg × vs
sa

+ 2vs
sa × (ωb + bg) × γs

b

+ ωb × δbg × xb
bs + δbg × ωb × xb

bs

+ bg × δbg × xb
bs + δbg × bg × xb

bs

+ γs
b × ωb × ωb × xb

bs + γs
b × ωb × bg × xb

bs

+ γs
b × bg × ωb × xb

bs + γs
b × bg × bg × xb

bs

+ ωb × ωb × δxb
bs + ωb × bg × δxb

bs

+ bg × ωb × δxb
bs + bg × bg × δxb

bs. (A.66)

A.6 CAI Penalty Model

A.6.1 CAI Linearization Error

In order to model the penalty of the CAI observations for cases in which the actual mea-
surement is far off the mid fringe operating point, the linearization error of the measurement
sensitivity is used as a basis. The error of the linearization of the measurement equation can
be assessed as follows. Let h(x) be the measurement equation, x the state and ∆x a distance,
i.e. error, to the state. The function h(x) is linearized around the state x to first order,

h(x+ ∆x) = h(x) +H(x) · ∆x, (A.67)

with the linearized function H = ∂h/∂x. The error e of this linearization is then the difference
between the linearized model on the right side of the minus sign and the original model on
the left side:

e = h(x+ ∆x) − (h(x) +H(x) · ∆x). (A.68)

In case of the atom interferometer measurement equation (3.10) at the mid fringe operation
point 1

2π, the error can be approximated by

e = A cos(π2 + δϕ) −
(
A cos(π2 ) −A sin(π2 )δϕ

)
. (A.69)

Following the trigonometric addition theorem,

cos(a+ b) = cos(a) cos(b) − sin(a) sin(b), (A.70)

the formulation can be simplified,

e = A

(
cos(π2 ) cos(δϕ) − sin(π2 ) sin(δϕ)

)
−
(
A cos(π2 ) −A sin(π2 )δϕ

)
. (A.71)

Evaluating the sinusoidal terms at π
2 leads to the compact form

e = A(δϕ− sin(δϕ)). (A.72)

For small phase shifts sin δϕ ≈ δϕ takes effect and the expression in the brackets is zero, while
for δϕ = π the error is Aπ. For very large values of δϕ the function is asymptotic to Aδϕ.
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A.6.2 Variance Propagation

The phase shift error δϕ is related to the incoming acceleration bias error δba via

δϕ = −keT
2δba.

The variance is propagated by

σ2
ey

=
∣∣∣∣ ∂ey

∂δba

∣∣∣∣2 σ2
δba
. (A.73)

The derivative of Eq. (A.73) is evaluated as follows:
∂ey

∂δba
= ∂

∂δba
A
(
keT

2δba − sin (−keT
2δba)

)
= A

(
keT

2 + keT
2 cos (−keT

2δba)
)
.

By rearranging and using the symmetry of the cosine, the result reads
∂ey

∂δba
= A(keT

2)
(
cos (keT

2δba) − 1
)
. (A.74)

The cosine can be represented by McLaurin series expansion,

cos (keT
2δba) = 1 − (keT

2δba)2

2 + ...+ O((keT
2δba)),

so that, after truncation of the series, Eq. (A.74) can be simplified to

∂ey

∂δba
≈ AkeT

2
(

1 − (keT
2δba)2

2 − 1
)

≈ A

2 (keT
2)3δb2

a.

Recalling Eq. (A.73), the variance of the linearization error reads

σ2
ey

=
∣∣∣∣A2 (keT

2)3δb2
a

∣∣∣∣2 σ2
δba
.

For a zero mean noise process in δba, it can be stated that δb2
a = σ2

δba
. The variance of the

linearization error σ2
ey

can finally be formulated as the CAI penalty model Rpen = σ2
ey

as
follows:

Rpen = κ
A2

4 (keT
2)6σ6

δba
. (A.75)

A factor κ is additionally introduced to compensate for certain flaws of using the closed
solution of the steady state variance of the Kalman filter. It will soon be discussed.

A.6.3 Optimum of R

The penalty model Rpen in Eq. (A.75) can only grow with increasing values of σδba , which is
assumed to be caused by the input acceleration uncertainty σa entirely. The optimum is thus
evaluated by setting σ2

p = Rpen. This is the point after which the total observation uncertainty
of CAI R = σ2

p +Rpen will considerably increase with growing accelerometer uncertainty.

Rpen = σ2
p

κ
A2

4 (keT
2)6σ6

a = σ2
p

σ6
a =

σ2
p

1
4κA

2(keT 2)6

σ∗
a = 1

keT 2
3

√
2√
κ

σp

A
. (A.76)
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This value represents the optimal acceleration noise level for the hybridization and is thus
marked with the ∗ superscript. The next step is the evaluation of the performance gain at
this value of σ∗

a. It was already established that

R = σ2
p +Rpen = 2σ2

p

since σ2
p is equal to Rpen at the optimal value. With this piece of information, the steady state

variance for the accelerations of Eq. (4.94) can be simplified substantially,

Pa,∞ = −1
2σ

2
a +

√
σ4

a

4 +
2σ2

pσ
2
a

H2
a

. (A.77)

For convenience, let σ2
a be factored out from the expression under the root,

Pa,∞ = −1
2σ

2
a + σ2

a

√
1
4 + 2σp

σ2
aH

2
a

.

The focus is now the evaluation of the fraction under the root, with H2
a according to Eq. (4.35)

and under insertion of the optimal value of σ∗
a from Eq. (A.76),

2σp

σ2
aH

2
a

= 2σp

1
(keT 2)2

3
√

4
κ

σ2
p

A2 (AkeT 2)2

= 2σp

3
√

4
κ

σ2
p

A2A2

= 3

√
2κ
(
σp

A

)4
. (A.78)

This expression is included in Eq. (A.77), and subsequently inserted in Eq. (4.104), resulting
in the following model for the performance gain R:

R2 = σ2
a

Pa,∞
= σ2

a

−1
2σ

2
a + σ2

a

√
1
4 + 3

√
2κ
(σp

A

)4
= 1

−1
2 +

√
1
4 + 3

√
2κ
(σp

A

)4 . (A.79)

When comparing the model with the trivial factor of κ = 1 with the empirical results of
the performance gain R, cf. Fig. A.1, the model does not quite coincide with the empirical
data. The major reason for this is that the closed solution of the steady state variance that
is used for the calculation of the value R represents the limit to which the variance converges
to in order to reach its equilibrium state after several measurement updates. In the case of
just a single CAI measurement, there is only one filter update which is applied, meaning that
the state variance did not reach its steady state value yet, in which the Kalman filter is in
equilibrium.

In order to compensate for this insufficiency of the model, the factor κ was included in Rpen.
It is now estimated by a numerical optimization approach in which samples with uniformly
distributed values between 1 and 2 are generated. A cost function based on the difference of
the model R and the empirical result of the simulated data R̃,

cost =
N∑

k=1

[
(Rk − R̃k)2

]
, (A.80)
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is evaluated for each sample. The value of κ with the best fit yields approximately

κ = 5
3 .

Note that the variance of the CAI observation is set to a low value of σ2
p = 9 × 10−8. Fig. A.2

shows two different examples. For large values σ2
p = 1 × 10−1, the steady state variance is not

representative enough as a basis for the model. On the other hand, for even lower values of
σ2

p = 1 × 10−12 the estimate of κ stays at a value of about 5
3 .
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Figure A.1: QINS sensitivity gain model with and without correction parameter. The empirical sensitivity
gain R (blue) is compared to the model (red). CAI parameters: σ2

p = 9 × 10−8, T = 25 ms. Left: κ = 1. Right:
κ = 5/3.
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Figure A.2: QINS sensitivity gain model for different CAI variances. The empirical sensitivity gain R (blue)
is compared to the model (red). CAI parameters: T = 25 ms. Left: σ2

p = 1 × 10−1, estimated κ = 1.20. Right:
σ2

p = 1 × 10−12, estimated κ = 1.67.
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A.6.4 Series Expansion of R

By substituting

x = 3

√
2κ
(
σp

A

)4
,

and evaluation of Eq. (4.109) by using Wolfram Alpha LLC (2024), the following result can
be achieved by McLaurin series expansion:

R2 ≈ 1
x

+ 1 − x+ 2x2 − 5x3 + O(x5). (A.81)

By substituting back and truncation of the series, the following approximation for R can be
stated,

R2 ≈ 1 + 3

√√√√ 1
2κ

(
A

σp

)4

. (A.82)

A.7 Maximum Likelihood Estimation

General Formalism

The likelihood L of a single observation xi with index i and a corresponding mean value µi

and variance σ2
i reads:

L(µi, σi|xi) = 1√
2πσi

· exp
(

−1
2 · (xi − µi)2

σ2
i

)
. (A.83)

For n parameters it is the following:

L(µ,σ|x1...xn) = 1√
2πσ1

exp
(

−1
2 · (x1 − µ1)2

σ2
1

)
·...· 1√

2πσn

exp
(

−1
2 · (xn − µn)2

σ2
n

)
, (A.84)

or written as a product,

L(µ,σ|x) =
n∏

i=1

1√
2πσi

· exp
(

−1
2 · (xi − µi)2

σ2
i

)
. (A.85)

For each observation i, the expression can be reformulated under the further consideration
that ln(exp(a)) = a,

ln
(

1√
2πσi

exp
(

−1
2 · (xi − µi)2

σ2
i

))
= ln

( 1√
2πσi

)
+ ln

(
exp

(
−1

2
(xi − µi)2

σ2
i

))

= −1
2 ln

(
2πσ2

i

)
− 1

2
(xi − µi)2

σ2
i

= −1
2 ln(2π) − 1

2 ln(σ2
i ) − 1

2
(xi − µi)2

σ2
i

= −1
2 ln(2π) − ln(σi) − 1

2
(xi − µi)2

σ2
i

. (A.86)
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Where ln(1/
√
x) = −1/2 ln(x) and ln(exp(x)) = x. In logarithmic expression, for the total

likelihood of all samples the product becomes a sum,

lnL(µ,σ|x) = ln
(

1√
2πσ1

exp
(

−1
2 · (x1 − µ1)2

σ2
1

))
+ ...

+ ln
(

1√
2πσn

exp
(

−1
2 · (xn − µn)2

σ2
n

))
. (A.87)

With the adaptions from Eq. (A.86),

lnL(µ,σ|x) = −1
2 ln(2π)−ln(σ1)−1

2
(x1 − µ1)2

σ2
1

−...−1
2 ln(2π)−ln(σn)−1

2
(xn − µn)2

σ2
n

, (A.88)

the following compact sum equation results,

lnL(µ,σ|x) = −n

2 ln(2π) +
n∑

i=1

(
− ln σi − (xi − µi)2

2σ2
i

)
, (A.89)

which cannot be simplified further. The reason is that the variance σ2
i as well as the expec-

tation value µi may be depending on a control value that is different for every new sample,
i.e. the phase information ϕi in Eq. (A.91). No closed solution for the sum term, nor the
maximum of the likelihood, can be given for this reason.

Application to CAI Parameters

Let the variances σ(θ) be dependent on a parameter vector θ = [σ2
p0 , σ

2
A, σ

2
ϕ0

]T. The partial
derivative of the likelihood with respect to the parameter vector reads

∂ lnL(θ|x)
∂θ

=
n∑

i=1

(
− 1
σi

∂σi

∂θ
− (xi − µi)

σ2
i

∂µi

∂θ
+ (xi − µi)2

σ3
i

∂σi

∂θ

)
. (A.90)

The remaining partial derivatives have to be calculated based on the equations for µi,

µi = A · cos(ϕi + ϕ0) + p0, (A.91)

and σ2
i ,

σ2
i = A2 · sin2(ϕi + ϕ0) · σ2

ϕ + σ2
p0 + cos2(ϕi + ϕ0) · σ2

A, (A.92)

or as standard deviation,

σi =
√
A2 · sin2(ϕi + ϕ0) · σ2

ϕ + σ2
p0 + cos2(ϕi + ϕ0) · σ2

A. (A.93)

Since Eq. (A.91) does not yield any dependencies on the variance components, all derivatives
associated with µi are zero. The derivatives of the composed variance w.r.t. the fringe
parameters variance components read

∂σi

∂σ2
p0

= 1
2σi

· ∂σ
2
i

∂σ2
p0

= 1
2σi

, (A.94)
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∂σi

∂σ2
ϕ0

= 1
2σi

· ∂σ
2
i

∂σ2
ϕ0

= 1
2σi

·A2 · sin2(ϕi + ϕ0), (A.95)

∂σi

∂σ2
A

= 1
2σi

· ∂σ
2
i

∂σ2
A

= 1
2σi

· cos2(ϕi + ϕ0). (A.96)

With those derivatives clarified, the sensitivity of the total likelihood with respect to the three
parameters are the following,

∂ lnL(θ|x)
∂σ2

p0
=

n∑
i=1

(
− 1
σi

∂σi

∂σ2
p0

− (xi − µi)
σ2

i

∂µi

∂σ2
p0

+ (xi − µi)2

σ3
i

∂σi

∂σ2
p0

)

=
n∑

i=1

(
− 1

2σ2
i

+ (xi − µi)2 1
2σ4

i

)
. (A.97)

The second partial derivative reads

∂2 lnL(θ|x)
∂σ2

p0∂σ
2
p0

=
n∑

i=1

(
1
σ3

i

∂σi

∂σ2
p0

− 2(xi − µi)2

σ5
i

∂σi

∂σ2
p0

)

=
n∑

i=1

(
1

2σ4
i

− (xi − µi)2 1
σ6

i

)
. (A.98)

The first and second partial derivative of the likelihood with respect to σ2
ϕ0

are

∂ lnL(θ|x)
∂σ2

ϕ0

=
n∑

i=1

(
− 1
σi

∂σi

∂σ2
ϕ0

− (xi − µi)
σ2

i

∂µi

∂σ2
ϕ0

+ (xi − µi)2

σ3
i

∂σi

∂σ2
ϕ0

)

=
n∑

i=1

(
−A2 sin2(ϕi + ϕ0)

2σ2
i

+ (xi − µi)2A
2 sin2(ϕi + ϕ0)

2σ4
i

)
, (A.99)

∂2 lnL(θ|x)
∂σ2

ϕ0
∂σ2

ϕ0

=
n∑

i=1

(
− 1
σi

∂σi

∂σ2
ϕ0

− (xi − µi)
σ2

i

∂µi

∂σ2
ϕ0

+ (xi − µi)2

σ3
i

∂σi

∂σ2
ϕ0

)

=
n∑

i=1

(
A4 sin4(ϕi + ϕ0)

2σ4
i

− (xi − µi)2A
4 sin4(ϕi + ϕ0)

σ6
i

)
. (A.100)

The first and second partial derivative of the likelihood with respect to σ2
A are
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The remaining entries of the Hessian matrix are the following:
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A.8 Additional Aspects

A.8.1 Automatic Adaption of the Interrogation Time

The error state of the acceleration and angular rate biases in the QINS is estimated with each
new CAI measurement. Smaller errors indicate a better prediction based on the IMU data. It
was demonstrated in Sec. 4.5 that reasons for an increase of the bias error can be large spikes
of the dynamics on multiple axes, in which case the integrated noise of the IMU is scaled
directly due to the angular rates and accelerations on one side, but also due to misalignment
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and to a degree by the lever arm on the other side. An increase of the bias error state, which
can be directly related to an increase of the phase shift error, is a clear indicator that the QINS
is in such an unfavorable situation and a loss of the ambiguity solution might be imminent.

One option to directly counteract the increase of the error is to reduce the interrogation
time, which consequently reduces the scale factor between the bias error state and the phase
shift error. In Tennstedt and Schön (2023) a method is published in which the adaption of
the interrogation time, and subsequently the scale factor, is performed by a state automaton,
cf. Fig. A.3. On the example of the acceleration bias on one axis, the bias error is compared
to two thresholds. If the error is too large, the interrogation time is reduced. If it is below
a certain threshold, the interrogation time can be increased again. At this rate, a high level
of sensitivity can be kept even in the light of changing situations, cf. Fig. A.4. If the CAI is
measuring again after a long dead time, the automaton can be reset by an initialization with
a low Tf.

Start

1. Initialize 2. Filter Step

3a. 

5a.

5b.

4a. 

3b. 4b. 

y

y

n

n

y

n

n

y

Figure A.3: Intelligent adaption of the interrogation time. Scheme for a state automaton for the adaption of
the interrogation time based on the bias error.
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Figure A.4: Effect of the state automaton on the dynamic range and CAI scale factor. Left: illustration of the
dynamic range (red line) and and the estimated bias error (blue line) on the basis of a static data set recorded
with a navigation grade sensor and a simulated CAI observation. A smaller dynamic range means higher atom
flight times and thus a larger scale factor. Right: histogram showing the amount of CAI shots for each setting

of the flight time that was achieved in the scenario.
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A.8.2 QINS Transfer Function

The differential equation for a scalar state under steady state conditions, which is driven by
an input process only, reads:

ẋ = u+K(z −Hx), (A.109)

or in error state notation,
δẋ = δu+Kδz. (A.110)

The Laplace domain representation, by omitting initial conditions, and considering that δz =
Hδx, is

sδX = δU −KHδX. (A.111)

Solving the equation for δX yields:

δX(sI +KH) = δU, (A.112)

so that
δX

δU
= 1
s+KH

. (A.113)

The time domain representation of the transfer function is

T (t) = e−KHt, (A.114)

which is characterized by an exponential dampening for growing frequencies. As such, the
Kalman filter under steady state conditions is essentially acting like a low pass filter with a
time constant τK of 1/(KH). The Kalman gain K is given by

K = PH

R
.

For the acceleration bias state, Ha = AkeT
2, the time constant thus yields

τK = R

PH2
a

. (A.115)

This general filter equation can be applied to CAI in a one dimensional case. With the transfer
function from Sec. 3.3,

1
s2 [1 − e−2sT ]2,

and an additional factor due to the dead time,

e−sTd ,

the following QINS transfer function can be assembled,

δX

U
= 1
s2 · [1 − e−2sT ]2

s+KH
· e−sTd . (A.116)

The total response of the QINS to accelerations can thus be regarded as a second order
integrator with latency Td. After the cutoff frequency at KH it behaves like an integrator of
third order. This cutoff frequency, due to the large scale factor included in H, is considerably
larger than the CAI cutoff frequency at 1/T . Signals of high frequencies that are already
dampened by the CAI transfer function, have their magnitude reduced even more in a QINS.
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