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Abstract
The monitoring of the Earth’s surface is increasingly driven by dense, point-sampled observations
from techniques such as LiDAR, photogrammetry, multibeam echosounders (MBES), and satellite
radar products like persistent scatterer interferometry (PSI). Despite their different sensing physics,
these techniques typically generate large point clouds whose quality varies spatially and temporally.
These point clouds are difficult to interpret because discrete points do not provide information
about connectivity. These measurements are often non-uniformly distributed and contain data
gaps. They are also contaminated by noise and outliers. Therefore, reliable use requires cleaning,
surface modeling, and quality assessment. However, these steps are often handled separately with
manual intervention and limited uncertainty reporting, which reduces reproducibility and weakens
trust in the resulting products.

This cumulative dissertation presents an end-to-end pipeline for modeling point-sampled surfaces,
from preprocessing to quality assessment. It synthesizes four publications that collectively de-
velop and validate the proposed pipeline, including three peer-reviewed journal articles and one
published conference paper. The pipeline has been designed to be scalable, reproducible, and
uncertainty-aware. The work focuses on 2.5D surfaces, z = f(x, y), balancing geometric suit-
ability for large-scale geospatial products with computational tractability. The pipeline is built
around a single multiresolution surface representation based on the Multilevel B-Spline Approx-
imation (MBA) approach. This approach provides a consistent backbone for outlier detection,
surface approximation, and uncertainty-aware evaluation. The methodologies are tested using PSI
for deformation monitoring applications and MBES data for mapping, navigation, dredging, and
infrastructure monitoring.

The preprocessing stage provides two complementary, surface-based outlier detection methods. One
method uses a Data Adaptive, coarse-to-fine strategy to target sparse, isolated anomalies in large,
heterogeneous deformation point sets, such as those in PSI. For MBES bathymetry, the Iterative
Estimation of Surface Parameters (IESP) framework identifies clustered contamination by com-
bining robust estimation and iterative, distribution-guided trimming until the residual behavior
stabilizes. In the Hannover PSI case study, the Data Adaptive Outlier Detection method shows
high agreement with a published reference filter, achieving a balanced accuracy of 0.95. For Kiel
Canal MBES data, IESP achieves a balanced accuracy of 0.99 and reduces manual cleaning time
from approximately two days to about 30 minutes. The output is a cleaned observation set for
subsequent modeling and assessment. The modeling stage uses MBA as the common surface model
and the geometric backbone of the pipeline. Its hierarchical refinement adds detail stepwise and
remains robust under irregular sampling and data gaps. The quality assessment stage provides
spatially varying uncertainty under two regimes. When observation variances are unknown, non-
parametric bootstrapping yields prediction uncertainty and confidence intervals for MBA-based
surfaces. When system-level error models are available, a forward uncertainty framework is used
to estimate pointwise measurement uncertainty in MBES and propagate it into surface estima-
tion. Simulations with known ground truth demonstrate that uncertainty-aware weighting reduces
model error. For example, it decreases model error (1 σ) from 0.044 m to 0.023 m. The output
consists of uncertainty maps and confidence measures that make the local uncertainty transparent
and facilitate interpretation of the results.

In sum, the dissertation presents a coherent pipeline that connects automated cleaning, MBA-
based surface modeling, and uncertainty-aware quality assessment for point-sampled surfaces. The
dissertation reduces subjectivity in preprocessing, improves the transparency of modeling deci-
sions, and generates surface products with defensible uncertainty information to inform decisions
in deformation monitoring and hydrographic applications.

Keywords: Surface model · Outlier detection · MBES · PSI · Deformation monitoring · Bootstrap
· Uncertainty propagation · Quality assessment





Kurzfassung

Die Überwachung der Erdoberfläche wird zunehmend durch dichte, punktweise abgetastete Beobach-
tungen aus Verfahren wie LiDAR, Photogrammetrie, Mehrstrahl-Echoloten (Multibeam Echosoun-
ders, MBES) sowie satellitengestützten Radarsystemen wie der Persistent-Scatterer-Interferometrie
(PSI) bestimmt. Trotz der Verwendung verschiedener physikalischer Messprinzipien generieren
diese Techniken in der Regel große Punktwolken, deren Qualität in Abhängigkeit von der Zeit und
dem Ort variiert. Die Interpretation dieser Punktwolken gestaltet sich als Herausforderung, da die
einzelnen Punkte keine Informationen über Zusammenhänge liefern. Die vorliegenden Messungen
weisen häufig eine ungleichmäßige Verteilung auf und enthalten Datenlücken. Darüber hinaus sind
die Daten durch Rauschen und Ausreißer verfälscht. Für eine zuverlässige Nutzung sind daher
eine Bereinigung, Oberflächenmodellierung und Qualitätsbewertung erforderlich. Diese Schritte
werden jedoch oft separat mit manuellem Eingriff und unter eingeschränkter Berücksichtigung der
Unsicherheiten durchgeführt. Dies verringert die Reproduzierbarkeit und schwächt das Vertrauen
in die daraus resultierenden Produkte.

In der vorliegenden kumulativen Dissertation wird eine End-to-End-Pipeline zur Modellierung von
punktweise abgetasteten Oberflächen vorgestellt. Diese erstreckt sich von der Vorverarbeitung bis
zur Qualitätsbewertung. Die vorliegende Arbeit fasst vier Publikationen zusammen, die gemeinsam
die vorgeschlagene Pipeline entwickeln und validieren. Darunter befinden sich drei begutachtete
Zeitschriftenartikel und ein veröffentlichter Konferenzbeitrag. Die Pipeline ist auf Skalierbarkeit,
Reproduzierbarkeit und den expliziten Umgang mit Unsicherheiten ausgelegt. Der Fokus der Arbeit
liegt auf 2,5D-Oberflächen, z = f(x, y), und es wird ein Ausgleich zwischen geometrischer Eignung
für großräumige Geodatenprodukte und rechnerischer Effizienz geschaffen. Die Pipeline basiert auf
einer multiresolutionellen Oberflächendarstellung, die auf dem Multilevel-B-Spline-Approximation-
Ansatz (MBA) basiert. Dieser Ansatz bietet eine konsistente Grundlage für die Erkennung von
Ausreißern, die Oberflächenapproximation und die Bewertung von Unsicherheiten. Die Methoden
werden unter Verwendung von PSI für Deformationsüberwachungen und von MBES-Daten für
Kartierung, Navigation, Baggerarbeiten und Infrastrukturüberwachung getestet.

Die Vorverarbeitungsphase umfasst zwei sich ergänzende, oberflächenbasierte Methoden zur Erken-
nung von Ausreißern. Eine Methode bedient sich hierbei einer datenadaptiven Grob-zu-Fein-
Strategie, um isolierte Anomalien in großen, heterogenen Deformationsdatensätzen, wie sie beispiel-
sweise in PSI auftreten, zu identifizieren. Für die MBES-Bathymetrie identifiziert das Iterative
Estimation of Surface Parameters (IESP)-Verfahren gruppierte Ausreißerkontaminationen, indem
es robuste Schätzungen und iteratives, verteilungsgesteuertes Trimmen kombiniert, bis sich das
Restverhalten stabilisiert. In der PSI-Fallstudie Hannover zeigt die datenadaptive Ausreißererken-
nung eine hohe Übereinstimmung mit einem veröffentlichten Referenzfilter und erreicht eine Bal-
anced Accuracy von 0,95. Für MBES-Daten aus dem Nord-Ostsee-Kanal erzielt IESP eine Balanced
Accuracy von 0,99 und reduziert die manuelle Bereinigungszeit von etwa zwei Tagen auf rund 30
Minuten. Das Ergebnis sind bereinigte Beobachtungsdaten für die nachfolgende Modellierung und
Bewertung. In der Modellierungsphase wird MBA als gemeinsames Oberflächenmodell und ge-
ometrisches Fundament der Pipeline verwendet. Die hierarchische Verfeinerung fügt schrittweise
Details hinzu und bleibt auch bei unregelmäßiger Abtastung und Datenlücken robust. Die Quali-
tätsbewertungsphase generiert räumlich variierende Unsicherheiten unter zwei Bedingungen. Unter
der Annahme, dass die Beobachtungsvarianzen unbekannt sind, generiert das nichtparametrische
Bootstrapping Vorhersageunsicherheiten und Konfidenzintervalle für MBA-basierte Oberflächen.
Liegen hingegen systemseitige Unsicherheitsmodelle vor, wird ein Vorwärtsansatz verwendet, um
punktweise Messunsicherheiten in MBES zu schätzen und in die Oberflächenschätzung zu integrie-
ren. Simulationen mit bekanntem Ground Truth zeigen, dass eine unsicherheitsbewusste Gewich-
tung den Modellfehler reduziert. So wurde beispielsweise der Modellfehler (1 σ) von 0,044 m auf
0,023 m reduziert. Das Resultat manifestiert sich in Form von Unsicherheitskarten und Konfidenz-



iv

maßen, welche die lokale Unsicherheit transparent machen und die Interpretation der Ergebnisse
erleichtern.

Die vorliegende Dissertation präsentiert eine kohärente Pipeline, die automatisierte Bereinigung,
MBA-basierte Oberflächenmodellierung und unsicherheitsbewusste Qualitätsbewertung für punkt-
weise abgetastete Oberflächen miteinander verbindet. Die vorliegende Arbeit reduziert die Sub-
jektivität in der Vorverarbeitung, verbessert die Transparenz von Modellierungsentscheidungen
und generiert Oberflächenprodukte mit belastbaren Unsicherheitsinformationen. Dadurch können
Entscheidungen in der Deformationsüberwachung und in hydrografischen Anwendungen signifikant
unterstützt werden.

Schlagwörter: Oberflächenmodell · Ausreißererkennung · MBES · PSI · Deformationsmonitoring
· Bootstrap · Unsicherheitsfortpflanzung · Qualitätsbewertung
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1 Introduction

1.1 Motivation

Earth surface observation today is possible through a wide range of acquisition technologies,
from basic sensors to advanced systems such as airborne Light Detection and Ranging (LiDAR),
Synthetic Aperture Radar (SAR) satellites, photogrammetry, mobile mapping platforms, and hy-
droacoustic sensors. These systems employ both active and passive measurement methods, span-
ning electromagnetic and acoustic domains, and operate from land, air, and space. They enable the
efficient collection of large and complex geospatial datasets (Patane, 2016). Such data are essential
for producing Digital Elevation Models (DEMs) and Digital Bathymetric Models (DBMs), updat-
ing reference frames, monitoring surface deformation and subsidence, and supporting safety-critical
applications such as navigation and charting.

All of these measurement techniques produce different data products that can be represented as
discrete, spatially referenced point samples. The discrete point cloud (PC) does not provide in-
formation about the connectivity between points. Understanding the underlying patterns in the
data is therefore crucial. This not only improves the visibility and interpretation of datasets from
different perspectives but also provides the means to track changes in the Earth’s surface more
effectively. However, the measurements are often non-uniformly distributed, contain large data
gaps, and are contaminated by noise and outliers. Beyond the necessary step of data cleaning, it is
essential to mathematically model the data to obtain a continuous surface. Such a representation
allows estimation at any position and prediction in areas with few observations, helping to overcome
these challenges and enabling unique and consistent modeling of the area of interest.

In all cases, the reliability of the resulting models is critical. If errors are ignored or quality
is inadequately handled, the consequences can extend to infrastructure risks, poor environmen-
tal monitoring, or unsafe navigational information. At the same time, data volumes are growing
rapidly while processing capacity has not kept pace. For example, LiDAR acquisition speeds have
increased by two orders of magnitude, reaching over one million points per second within only
four years (Patane, 2016). At this scale, modeling and processing become bottlenecks, leaving
many large datasets underused. Furthermore, PCs from different sources vary in density, cover-
age, measurement precision, and noise characteristics. These variations make it essential to apply
standardized, quality-assured, and consistent processing strategies to ensure reliable and usable
models.

To illustrate the implications of these challenges, two contexts of high public relevance are con-
sidered. The first concerns inland waterways, where safe and efficient navigation requires reliable
bathymetric surfaces, for example DBMs. The second addresses land areas, where ground move-
ment threatens infrastructure and undermines the stability of geodetic reference frames.

Europe operates approximately 41,000 kilometers of inland waterways across 25 member countries
and transports around 150 billion tonne-kilometers of cargo annually (European Commission, 2021).
The European Union aims to increase this share by 25 % by 2030 and 50 % by 2050 (Niu et al.,
2024; European Commission, 2021). Achieving these targets requires efficient, reliable, and safe
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navigation, which in turn depends on accurate and up-to-date DBMs of the fairway and surrounding
areas (European Commission, 2025). Yet, climate variability and data inconsistency continue to
threaten the reliability of these models (Ebner von Eschenbach et al., 2022). As a result, public
authorities now emphasize quality assurance and the modernization of digital services as essential
components of inland waterway management (Niu et al., 2024; European Commission, 2025; Artz
et al., 2021). At the national level, Germany illustrates the stakes. Its federal waterways offer about
10,000 km for commercial and recreational use (BMDV, 2024). Freight transport performance is
projected to grow by about 38 % from 2010 to 2030 (BMDV, 2016). The Federal Transport
Infrastructure Plan 2030 allocates about 269.6 billion euros, of which about 69 % is designated
for maintenance and 9.1 % for federal waterways (BMDV, 2016). Authorities warn that using
outdated or deficient charts, paper or electronic, may be considered gross negligence by investigative
bodies, with consequences for licensing and insurance (BMDV, 2024). Operating at this scale,
and meeting these expectations, requires timely, reliable, and automated production of DBMs with
defensible uncertainty, so navigational information remains current and risk is controlled (European
Commission, 2025).

This demand for accurate geospatial information also applies on land, where ground movement
poses persistent risks. Such movement can result from subsidence, uplift, landslides, groundwater
extraction, construction, or mining activity. Even subtle shifts, on the order of millimeters per year,
can damage infrastructure, disrupt utilities, or alter surface drainage, as shown in studies from
urban areas and river deltas worldwide (Poland, 1984; Barends et al., 1995; Strozzi et al., 2001).
In Germany, regions such as Saarland have experienced significant subsidence linked to historical
hard coal mining (Spreckels, 2023). Systematic analyses have also shown that about 30 % of Lower
Saxony exhibits ground movement (Jahn et al., 2011). These changes also compromise the national
geodetic reference frame. Fixed points drift, coordinate systems age, and undetected displacement
introduces error into public services and geospatial applications. Maintaining a stable and current
reference system requires regular monitoring and demand-driven updates (Brockmeyer, 2024a).
While traditional surveying methods such as leveling, Global Navigation Satellite System (GNSS),
and total stations offer high precision, they are limited in spatial coverage and costly to repeat
at scale (Li et al., 2015; Shamshiri et al., 2014; Harmening & Neuner, 2020). To address this,
satellite-based methods such as Interferometric Synthetic Aperture Radar (InSAR), particularly
Persistent Scatterer Interferometry (PSI), now offer dense, area-wide coverage with millimeter-
level sensitivity. This enables more frequent updates of DEMs (Strozzi et al., 2001). In Germany,
the Federal Institute for Geosciences and Natural Resources (BGR) provides PSI-based motion
products nationwide through the Bodenbewegungsdienst service (Kalia et al., 2017, 2021; BGR,
2025). Despite their potential, these datasets still contain noise and outliers, and transforming
them into reliable DEMs requires robust, automated quality control procedures.

Achieving a continuous representation from a PC is a complex task, both computationally and
mathematically. A practical processing strategy can be structured in three stages. The first stage
is preprocessing and data cleaning, which removes outliers and reduces noise. The second stage
is surface modeling, which transforms the point samples into a continuous representation suitable
for downstream use. The third stage is quality assessment, which quantifies uncertainty, validates
results against independent data, and documents the model’s fitness for use.

Preprocessing is the first step, and it is critical to ensure clean and reliable input data. PCs
often include noise, outliers, and artifacts caused by environmental conditions, sensor performance,
or the measurement process. This stage is often the most labor-intensive, especially in domains
like hydrography, where analysts must distinguish outliers from real seafloor features that may
represent navigational hazards. Although such errors account for less than 1 % of the data (Debese,
2007), some resemble real features and must be carefully reviewed to avoid misclassification, as
they can distort models and degrade quality. The International Hydrographic Organization (IHO)
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recommends documented automated tools, yet it still requires extensive manual inspection by
trained experts. As a result, hydrographic data cleaning remains costly, subjective, and slow.

After preprocessing, point samples must be transformed into a continuous surface. Generally, a
DEM represents the bare-earth in digital form by defining a function f that describes the terrain.
In practice, DEMs are usually restricted to a 2.5D formulation, z = f(x, y), which assigns a single
height value to each two-dimensional location. Fully 3D surfaces, capable of modeling features
such as overhangs and bridges, are rare and typically used only for small areas (Vosselman & Maas,
2010). During modeling, the characteristics of the data must be considered. Sampled points are
typically distributed irregularly, with non-uniform density across the domain. Obstacles, sensor
geometry, and acquisition failures often result in coverage gaps. Many workflows rely on fixed
representations, such as raster grids or triangulated meshes. However, these formats constrain
the handling of irregular sampling and heterogeneous sources. Raster-based methods require a
fixed grid, and selecting an appropriate cell size involves trade-offs between resolution, storage, and
sensitivity to noise. Grids can also blur sharp features and introduce edge effects. A continuous
surface model offers a more coherent and flexible representation of the underlying field (Patane,
2016). B-spline surface models address many of these issues while also reducing data size. They
compactly represent smooth surfaces using a limited number of control points or basis function
coefficients instead of storing all raw samples. This reduces storage demands and typically improves
processing and visualization speed. For example, this is particularly useful for high-density Multi-
Beam Echo Sounder (MBES) data (Skytt et al., 2017). In addition, hierarchical and locally refined
spline frameworks support efficient surface storage by reducing the effective data dimension while
preserving accuracy. When used as the final representation, B-spline surfaces are more compact
than raw PCs or dense rasters, which accelerates downstream computation and rendering (Patane,
2016).

A continuous surface model provides a single, reproducible representation of the underlying field.
In practice, however, it does not capture variability introduced by acquisition or sampling design.
Many workflows address this limitation using multiple realizations of the same phenomenon, each
expressing different levels of uncertainty. This concept is common in spatial modeling when inputs
are heterogeneous or when occlusions and data gaps are present (Viard et al., 2011). This leads
to the third stage: quality assessment and uncertainty determination. Uncertainty in spatial data
has several sources. It may arise from limited accuracy or precision, inconsistent or incomplete
coverage, or the limitations of the sensor and method. Sampling density and the spatial resolution
of observations also play a key role. Sparse sampling relative to surface complexity increases uncer-
tainty. These aspects can be quantified statistically, through confidence intervals (CIs), absolute
error measures, or bounded value ranges (Patane, 2016). Quantifying uncertainty is necessary to
reveal how much confidence can be placed in different parts of the model. The result is a set of
uncertainty bounds and reliability maps. Thresholds for change detection can be adjusted accord-
ingly, high-uncertainty areas can be prioritized for re-survey, and CIs can be reported alongside
derived products. Uncertainty statements should accompany every surface model so that end users
can judge fitness for use (Patane, 2016; Wackernagel, 2003).

This dissertation addresses the current lack of reproducible, uncertainty-aware processing strate-
gies for heterogeneous PCs. Existing workflows often treat preprocessing, modeling, and quality
control as separate, manual, or application-specific steps. This fragmentation limits comparability,
increases subjectivity, and weakens trust in downstream decisions. The proposed pipeline inte-
grates automated preprocessing, surface-based modeling, and quality assessment into a coherent
and scalable framework. The pipeline is modular, and each stage can in principle be replaced by
alternative methods, provided that the stage assumptions and required outputs remain consistent.
The methodology is applied and tested for high-impact domains such as MBES and PSI, where data
heterogeneity, irregular sampling, and uncertainty propagation pose practical challenges. These
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methods are designed to be generalizable to other geospatial datasets and support the growing
need for defensible geospatial products in safety-critical and operational contexts. Although the
methods are demonstrated for PSI and MBES, they are designed around generic properties of point-
sampled surfaces, irregular sampling, data gaps, and spatially varying measurement quality. Under
the same 2.5D surface assumption, this design is intended to be transferable to other elevation-type
PCs such as airborne LiDAR or photogrammetric surface models, but this transfer is not validated
within the scope of this dissertation. Efficiency was treated as a design constraint throughout, both
in algorithmic structure and in reducing manual intervention. Apart from the runtimes reported
for specific case studies, this dissertation does not provide a dedicated runtime benchmark across
all stages and datasets. This work is timely. Geospatial data collection has outpaced our ability
to process and use it efficiently. Valuable information remains locked in raw PCs because current
tools are not scalable, reproducible, or quality-aware. This pipeline helps unlock that value. It
enables more reliable use of existing data, reduces processing effort, and supports applications that
depend on trustworthy, uncertainty-informed models. Against this background, there is a need for
a coherent, scalable processing pipeline for point-sampled surfaces.

1.2 Objectives and Research Questions

The thesis pursues the following overarching objective and related research questions. Although
many individual methods exist for tasks such as outlier detection, surface modeling, and uncertainty
analysis, these are typically treated as isolated steps and are often tailored to specific data types
or use cases. As a result, there remains no unified approach that systematically integrates all
stages of the modeling process. The overarching objective of this thesis is to develop an
end-to-end processing pipeline for surface-based geospatial data that harmonizes and
automates preprocessing, surface approximation, and quality assessment in a flexible
and scalable framework.

To reach this objective, three interdependent sub-goals are pursued. The first addresses the critical
challenge of outlier detection, which is particularly relevant for large-scale, noisy PC data acquired
under operational conditions. Despite broad and ongoing research and investigation on this topic
(see Section 2.1), many existing approaches rely on strong assumptions, require expert-defined
thresholds, or are unsuitable for datasets where the underlying geometry is unknown. Moreover, in
applications such as MBES surveys, outliers may appear in different forms, including both isolated
and clustered patterns. Fig. 1.1 illustrates these types. Both isolated and clustered outliers can
bias model fitting if left untreated; however, isolated outliers are typically easier to detect and re-
move, whereas clustered outliers are more challenging and complicate automatic detection. Manual
inspection is impractical due to the data volume and the ambiguity at local scales, necessitating
the need for automated, data-driven approaches. This challenge motivates the first sub-goal of the
thesis:

RQ 1) Design and validate an automatic preprocessing strategy to detect isolated and
clustered outliers in heterogeneous PCs without ground truth labels.

After preprocessing, the next step is to approximate the cleaned PC with a continuous surface
representation. A suitable surface model is required to transform irregular and discrete samples into
a mathematically defined form that preserves the essential characteristics of the observed geometry.
B-spline surfaces are well suited to this task: they allow complex geometries to be approximated
flexibly, store information compactly in the form of control points, and support efficient storage,
exchange, and visualization.
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Figure 1.1: Examples of outlier types: isolated points and spatially coherent clusters.

Applying B-spline surfaces to geospatial PCs such as those obtained from MBES or PSI is, how-
ever, far from straightforward. While many B-spline formulations are effective for structured or
dense datasets, they cannot be directly applied to the heterogeneous and irregular data typical
in geospatial applications. When dealing with large volumes, uneven sampling, and data gaps,
the approximation process becomes computationally demanding. Estimating B-spline parameters
requires forming and inverting design matrices composed of basis function evaluations. For very
large datasets, this inversion is costly, and in the presence of data gaps, the design matrix may
lose rank, making a pure Least Squares (LS) solution infeasible. Regularization strategies are often
needed to stabilize the system (Nowacki et al., 1998). Moreover, non-uniform point densities can
reduce approximation quality or introduce numerical instabilities, further limiting the robustness
of many conventional B-spline approaches (Bracco et al., 2018).

To address these challenges, this thesis employs the Multilevel B-spline Approximation (MBA)
approach introduced by Lee et al. (1997). Alternative surface modeling strategies exist, and the
rationale for selecting MBA is discussed in Section 2.2. By incrementally refining the approximation
across multiple levels, MBA achieves computational efficiency while remaining robust to irregular
sampling and data gaps. The method produces a 2.5D B-spline surface, which is also the focus
of this dissertation. Here, MBA is applied not only for surface approximation but also as the
underlying representation for outlier detection and uncertainty modeling, thereby establishing a
unifying element across the pipeline. These considerations define the second sub-goal of the thesis,
namely assessing the suitability of MBA for irregular spatial PCs:

RQ 2) Evaluate MBA for representing large, irregular, and noisy spatial PCs, and
assessment of its suitability as a common surface model within the processing pipeline.

The third challenge of the pipeline concerns the determination of model quality. Any surface
approximation remains incomplete without an assessment of its uncertainty, which reflects both the
reliability of the observations and the adequacy of the model (Viard et al., 2011). In general, there
are several approaches to quantify uncertainty. When information on observation quality, such
as standard deviations, is available, uncertainty can be propagated through the approximation
process to obtain prediction uncertainties. If ground truth data are available, model outputs
can be compared directly against reference values. Alternatively, cross-validation techniques may
be applied, in which part of the dataset is withheld during modeling and later used to evaluate
predictive uncertainty. Leave-one-out cross-validation enables direct comparison of residuals with
predicted standard deviations to assess model adequacy and bias (Wackernagel, 2003).
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In the context of MBA, however, the situation is more complex. Even if observation variances are
available, error propagation is not reliable because the hierarchical refinement levels are strongly
correlated. These correlations are difficult to incorporate in a closed-form adjustment, and the
resulting estimates tend to be overly optimistic (Mohammadivojdan et al., 2021). Furthermore, in
many practical geospatial applications, ground truth is not accessible. To overcome these limita-
tions, this thesis employs a nonparametric bootstrap approach (Efron, 1981; Efron & Tibshirani,
1994). Bootstrapping provides a realistic method for quantifying the effects of sampling and model
complexity on the resulting surface. It yields an empirical estimate of prediction uncertainty with-
out relying on variance assumptions or ground truth data.

For MBES datasets, the difficulty lies in the lack of reliable per-point uncertainty information.
To address this, a forward uncertainty model of a specific MBES system is developed based on
prediction models proposed by Hare (1995). This model propagates uncertainties from the indi-
vidual measurement elements through the full processing chain to derive the Total Propagated
Uncertainty (TPU). The forward modeling can be applied both to real surveys and to simulated
environments with known ground truth. The simulation framework enables testing of how measure-
ment uncertainty affects surface modeling and assessment of whether incorporating this information
can improve both the modeling process and the final uncertainty estimates.

RQ 3) Quantifying uncertainty of the MBA surface model under two regimes: (a)
when observation variances are unknown (b) when system uncertainty models are
available.

These research questions are addressed through studies using real PSI and MBES datasets as well
as simulated data. This dissertation is written in a cumulative format and consists of three peer-
reviewed journal articles (Publications A, B, and C) and one conference paper without peer-review
(Publication D). These publications are integrated and contextualized within this overarching text,
which establishes their relevance to the overall research pipeline. Fig. 1.2 provides an overview of
the relationship between the research questions and the respective publications. The contributions
related to RQ 1, which focuses on outlier detection and preprocessing, are discussed in Section 3.1.1.
This section draws primarily on the findings from Publications A and B. The contributions address-
ing RQ 2, which concerns the development of robust surface modeling approaches, are presented in
Section 3.2. This part integrates insights from Publications A, B, C, and D. Finally, Section 3.3 de-
tails the results and methods developed in relation to RQ 3, which focuses on uncertainty modeling
and quality assessment. Publications A and C contribute partially to this part.

Figure 1.2: Overview of original publications on the cumulative dissertation.
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1.3 Overview of Original Publications

These objectives are addressed through methodological contributions and investigations on a pipeline
for modeling point-sampled surfaces from preprocessing to quality assessment. The relevant pub-
lications of the author are listed in Chapter 6. They were published in peer-reviewed outlets and
presented at scientific conferences and workshops, with one additional non-peer-reviewed contribu-
tion. Fig. 1.2 illustrates how these publications relate to the research questions. This dissertation
draws on three peer-reviewed journal publications (Publications A (Mohammadivojdan et al., 2021),
B (Mohammadivojdan et al., 2024), and C (Mohammadivojdan et al., 2025)) and one non-peer-
reviewed publication (Publication D (Mohammadivojdan et al., 2020)).

• Publication A:
Mohammadivojdan, B.; Brockmeyer, M.; Jahn, C.-H.; Neumann, I.; Alkhatib, H. (2021):
Regional Ground Movement Detection by Analysis and Modeling PSI Observations. In:
Remote Sensing, 13(12), 2246. https://doi.org/10.3390/rs13122246, licensed under CC
BY 4.0, https://creativecommons.org/licenses/by/4.0

• Publication B:
Mohammadivojdan, B.; Lorenz, F.; Artz, T.; Weiß, R.; Hake, F.; Alkhatib, Y.; Neu-
mann, I.; Alkhatib, H. (2024): Robust algorithm for automatic surface-based outlier de-
tection in MBES point clouds. In: Marine Geodesy, 48(2), 141–172. https://doi.org/
10.1080/01490419.2024.2408684, licensed under CC BY 4.0, https://creativecommons.
org/licenses/by/4.0

• Publication C:
Mohammadivojdan, B.; Hake, F.; Lorenz, F.; Bollert, J.-O.; Weiss, R.; Artz, T.; Neumann,
I.; Alkhatib, H. (2025): Enhancing digital bathymetric models by advanced measurement
uncertainty analysis. In: The International Hydrographic Review, 31(1), 28–50. https:
//doi.org/10.58440/ihr-31-1-a09

• Publication D:
Mohammadivojdan, B.; Alkhatib, H.; Brockmeyer, M.; Jahn, C.-H.; Neumann, I. (2020):
Surface Based Modelling of Ground Motion Areas in Lower Saxony. Hannover: Institu-
tionelles Repositorium der Leibniz Universität Hannover, 2020, pp. 107–122. https://doi.
org/10.15488/9344, licensed under CC BY 3.0, https://creativecommons.org/licenses/
by/3.0

In the following, the contributions of the individual authors to Publications A–D are presented in
detail:

Publication A

• Main author (B. Mohammadivojdan): Conceptualization and design of the study, ex-
ecution of the experiments, data analysis, writing of the manuscript, and correspondence
during the review process.

• M. Brockmeyer: Support in developing and implementing the comparison methodology
and in data visualization.

• C.-H. Jahn: Review and revision of the manuscript.
• I. Neumann: Methodological advice and technical expertise, review and revision of the

manuscript.
• H. Alkhatib: Methodological advice and technical expertise, review and revision of the

manuscript.

https://doi.org/10.3390/rs13122246
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.1080/01490419.2024.2408684
https://doi.org/10.1080/01490419.2024.2408684
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.58440/ihr-31-1-a09
https://doi.org/10.58440/ihr-31-1-a09
https://doi.org/10.15488/9344
https://doi.org/10.15488/9344
https://creativecommons.org/licenses/by/3.0
https://creativecommons.org/licenses/by/3.0
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Publication B

• Main author (B. Mohammadivojdan): Conceptualization and design of the study, ex-
ecution of the experiments, data analysis, writing of the manuscript, and correspondence
during the review process.

• F. Lorenz: Support in preparing the labeled data, reviewing and revising the manuscript.
• T. Artz: Review and revision of the manuscript.
• R. Weiß: Review and revision of the manuscript.
• F. Hake: Review and revision of the manuscript.
• Y. Alkhatib: Support in conducting the comparative study of methods.
• I. Neumann: Review and revision of the manuscript.
• H. Alkhatib: Methodological advice and technical expertise, review and revision of the

manuscript.

Publication C

• Main author (B. Mohammadivojdan): Conceptualization and design of the study, ex-
ecution of the experiments, data analysis, writing of the manuscript, and correspondence
during the review process.

• F. Hake: Support in conducting the simulation experiments.
• F. Lorenz: Review and revision of the manuscript.
• J.-O. Bollert: Support in conducting the simulation experiments.
• R. Weiss: Review and revision of the manuscript.
• T. Artz: Review and revision of the manuscript.
• I. Neumann: Review and revision of the manuscript.
• H. Alkhatib: Methodological advice and technical expertise, review and revision of the

manuscript.

Publication D

• Main author (B. Mohammadivojdan): Conceptualization and design of the study, ex-
ecution of the experiments, data analysis, writing of the manuscript, and correspondence
during the review process.

• H. Alkhatib: Methodological advice and technical expertise, review and revision of the
manuscript.

• M. Brockmeyer: Support in developing and implementing the comparison methodology.
• C.-H. Jahn: Review and revision of the manuscript.
• I. Neumann: Methodological advice and technical expertise, review and revision of the

manuscript.

Together, Publications A to D cover the main stages of the proposed pipeline, from preprocessing
and surface modeling to uncertainty analysis and quality assessment. In Chapter 3, the four
publications are summarized, their main contributions are highlighted, and their roles within the
overall pipeline are discussed. For all four publications, the methods are implemented and evaluated
on PSI and MBES datasets, which are introduced in the following section.

1.4 Datasets and Use Cases

This section introduces the primary PSI and MBES datasets used in the cumulative research, which
provide the empirical foundation for developing, testing, and validating the proposed techniques.
The work focuses on two main data types: PSI and MBES bathymetric data. Each of these
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environments represents a distinct measurement context: land surface deformation and underwater
topography. However, both are processed and modeled within a unified pipeline designed for point-
sampled surfaces.

A PC is a collection of spatially distributed points, typically in 3D space, that represent samples
of a physical surface or object. A key distinction in this context lies between 2.5D and 3D PCs.
A dataset is referred to as 2.5D if it can be described as a height field, meaning that for each
horizontal location (x, y), there exists at most one corresponding elevation value z = f(x, y), where
f is a function mapping a 2D location to height (Vosselman & Maas, 2010). This representation
is typical for data acquired from nadir-looking sensors and applies to most DEMs and DBMs. In
contrast, 3D PCs may contain multiple points for a given (x, y) location, capturing features such
as overhangs, vertical structures, and complex surface geometries.

In the context of this work, the PSI datasets are best classified as 2.5D, as they represent surface
displacements over time using sparse, single-valued vertical measurements. The MBES datasets,
while predominantly treated as 2.5D for modeling purposes, originate from full 3D sonar mea-
surements and may locally deviate from the height field assumption due to steep slopes, vertical
structures, or overlapping swaths in complex bathymetric areas.

1.4.1 PSI Data

1.4.1.1 PSI Measurement Principles

To understand the nature of PSI data, it is necessary to trace the development of the underlying
techniques, beginning with radar. Radar, short for radio detection and ranging, refers both to the
technique and the instrument. It emits electromagnetic pulses in the radio or microwave domain
and records the echoes from objects in its line of sight. From the two-way travel time, the range
to the target can be determined, while the intensity of the returned signal provides information
on properties such as size or surface roughness. Radar can operate in a monostatic configuration,
where a single antenna is used for both transmitting and receiving, or in a bistatic configuration
with separate antennas for transmission and reception (Skolnik, 1962; Hanssen, 2001; Moreira et al.,
2013). A major advance came with imaging radar, particularly Side-Looking Airborne Radar
(SLAR) and later SAR. The side-looking geometry allowed continuous mapping of the Earth’s
surface without the ambiguities that would arise from nadir-looking systems. Early instruments
were incoherent and relied on long physical antennas, known as Real Aperture Radar (RAR), which
limited azimuth resolution. The decisive step was the introduction of coherent radar, in which not
only the amplitude but also the phase of the signal is preserved. This enabled the principle of
synthetic aperture processing, where the motion of the platform is exploited to synthetically create
a much larger antenna, combining multiple echoes coherently. First proposed by Wiley (1965)
and further developed in subsequent decades (Curlander & McDonough, 1991), this innovation
improved azimuth resolution by several orders of magnitude and enabled high-resolution radar
imaging from aircraft and satellites. Spaceborne radar missions began with Seasat in 1978, which,
despite operating for only 100 days, demonstrated the remarkable capabilities of SAR for Earth
observation (Elachi et al., 1982; Henderson & Lewis, 1998). The success of Seasat was followed by
the Shuttle Imaging Radar (SIR) missions in the 1980s, which further advanced digital recording
and system design. In a SAR acquisition, the basic imaging geometry is such that SAR sensor
mounted on a satellite illuminates the Earth’s surface with side-looking radar pulses. This covers
a swath extending from near to far range in the range direction and from early to late acquisition
times in the azimuth direction. Each pulse footprint contributes to the synthetic aperture, enabling
high-resolution imaging in the azimuth direction. When two or more co-registered SAR acquisitions
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of the same area are combined, the phase difference can be evaluated interferometrically. This is the
basis of InSAR and explains how repeated acquisitions can be used to estimate surface deformation
(Hanssen, 2001).

PSI extends the principles of InSAR by targeting coherent radar reflections that remain stable across
long observation periods. These Persistent Scatterers (PSs), often buildings, infrastructure, or
exposed rocks, enable the derivation of deformation histories at millimeter precision. By assembling
time series of phase observations from large image stacks, PSI provides both deformation velocities
and temporal evolution of motion at individual PS locations (Crosetto et al., 2016). The method
is inherently opportunistic: deformation can only be estimated where suitable scatterers exist.
PSs are typically sparse in vegetated, snow-covered, or steep areas, while urban environments and
exposed rock surfaces yield dense coverage. Surface changes such as construction, repaving, or
temporary snow can lead to the partial or complete loss of PS (Crosetto et al., 2016). The primary
PSI product is the deformation time series, which offers insight into the kinematics of surface
processes, including phases of quiescence, activation, or acceleration (Crosetto et al., 2016). These
time series are fundamental for linking observed motion to potential driving factors. However,
since they contain one deformation estimate per SAR acquisition, they are highly susceptible to
phase noise and should be interpreted with care. A further limitation is that PSI measures only
the displacement component in the radar Line-of-Sight (LOS). A generic 3D deformation cannot
be fully reconstructed from a single dataset. When both ascending and descending satellite tracks
are available, vertical and east–west horizontal components can be derived, while the north–south
component remains largely inaccessible (Ferretti et al., 2007).

1.4.1.2 PSI Data of Hengstlage

The Hengstlage region in Lower Saxony has been affected by long-term ground motion due to
underground resource extraction and the operation of cavern storage facilities for hydrocarbons and
CO2 (Jahn et al., 2011). These conditions have led to measurable deformation patterns that require
regular geodetic monitoring and motivate updates to the spatial reference system. To assess surface
motion in this area, a combination of geodetic datasets was analyzed. These include vertical and
horizontal velocities from official geodetic benchmarks—amtlichen Festpunktinformationssystem
(AFIS), GNSS time series from the SAPOS® reference stations, leveling data (1988–2008, 106
benchmarks), and PSI observations (2003–2010, 5962 scatterers after preprocessing). Horizontal
velocities were derived from 115 points spanning 1968–2010 (Brockmeyer, 2019). PSI velocities
were retrieved from differential InSAR techniques and supplement sparse leveling and GNSS data
by providing dense spatial coverage, especially in urban and peripheral regions. All velocity data
were assumed uncorrelated. The variance of leveling-derived vertical and horizontal components is
given by:

σ2 = 2 1
α2

t

σ2
0 (1.1)

where σ0 = 3 mm and αt is the temporal baseline between measurements (Brockmeyer, 2019). The
variance of PSI velocities includes an additional term to reflect point instability:

σ2 = 2 1
α2

t

σ2
0 + ∆2

P SI (1.2)

with ∆P SI = 2 mm representing the assumed uncertainty due to temporal decorrelation and pro-
cessing noise. The maximum vertical deformation observed from leveling reached −9.9 mm/year
in the center of the subsiding zone. PSI and leveling data show consistent trends (Fig. 1.3a), while
horizontal motions derived from SAPOS® and GNSS post-processing reveal systematic displace-
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ments (Fig. 1.3b). These datasets are further used for surface-based modeling and validation of
deformation representation methods in Publication D.

(a) Height component

(b) Horizontal component

Figure 1.3: (a) PSI and leveling data (red bars), (b) Data from AFIS (red) and SAPOS® (blue) in
Hengstlage (Brockmeyer (2019); Publication D).

1.4.1.3 PSI Data of Hannover

The second PSI datasets used in this dissertation are based on SAR acquisitions from the Sentinel-1
mission, part of the European Space Agency’s Copernicus Earth observation program (European
Space Agency, 2020). The twin satellites Sentinel-1A (launched in April 2014) and Sentinel-1B



12 1 Introduction

(launched in April 2016) operate in C-band and acquire data in Interferometric Swath mode with a
spatial resolution of approximately 5 m× 20 m and a swath width of 250 km. With both satellites
operating on the same orbit plane, the combined repeat cycle is six days, providing the tempo-
ral density required for interferometric time series analysis. For the case study in Lower Saxony,
covering the area of Hanover and Wunstorf, a PSI product was provided by the Federal Institute
for Geosciences and Natural Resources (BGR). The dataset was generated using the PSI-Wide
Area Product (WAP) processing chain (Kalia et al., 2017) and comprises 138 SAR images acquired
between October 2014 and April 2018. A scene from September 2016 was chosen as the inter-
ferometric master. After processing, the dataset contains approximately 319,000 PS points with
LOS velocity estimates. To mitigate large-scale systematic errors such as residual orbital ramps
or atmospheric effects, the PSI velocities were calibrated against independent GNSS reference sta-
tion measurements. The results are expressed in the LOS direction and, under the assumption of
negligible horizontal motion, projected into the vertical component. While this introduces a lim-
itation for areas with significant horizontal displacements, the available dataset provides a dense
and consistent vertical deformation signal for the region of interest.

Figure 1.4: PSI point distribution over the Hanover region. This dataset is used for deformation
modeling and outlier detection in Publication A.

A critical step in preprocessing of the PSI dataset was the removal of unreliable points through
temporal outlier detection. The quality of individual PS time series can vary due to factors such as
local disturbances, construction activity, or insufficient modeling of atmospheric contributions. To
identify unstable scatterers, the PS time series were first de-trended, and then the residuals were
evaluated for variability. Following the approach of Brockmeyer et al. (2020), scatterers exceeding a
standard deviation threshold of 6 mm in their residual time series were flagged as temporal outliers
and excluded from further analysis. As a result, the dataset used in this dissertation represents
a temporally cleaned PSI product, in which short-term anomalies have been filtered out while
preserving coherent long-term deformation trends. This ensures that the subsequent spatial outlier
detection and surface modeling processes are applied to reliable deformation observations only. The
spatial distribution of the resulting PS points is illustrated in Fig. 1.4. The figure highlights the
clustering of coherent scatterers in urban areas such as Hanover, the occurrence of data gaps in rural
regions, and the pronounced ground motion signal west of Hanover caused by salt mining activities.
This distribution provides the foundation for the deformation modeling and outlier detection steps
conducted in this dissertation.
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1.4.2 MBES Data

1.4.2.1 Acoustic Measurement Principles and Error Sources

Accurate bathymetric mapping in shallow waters requires depth measurements with better than
1 % accuracy relative to the water depth, along with high spatial resolution for detecting small
features1. In contrast, deep-water mapping typically tolerates lower accuracy due to different
scientific or industrial objectives (Lurton, 2010). Today, MBES are the primary technology for
acquiring high-resolution underwater topography (Dineng Zhao et al., 2015). Introduced in the
late 1970s, MBES systems quickly gained widespread adoption in disciplines such as hydrography,
geology, and the offshore industry. They have since evolved into sophisticated instruments for
detailed seafloor mapping (Lurton, 2010).

MBESs expand upon Single Beam Echo Sounder (SBES) systems. While SBES acquires depth at
a single nadir point, MBES emits a fan of acoustic beams that span a wide swath perpendicular
to the vessel’s trajectory, allowing for efficient area-wide coverage (Lurton, 2010). These systems
typically operate with narrow individual beam widths ( 1°) and a broad across-track angle of up
to 150°, though their effective swath width is usually limited to 3–5 times the water depth (Wu
et al., 2021). In very shallow waters (<10–15 m), full seafloor coverage can become challenging
(Gostnell et al., 2006). A significant advancement in recent years is the use of interferometric MBES
systems, which employ phase measurements of the return signal to estimate the angle of arrival.
These systems can achieve swath widths of up to 10–15 times the sensor altitude, substantially
improving coverage in shallow-water applications.

Figure 1.5: Geometry of a MBES system. φ illustrates the longitudinal opening angle and the swath
width is shown by L. The highlighted beam shapes below the vessel illustrate the across-
track beams and their corresponding footprints that cover the seafloor (ϕ = longitudinal
opening angle, L = swath width) (Lu et al., 2010a).

During each transmission and reception cycle (ping), modern MBES systems collect hundreds of
soundings (typically 200 or more) (Wu et al., 2021). The fundamental principle relies on determining
two parameters for each beam: the time-of-flight (t) and the angle of incidence (θ). Assuming a
known sound speed c, the slant range R is computed as R = ct

2 . The corresponding seafloor

1The IHO specifies performance levels based on application types. These range from the most stringent (Special
Order) to Orders 1–3, with periodic updates by a dedicated technical committee.
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coordinates are derived via trigonometry:

y = ct

2 sin θ, z = ct

2 cos θ (1.3)

Figure 1.6: Fundamental time-angle measurement of bathymetry by an MBES system (Lurton,
2010).

The effective resolution of MBES data depends on beam geometry and pulse characteristics. Foot-
print size increases with depth and off-nadir angle, reducing resolution and echo strength at swath
edges. Near-nadir beams produce smaller footprints and stronger returns, resulting in more accu-
rate depths. Range resolution is further influenced by pulse length and bandwidth; shorter pulses
and wider bandwidths yield better echo discrimination.

Detection strategies vary with incidence angle. At low angles, the maximum of the echo envelope
is used to derive depth. At higher angles, phase detection is preferred due to its stability under
weak or grazing returns. The chosen detection method significantly impacts sounding accuracy.

To ensure correct georeferencing and precise depth computation, MBES measurements must be
corrected using data from several ancillary systems (Lurton, 2003):

• Positioning system: Typically a GNSS-based solution (preferably in Precise Differential
Global Positioning System (PDGPS) or Real Time Kinematic (RTK)) to determine the ves-
sel’s absolute position.

• Motion sensor unit: Provides real-time measurements of ship motion (roll, pitch, heave,
and heading) to correct beam orientations and vertical displacements.

• Sound Velocity Profile (SVP): Used to correct refraction along the acoustic paths from
transducer to seafloor. SVPs are typically obtained from water column probes or towed
sensors.

• Near-array sound speed: Measured using on board velocimeters or thermometers near
the transducer to improve beamforming accuracy.

Depth measurements are affected by both systematic and random errors, primarily stemming from
uncertainties in time and angle estimation. Systematic errors, or biases, arise from stable and
predictable sources, such as sensor misalignment or consistent refraction due to a permanent sound
speed profile. Random fluctuations, on the other hand, result from environmental noise, vessel mo-
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tion, or the varying acoustic properties of the seafloor. Accurate bathymetry depends on minimizing
and accounting for various error sources (Hare, 1995; Lurton, 2010; Wu et al., 2021):

• Acoustic measurement noise: Affected by signal-to-noise ratio, pulse type, and seafloor
characteristics.

• Platform motion: Roll, pitch, yaw, and heave can distort swath geometry. Real-time motion
compensation is critical to avoid positional offsets.

• Sound velocity errors: Incorrect SVP data introduce refraction-related biases, especially
at outer beams.

• Installation errors: Misalignment of transducer or receiver arrays causes systematic angular
offsets.

• Synchronization errors: Latency between sensors (GNSS, Motion Reference Unit (MRU),
sonar) can lead to misregistration of pings in space and time.

Measurement uncertainties in any MBES system are expected to range between 5–10 cm and may
exceed 30 cm, depending on survey depth and conditions (Lucieer et al., 2016; Fonseca & Mayer,
2007). Because many hydrographers rely heavily on outer-beam soundings, the effective uncertainty
in practice can surpass these values. In shallow water environments (<50 m), residual depth errors
often correspond to about 1–2 % of the measured depth (Vásquez et al., 2007).

To estimate the uncertainty of measured soundings, a TPU model is necessary. This forward mod-
eling strategy propagates known instrumental and environmental uncertainties to obtain predicted
horizontal and vertical uncertainty estimates per sounding point (Hare, 1995). The Total Vertical
Uncertainty (TVU) and Total Horizontal Uncertainty (THU) components are typically calculated
separately, allowing quality assessment of each measured depth.

1.4.2.2 Kiel Canal Survey Data

The Kiel Canal is a man-made waterway in northern Germany. The test area comprises flat sections
and zones with small sediment dunes. The bed consists of rock, silt, and gravel. Boundaries include
stone-armored banks under bridges and sand banks, with outer margins locally enclosed by vertical
sheet piling. Water depth in the test area reaches up to about 13 m.

The German Federal Waterways and Shipping Administration (WSV) conducted the measurements
in 2019 through the responsible Elbe-North Sea (Tönning) Waterways and Shipping Office (WSA).
A 300 m swath was selected as test data (Fig. 1.7). A 100 m segment is visualized in Fig. 1.9.

The survey vessel Uwe Jens Lornsen (UJL) (Fig. 1.8) is operated by the WSA. Built in 1993, it is
used for monitoring and depth surveying of navigation channels, structures, harbors, and dredging
areas. The survey vessel UJL employed a dual-head Kongsberg EM2040C MBES (Kongsberg
Maritime AS, Rev. C, 2013) (Kongsberg Maritime, 2013). The system comprises:

• Dual-head Kongsberg EM2040C MBES with two permanently installed transducers. Heads
are oriented port (Back Board side (BB)) and starboard (Star Board side (STB)), each tilted
37◦ relative to the vessel baseline.

• Integrated positioning and orientation: PDGPS with a Seapath 330+ Inertial Navigation
System (INS) and an MRU 5+.
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• Auxiliary SBES at nadir for central depth at multiple frequencies. This sensor is not used for
computing bathymetry.

Figure 1.7: Survey area of the Kiel Canal. The 300 m measurement swath is used as test data
(Publication C).

Figure 1.8: Survey vessel UJL (WSA, 2023).

Data were collected in equal-angular mode, producing 256 beams per ping. Near the vessel’s nadir,
the across-track spacing was about 0.06 m, increasing to about 0.4 m at the swath edges. Along-
track spacing between pings averaged 0.35 m, given vessel speed and sampling rate. The resulting
point density was approximately 45 pts/m2 close to nadir and decreased to about 15 pts/m2

toward the outer swath. These acquisition characteristics provided a heterogeneous distribution of
measurement geometry and density, which was particularly suited for evaluating modeling strategies
and uncertainty effects.

The 2019 Kiel Canal campaign underpins two studies in this dissertation. A 100 m segment of the
raw PC, shown in Fig. 1.9, was used for automatic outlier detection and surface-based modeling
in Publication B. The same campaign also supported the uncertainty-driven modeling study in
Publication C, where measurement uncertainty was explicitly modeled and integrated in the surface
estimation.



1 Introduction 17

Figure 1.9: A 100 m segment of MBES PC from the Kiel Canal, acquired by WSV. This segment is
used for outlier detection and surface modeling (Publication B).

1.4.2.3 MBES Simulated data

The uncertainty-driven modeling in Publication C uses a simulated MBES dataset to enable vali-
dation against known ground truth. A synthetic seabed surface is defined analytically using prede-
fined hierarchical B-spline functions (i.e., MBA) and exported as a dense PC with 0.01 m spacing
(Fig. 1.10). The surface covers 80 m by 20 m with a total relief of 8 m vertically. MBES mea-
surements are simulated by ray tracing a fan of beams (120° field of view) from four parallel vessel
trajectories that are spaced 20 m apart and located about 12 m above the surface. This creates
overlap between swaths. To avoid discretization artifacts from meshing, intersection points are
projected back onto the analytic surface by recomputing the height from the underlying B-spline
functions at the intersected planimetric coordinates. Measurement uncertainty is then added by
Monte-Carlo (MC) forward modeling (1,000 realizations per point), yielding per-point uncertainty
estimates that are later used for uncertainty-based weighting in surface adjustment.

Figure 1.10: Simulated geometry as a PC. The points are color-coded by the height in meters (Pub-
lication C).
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1.5 Structure of the Thesis

Having outlined the motivation, research questions, publications, and data sources, the thesis is
organized in five chapters that follow the stages of the processing pipeline for point-sampled surfaces,
from motivation and data description to methodological integration and publication of the original
studies.

• Chapter 1 introduces the application context, outlines the motivation (Section 1.1) and re-
search (Section 1.2) questions, and summarizes the original publications (Section 1.3) and
datasets used in this work (Section 1.4). It defines the overall processing pipeline and its use
cases for PSI and MBES data.

• Chapter 2 reviews the state of the art in methods for processing point-sampled surfaces. It
is structured along the main components of the pipeline: outlier detection in spatial PCs
(Section 2.1), surface-based approximation techniques with an emphasis on B-spline and
multilevel B-spline approaches (Section 2.2), and model quality assessment (Section 2.3).

• Chapter 3 summarizes and integrates the methodological contributions from the individual
publications into a coherent processing pipeline. The chapter is organized by pipeline stage,
covering data cleaning and outlier detection (Section 3.1), surface modeling with MBA (Sec-
tion 3.2), and uncertainty quantification (Section 3.3), and shows how the individual studies
address the research questions and complement each other.

• Chapter 4 concludes the thesis by summarizing the main findings, revisiting the research
questions, and discussing perspectives for future research on robust surface modeling and
uncertainty analysis for geospatial PCs.

• Chapter 5 provides an overview of additional publications by the author that are related to
the topic of this dissertation but are not included as core papers in the cumulative thesis.

• Chapter 6 reproduces the original publications that underpin this cumulative dissertation in
their published or accepted form. They provide the detailed algorithms, experiments, and
case studies that support the synthesis presented in the preceding chapters.

Fig. 1.2 and Table 3.1 summarize how the research questions in Section 1.2 and the original pub-
lications in Section 1.3 relate to the processing stages reviewed in Chapter 2 and integrated in
Chapter 3.
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In this section, the state of the art in methods for processing point-sampled surfaces is reviewed
with a focus on geodetic and hydrographic applications. The discussion follows the main stages
of the processing pipeline developed in this thesis: outlier detection, main surface modeling, and
quality assessment. Outlier detection aims to identify observations that are inconsistent with an
assumed surface model or with the bulk of the data. Main surface modeling constructs a continuous
representation of the underlying surface from the cleaned measurements. Quality assessment then
characterizes the reliability and uncertainty of the resulting models. The following subsections
summarize the most relevant approaches for each of these components.

2.1 Outlier Detection

2.1.1 General Principles

Accurate surface modeling requires reliable input data. Nonetheless, geodetic and geospatial mea-
surements are often contaminated by a variety of uncertainties, which are generally categorized
as random, systematic, or outliers. Random Deviations, or noise, are an inherent aspect of any
measurement process. Measurement noise typically originates from limitations present in sensors
utilized during measurement. These phenomena can often be modeled statistically, based on the
known characteristics of the sensors. Systematic Deviations originate from consistent biases in-
troduced during data acquisition. Such biases may include calibration issues, instrument drift, or
flaws in survey geometry. These uncertainties are generally mitigated through the implementation
of enhanced calibration procedures or survey design. Outliers, also known as anomalies or abnor-
malities, are data points that deviate significantly from an expected model. As stated by Hawkins
(1980), an outlier is defined as “an observation that deviates so much from other observations as to
arouse suspicions that it was generated by a different mechanism.” Such deviations are frequently
attributed to irregularities in the data-generating process and may contain significant information
regarding measurement failures or environmental anomalies. Consequently, their identification is
imperative for ensuring the accuracy of the model and facilitating domain-specific interpretation.
The conventional methodologies employed for outlier detection generally yield either continuous
scores or binary classifications. Score-based methods assign a degree of “outlierness” to each obser-
vation, while binary methods directly label points as inliers or outliers. Depending on the analysis
objective, thresholds can be applied to scores to obtain classifications (Aggarwal, 2017). Assuming
that systematic deviations have been mitigated, it is possible to place each observation along a
spectrum ranging from normal to noisy to anomalous (see Fig. 2.1). The distinction between noise
and anomalies is application-dependent: anomalies generally produce higher scores, but not all
high-scoring points represent meaningful deviations. The interpretability and contextual feedback,
when available, play a central role in refining this distinction. For instance, as is also common in
the field of geodesy, if the distribution of data is known or assumed to be normally distributed,
then it can be assumed that observations deviating more than 3σ from the mean are considered
to be outliers. Building on these conceptual distinctions, the majority of algorithms are designed
to model the standard structure of a dataset and assign outlier scores based on the extent to
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Figure 2.1: Conceptual view of observation deviation scores (Aggarwal, 2017).

which individual observations deviate from it. The efficacy of these methods depends on the ap-
propriateness of the underlying model. An overly simplified model may fail to account for relevant
anomalies, while an excessively complex model may incorporate outliers into the structure it seeks
to describe. The classification of outlier detection approaches is typically based on the extent of
supervision provided. Supervised methods rely on the existence of labeled examples of both normal
and anomalous data. Semi-supervised methods assume access to only normal data and attempt
to learn a model of regularity. Unsupervised methods, which are predominant in geospatial and
geodetic contexts, function without the utilization of labeled data. These methods rely on internal
assumptions regarding structure or proximity.

The selection of a model in unsupervised settings is contingent upon domain knowledge. Inter-
pretable and efficient models demonstrate superior generalization capabilities and exhibit greater
robustness to noise or unidentified anomalies. While outlier detection shares conceptual ties with
classification, its distinguishing features are its unsupervised nature and task-specific ambiguity.
In the following, we build on these general principles and distinguish between instance-based and
model-based approaches to outlier detection.

2.1.2 Instance-Based vs. Model-Based Approaches

A fundamental distinction is made between instance-based and model-based approaches (Ag-
garwal, 2017). Instance-based methods, also referred to as diagnostic methods, are decision-making
processes that are informed by the local relationships that exist among individual observations.
Conversely, Model-based methods construct an explicit representation of the underlying data struc-
ture and evaluate deviations with respect to this model.

Instance-Based Methods: Commonly used instance-based methods include statistical, distance-
based, density-based, and clustering-based techniques. Their flexibility and nonparametric nature
characterizes these models; however, they are frequently susceptible to issues related to data sparsity
and high-dimensional effects.

• Clustering-based methods: Outliers are defined as data points that do not belong to any
existing cluster (Jain et al., 1999; Sotoodeh, 2007).

• Distance-based methods: These assumptions are based on the premise that outliers exhibit
substantially greater distances from their k nearest neighbors in comparison to the typical
points (Knorr et al., 2000; Shen et al., 2011).
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• Density-based methods: Algorithms such as Local Outlier Factor (LOF) (Breunig et al.,
2000) and Local Correlation Integral (LOCI) (Papadimitriou et al., 2003) identify outliers as
low-density observations relative to their neighbors.

Despite their apparent intuitiveness, instance-based methods necessitate meticulous parameter tun-
ing and can become computationally demanding, particularly when dealing with substantial or
high-dimensional datasets. In regions characterized by sparsity, these systems may encounter dif-
ficulties in differentiating meaningful structural variation from true anomalies.

Model-Based Methods: The implementation of model-based methods necessitates the construc-
tion of a model that captures anticipated behaviors, against which deviations are subsequently
measured. These processes frequently adhere to a two-step sequence: The first step involves the
modeling of the expected structure (e.g., via regression or surface fitting). The second step entails
assigning scores based on residuals or fit deviation. A key limitation is that the same data are often
used for both model training and scoring, making it difficult to isolate the test instance from the
model construction. Model-based approaches naturally connect to surface-based outlier detection
in geospatial datasets, where the model represents an underlying terrain or bathymetric surface.

A more exhaustive overview of fundamentals concerning outlier detection can be found in clas-
sical statistical literature, including the works of Barnett & Lewis (1984), Hawkins (1980), and
Rousseeuw (1987). As the field has expanded to incorporate perspectives from machine learning,
database systems, and high-dimensional analysis, comprehensive surveys such as Chandola et al.
(2009) and Aggarwal (2017) offer broad overviews of the taxonomy, challenges, and application
domains. These general frameworks form the basis for the spatial and surface-based approaches
discussed in the next subsection.

2.1.3 Outlier Detection in PCs

Building on these general frameworks, the applications of interest in this dissertation focus on PCs,
more specifically those sampled from underlying physical surfaces, as commonly encountered in to-
pographic and bathymetric studies. In such contexts, data points represent physical measurements
taken over space, and are assumed to be realizations of an underlying spatial geometry. A critical
factor in the selection of an appropriate outlier detection method for geospatial data is the consid-
eration of spatial correlation, a fundamental property of spatial phenomena. As Tobler (1970)
articulated, “Everything is related to everything else, but near things are more related than distant
things.” This principle suggests that observations made in close spatial proximity are expected to
demonstrate similar behaviors, and any deviations from this pattern may serve as potential in-
dicators of spatial outliers. The objective of spatial outlier detection is to identify abrupt local
deviations in a behavioral attribute that violate the expected pattern of spatial autocorrelation.
The assessment of these deviations is typically accomplished through the analysis of attribute vari-
ations within a local neighborhood. The concept of spatial proximity can be defined through the
application of multidimensional distance metrics or graph-based connectivity structures, contingent
upon the inherent characteristics of the data being analyzed.

Classical approaches have addressed this problem through global statistical assessments, visual
methods, and localized testing. For instance, deviations from global distributional assumptions
may be evaluated using moments or thresholds (Colin Ware et al., 1991; Herlihy et al., 1992),
while graphical tools such as scatterplots or variograms provide exploratory insight into spatial
irregularities (Haslett et al., 1991; Pannatier, 2012). Quantitative statistical tests, such as those
proposed by Haining (1993) and Anselin (1995), use spatial autocorrelation measures like Moran’s
index (Moran, 1950) to identify local anomalies. Subsequent advancements in the field increasingly
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incorporated spatial structure to facilitate detection. Du et al. (1996) introduced an adaptive
neighborhood selection method based on clustering that is designed to emulate the way a human
analyst makes decisions. Similarly, swath-level filtering strategies (Lirakis & Bongiovanni, 2000)
employ spatial consistency checks sequentially across transects in bathymetric data.

A significant development in this field was the incorporation of surface modeling into the detec-
tion process. Regression modeling, a parametric form of correlation analysis (Rousseeuw, 1987),
enables the estimation of an underlying surface against which deviations can be measured. These
surface-based approaches, as previously outlined by Le Deunf et al. (2020), capitalize on the ge-
ometric structure of geospatial data, conceptualizing outliers as points that deviate substantially
from a modeled surface. A variety of implementations exist, including local planes, polynomial
approximations, splines, or trend surfaces (Debese & Bisquay, 1999a; Bottelier et al., 2005). The
effectiveness of these methods depends heavily on the choice and quality of the surface model. A
fundamental distinction exists between local and global models. Local models, such as moving
polynomials or splines (Lu et al., 2010a; Debese et al., 2012), are highly responsive to spatial vari-
ability; however, they may also be overly sensitive to small clusters of outliers. Global models,
including coarse-to-fine B-spline surfaces (Publication A) or Kriging-based interpolants (Bottelier
et al., 2005), offer enhanced stability and global coherence. However, these models may encounter
challenges with local complexity or sparse sampling.

The majority of surface-fitting techniques depend on LS optimization, a process that is inherently
susceptible to outliers. In order to address this limitation, robust estimators have been adopted
to reduce the influence of extreme deviations during surface fitting (Debese et al., 1998; Debese
& Bisquay, 1999b; Bottelier et al., 2005; Debese et al., 2012; Arnold & Shaw, 1993; Huang et al.,
2020; Lorenz et al., 2021; Mohammadivojdan et al., 2021). However, existing implementations often
require careful parameter tuning and substantial manual quality control to ensure consistent and
reproducible results.

A notable implementation is presented by Debese et al. (2012), who developed a robust and adaptive
framework for outlier detection in MBES data. Their methodology integrates Tukey’s Iterated
Re-weighted Least Squares (IRLS) estimator within a quadtree-based spatial decomposition, which
allows the local polynomial fitting kernel to adapt to the scale and complexity of seabed morphology.
This hierarchical structure, in conjunction with robust statistical weighting and the use of multi-
swath information, facilitates the separation of valid soundings from outliers while preserving key
bathymetric features. The approach offers several strengths, including spatial adaptivity, robustness
against moderate noise levels, and applicability in both shallow and deep-water settings. At the
same time, it relies on piecewise polynomial models defined per quadtree cell, empirical thresholds
for scale, noise, and cluster size, and a classification map that still requires operator inspection.
As a result, its performance and reproducibility depend on survey-specific parameter tuning and
manual intervention, and the handling of heavily contaminated data or complex clustered outliers
remains challenging.

The method introduced in Publication B builds on the same basic idea of combining multiscale
modeling with robust estimation, but it is designed to address these limitations. Instead of fitting
independent local polynomials within a quadtree, the approach employs a hierarchical B-spline
surface model that provides a continuous, analytically defined geometry over the full area. This
global multilevel representation enables a consistent description of seabed morphology across scales
and reduces border effects between neighboring regions. In contrast to the fixed robust kernel
applied in Debese et al. (2012), the approach in Publication B formulates the estimation in a
contamination framework and uses an iterative M-estimation scheme that re-estimates both surface
parameters and robust weights at each refinement level. This improves resistance to high outlier
ratios and clustered deviations, and stabilizes convergence toward a representative surface in the
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presence of irregular point densities and complex geometry. Furthermore, the multiresolution B-
spline formulation and statistically motivated robustness parameters support a highly automated
workflow that requires only limited and well-defined manual tuning, which is essential for scalable
and repeatable processing of large or virtually endless MBES datasets.

Recent work has begun exploring learning-based methods for automatically cleaning surface-based
geodetic datasets. For MBES bathymetry, Stephens et al. (2020) train a 3D convolutional neural
network to denoise voxelized MBES PCs by classifying voxels as seabed or noise. In other words,
they reject all soundings that do not represent the seafloor without distinguishing between specific
error mechanisms. Building on this idea, Long et al. (2023) formulate outlier removal as a point-
wise classification problem. They construct a deep network trained on synthetic and real data,
including characteristic outlier geometries such as isolated outliers, structured groups, erroneous
pings, and sidelobe artifacts. This demonstrates robust performance for both isolated and clus-
tered outliers across different marine environments. In the PSI domain, Aguiar et al. (2021) use
convolutional neural networks to classify persistent scatterers as inliers, outliers, or low-coherence
candidates based on multi-temporal InSAR parameters and features from neighboring scatterers.
They demonstrate that local spatiotemporal patterns can effectively be exploited for multivariate
outlier detection, though their models are tied to the deformation patterns observed during train-
ing. Overall, these learning-based approaches demonstrate that deep models can minimize manual
cleaning efforts and capture complex, data-driven noise structures. However, they rely on repre-
sentative, labeled training data and lack explicit uncertainty measures and transparent decision
criteria. In contrast, robust surface-based approaches, such as least-trimmed-squares bathymetric
surface fitting (Lu et al., 2010b) and hierarchical B-spline models with iterative robust estimation
(Publication C), operate without labeled data. These approaches detect both isolated and spatially
coherent outliers via residuals to an explicit surface model and can be naturally linked to stochastic
models. This facilitates their integration into quality-control workflows.

The methodologies previously discussed provide a comprehensive foundation for detecting anomalies
in both general and geospatial datasets. Nonetheless, the particular characteristics of spatial PCs,
such as those derived from MBES or PSI, pose unique challenges that these general approaches do
not fully address. In this dissertation, the aforementioned challenges are addressed by developing
and applying robust, surface-based detection frameworks that integrate geometric continuity and
spatial correlation, as demonstrated in Publication B and Publication C.

In the next subsection, we review the main surface modeling approaches that provide the geometric
backbone for these detection frameworks and for the subsequent quality assessment.

2.2 Surface-Based Approximation Techniques

After discussing outlier detection, we will now turn to surface-based approximation techniques that
model the underlying geometry of point-sampled surfaces. A PC is defined as a set of spatially
distributed data points, which are typically acquired through 3D sensing technologies such as
LiDAR, MBES, InSAR, or photogrammetry. As indicated in the work of Vosselman & Maas (2010),
each point is usually associated with a set of spatial coordinates (X, Y, Z), and it may also encompass
auxiliary attributes such as intensity, timestamp, or measurement uncertainty. PCs are inherently
discrete and lack explicit information about topological connectivity. Consequently, identifying
the underlying spatial structure is imperative. Surface-based modeling not only facilitates the
geometric interpretation and visualization of the data from multiple perspectives. It also enables
quantitative analysis, such as monitoring temporal changes or conducting statistical hypothesis
testing on surface evolution.
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The objective of modeling PCs centers on estimating a mathematical surface or function that can
adequately represent a set of non-uniform and frequently non-homogeneous observations. This
challenge is encountered across a wide range of scientific and engineering domains where data
are collected pointwise. Such data may originate from physical measurements, experimental ob-
servations, or computational simulations (Franke & Nielson, 1991). Applications include geodesy,
geology, meteorology, oceanography, cartography, mining, reverse engineering, computer graphics,
and computer vision, among others (Lee et al., 1995).

The dimensionality of a PC and the corresponding modeling task vary across applications and
measurement systems. In applications such as LiDAR, MBES, or photogrammetry-based surveys,
PCs often represent fully 3D structures with spatial variation in all three coordinates (X, Y, Z) (e.g.,
Publication B, Publication C). In numerous geodetic and geospatial contexts, however, the problem
is more appropriately characterized as 2.5D. In this setting, each point is defined by two spatial
coordinates (X, Y), while the third dimension (Z) represents a functional or stochastic variable. In
essence, the surface is modeled as a function over a 2D domain, with Z denoting elevation, depth,
or displacement. This structure is common in DEMs, DBMs, and displacement fields derived from
GNSS or InSAR observations (e.g., Publication A). This particular type of dataset is often referred
to as scattered data. The manner in which the problem is modeled, namely, whether it is represented
as 2.5D or full 3D, exerts a significant influence on the selection of approximation techniques, the
computational load, and the formulation of uncertainty models. Despite the development of various
methods to address this issue across different fields, spatial data approximation remains challenging
and computationally intensive. The primary challenge lies in the fact that many of the available
approaches are characterized by limitations in terms of smoothness, time complexity, or allowable
data distributions (Franke & Nielson, 1991; Lee et al., 1997).

Surface approximation methods are often used in either a deterministic or a stochastic form. De-
terministic models mainly target the trend by fitting an explicit surface function, while stochastic
methods rely on spatial correlation to predict values and their uncertainty (Publication D; Pub-
lication A). It should be noted that this classification refers to the surface representation, not to
the stochastic model used in the parameter estimation. Many deterministic surface models are
still estimated within a Gauss-Markov Model (GMM) adjustment and can incorporate stochastic
information through a weight matrix derived from the observation variances, and, if available, from
a full variance-covariance matrix (Publication C).

From a purely technical perspective, the issue is ill-posed. Given the presence of an observed set
of discrete points, the existence of an infinite number of solutions to the underlying continuous
surface is possible. The challenges become even more severe when considering the characteristics
of real data, such as noise and non-uniform distribution. This data may contain outliers and/or
be incomplete in certain areas. Collectively, these issues pose the classical problem of surface
reconstruction from PCs as a long-standing challenge that has continuously drawn the attention and
efforts of the research community. A multitude of methodologies have been developed for surface
reconstruction from PCs. These methodologies have been reviewed in the following sources: Bolle
& Vemuri (1991); Lim & Haron (2014); Berger et al. (2017); You et al. (2020); Huang et al. (2022).

A common approach to surface reconstruction from scattered data is based on the weighted con-
tribution of observations around the desired location. This strategy involves computing the value
of a function at a specified position as a weighted sum of known observations. This class of meth-
ods includes inverse distance weighting, Shepard’s method, and its variants. Thorough reviews of
initial studies in this field can be found in the works of Barnhill (1977), Franke & Nielson (1991),
and Schumaker (1976).

One of the earliest and most widely employed techniques is Shepard’s method (Shepard, 1968),
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which generates a C0-continuous interpolation surface by using weights that decrease inversely
with the distance from the interpolation point. Although Shepard’s method is characterized by its
simplicity and intuitiveness, it has limitations. A key drawback is that all data points influence
every query point, which can result in a surface that exhibits flattened behavior near observations.
Additionally, adding or subtracting even a single point substantially impacts the entire interpolation
field, making it computationally inefficient for large datasets (Patane, 2016). Modified versions,
including the quadratic Shepard method, have addressed some of these issues and produce C1-
continuous surfaces (Franke & Nielson, 1980).

Another well-established approach is based on geometric constructions, such as triangulations. The
Triangulated Irregular Network (TIN) is a common example, where a Delaunay triangulation is
constructed from the input point set, and interpolation is performed piecewise linearly over each
triangle. This method is employed to generate a C0-continuous surface in a variety of disciplines,
including terrain modeling, computer graphics, and Geographic Information System (GIS) appli-
cations. Its popularity stems from its simplicity and computational efficiency. However, methods
based on the TIN do not offer smooth derivatives, and the resulting surface can appear faceted
or jagged, especially in areas with sparse data. Despite these limitations, Delaunay triangulation
remains a standard approach in many surface modeling pipelines, particularly where derivative
continuity is not required (Patane, 2016). For a more thorough examination of this topic, please
refer to the work of Cazals & Giesen (2006).

An alternative approach involves constructing the surface as a linear combination of radially sym-
metric basis functions centered at the data points. Radial Basis Function (RBF) methods, exempli-
fied by Hardy’s multiquadric interpolation (Hardy, 1971), and referenced in Hoschek et al. (1993),
have been extensively adopted in geodetic and geographics applications. While these methods
can generate smooth and accurate surfaces, they necessitate the resolution of a complex system
of equations, rendering them computationally intensive for substantial datasets. These methods
typically solve a dense system of equations to determine the unknown coefficients, making them
computationally intensive for large datasets. Additionally, RBFs can be utilized in implicit surface
modeling, wherein the surface is defined as a level set of a scalar field that is approximated from
the data. This approach enables a flexible and continuous surface representation; however, it comes
at the expense of increased computational complexity (Hoschek et al., 1993).

The Moving Least Squares (MLS) method (Lancaster & Salkauskas, 1981) addresses some of the
global influence issues in Shepard and RBF interpolation. The methodology entails the implemen-
tation of a local polynomial fit to each query point neighborhood, with distance-based weights,
thereby yielding surfaces that are smooth and locally controlled. Nonetheless, the efficacy of the
method is contingent upon the selection of neighborhood size and weighting function. Furthermore,
an increase in computational cost is observed in proportion to the complexity of the neighborhood
(Patane, 2016). Robust MLS variants employ forward search to categorize neighborhoods into
outlier-free smooth regions, thereby facilitating piecewise smooth surface reconstruction and pre-
serving sharp features (Fleishman et al., 2005). This enhancement, however, comes at the cost of
increased computational expense and the potential misclassification of smooth regions as features
when the sampling density or signal-to-noise ratio is inadequate. The methods above are typically
formulated without an explicit covariance model. When spatial correlation and prediction uncer-
tainty must be modeled directly, covariance-based predictors such as Kriging and LS collocation
are commonly used.

In a multitude of interpolation tasks, it is imperative to consider the spatial correlation between
measurements. Explicitly modeling this correlation through methods such as Kriging (Wackernagel,
2003; Goovaerts, 1997) overcomes the limitations of methods that treat observations as independent.

1Cn-continuous with n = 0, 1, ..., n means that the function is n times differentiable.
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The term "kriging" originated in the field of geostatistics and has since gained wide application in
the environmental and geospatial sciences. It estimates values at unsampled locations as weighted
combinations of observations, with the weights derived from a covariance model. This approach
incorporates both the measurement uncertainties and their spatial structure, producing an optimal
estimate under specified statistical assumptions, along with a corresponding variance as a measure
of reliability. The primary disadvantage is the computational expense, since solving the required
system of equations scales poorly with large datasets. The efficacy of the performance can be
enhanced by confining computations to the proximate neighbors through the utilization of spatial
search structures, such as kd-trees.

In the field of geodesy, the LS collocation with an empirically determined correlation function is a
widely utilized method for computing velocity fields (Straub, 1996; Peter, 2000; Drewes & Heidbach,
2005). As with kriging, collocation provides pointwise estimates and is based on the assumption of
data homogeneity. To ensure the reliability of the results, it is imperative to remove any systematic
trend present in the data before the application of the method. It is assumed that there is spatial
correlation among the data points, meaning neighboring points behave similarly. However, this
may not always be the case, especially in areas with complex or discontinuous spatial patterns. In
addition to these pointwise interpolation and collocation methods, free-form spline surfaces play a
central role in approximating complex geometries from PCs.

The utilization of techniques based on free-form surfaces facilitates the transition from discrete point
samples to continuous surface representations. These surfaces offer a compact and flexible approach
to modeling complex geometries. In the field of Computer-Aided Geometric Design (CAGD),
the B-spline, Bézier, and NURBS (Piegl & Tiller, 1997) methods are recognized as foundational
tools. However, it should be noted that these methods were initially developed for constructive
modeling purposes, rather than for the purpose of approximating measured data (Nuckelt, 2007). In
recent decades, however, free-form surface techniques have become increasingly important in reverse
engineering applications (Raja & Fernandes, 2008). Reverse engineering serves as a methodological
bridge between geodesy and CAGD (Herrmann & Möser, 2008). The utilization of free-form curves
and surfaces establishes a cohesive mathematical framework capable of describing a wide range of
shapes. The associated algorithms are generally characterized by their rapid processing speed and
numerical stability, thereby facilitating the execution of data processing operations in near real-
time (Harmening, 2020). The broad range of applications of these methods is indicative of their
versatility. These methods have been employed in a variety of settings, including the construction
of engineered structures such as bridges (Paffenholz & Wujanz, 2019) and architectural landmarks
like basilicas (Oreni et al., 2014), as well as natural forms including leaves (Harmening & Neuner,
2015), trees (Pfeifer & Winterhalder, 2004), and railway tracks (Bureick et al., 2019).

One of the earliest computational approaches in this field was proposed by Cox (1971), who applied
an LS method to fit spline surfaces to observed data. This approach, which remains in wide use at
present, seeks to minimize the L2 norm between the observations and the parametric surface. The
objective is to estimate a set of parameters, or control points, that define the underlying function
using spline basis functions. The approximation process involves computing the pseudoinverse
of a matrix composed of B-spline basis function evaluations. This operation is computationally
expensive, especially when dealing with large datasets and models that have numerous control
points. The cost of matrix inversion increases exponentially with the number of observations and
parameters, which limits the method’s practical applicability to large-scale problems.

The B-spline surface approximation can be challenging when the model, parameterization strategy,
or data characteristics, such as noise, irregular sampling, or data gaps, affect the system’s numeri-
cal stability. A common issue arises when certain basis functions have no data points within their
support. In such cases, the resulting design matrix is found to lack full row rank, and consequently,
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a pure LS solution cannot be computed. To address this issue, the minimization functional is
frequently extended with a smoothness term to regularize the solution (Nowacki et al., 1998). De-
spite the assumption of linear independence of basis functions and the avoidance of data gaps, the
non-uniform density characteristic of real-world PCs can impede the efficacy of global approxima-
tion strategies. It has been demonstrated that irregular sampling has the potential to compromise
the quality of approximations and introduce numerical instability (Bracco et al., 2018). These ef-
fects frequently necessitate local refinement or adaptive modeling techniques to ensure robust and
accurate surface reconstruction.

The hierarchical B-spline refinement framework was first proposed by Forsey & Bartels (1992),
who introduced an approximation technique based on a control lattice hierarchy (Forsey & Bartels,
1995). The interpolation process is executed sequentially, from the coarsest to the finest level,
thereby progressively enhancing the approximation. However, this approach is predicated on the
assumption of a regular data distribution, which renders it ill-suited for data that is scattered or
sampled irregularly. To address this limitation, Lee et al. (1997) developed the MBA method,
which extends the hierarchical concept to irregular data in a computationally efficient manner.
MBA leverages the compact support of B-spline basis functions. Each basis function influences
only a subset of the data, and each data point is affected by a limited number of coefficients.
The surface is constructed level by level, and the coefficients at each level are computed explicitly.
MBA is typically implemented in an adaptive setting, thereby yielding a multi-resolution surface
representation.

However, in regions with sparse data, deeper refinement levels may lead to overfitting when mod-
eling noise instead of the underlying surface. A range of local refinement strategies has been
developed to circumvent the inefficiencies associated with global refinement, particularly in regions
where high resolution is not necessary. These approaches enable a spatially adaptive representation,
thereby allowing models to capture fine detail only where necessary without increasing complexity
across the entire surface (Skytt et al., 2017). A number of noteworthy techniques have been iden-
tified, including Truncated Hierarchical B-splines (THB-splines) (Giannelli et al., 2012), Locally
Refined B-splines (LR B-splines) (Skytt et al., 2017; Patrizi et al., 2020), Polynomial splines over
T-meshes (PHT-splines) (Li et al., 2010; Schumaker & Wang, 2012), and Analysis-suitable T-splines
(Sederberg et al., 2003; Li et al., 2012; Scott et al., 2012).

Building on these advances, recent work has explored the integration of local refinement with mul-
tilevel approximation. For instance, Patane (2016) integrated the MBA framework with locally re-
fined B-spline, yielding the Locally Refined MBA (LR-MBA). This approach inherits the efficiency
of the multilevel scheme while adapting flexibly to heterogeneous data density. Similarly, Kermar-
rec & Morgenstern (2022) proposed a Multilevel Truncated splines (T-splines) approximation by
integrating the hierarchical structure of MBA with the local refinement capabilities of T-splines.
These hybrid methods offer promising pathways for scalable and adaptive surface modeling in com-
plex and irregular data settings. Although locally refined spline methods, such as LR B-splines,
THB-splines, and T-splines, offer advanced flexibility through adaptive resolution, they also in-
troduce several known limitations. These include increased implementation complexity, higher
memory usage, and more elaborate refinement tracking structures (Skytt et al., 2017). In scenarios
where large datasets or high-resolution modeling are required, these factors can impede computa-
tional efficiency and scalability. Additionally, irregular data distributions and sparse regions can
complicate the decision-making process during refinement, potentially resulting in suboptimal sur-
face representation, as evidenced by studies conducted by Skytt et al. (2017) and Kermarrec &
Morgenstern (2022). Conversely, the fundamental form of the MBA employs a simple hierarchical
structure, utilizes explicit coefficient computation, and circumvents the overhead associated with
managing complex mesh structures. In light of these characteristics, the MBA remains a practical
and effective alternative for the approximation of scattered data, especially when robustness and



28 2 State of the Art

computational efficiency are paramount.

In recent years, deep learning-based approaches have become a prominent research direction for sur-
face reconstruction from PCs (Huang et al., 2022). In this literature, “reconstruction” usually refers
to estimating either an explicit surface representation (for example, a polygon mesh) or an implicit
field whose zero-level set defines the surface (Huang et al., 2022). Most learning-based pipelines
rely on auxiliary training data paired with ground-truth geometry, which makes them supervised
with respect to the target surface representation (Huang et al., 2022). Training-free variants also
exist and optimize an untrained network per object or scene, using the network structure itself
as a geometric prior (Huang et al., 2022). Despite rapid progress, a recent large-scale benchmark
reports that deep learning methods can struggle to generalize to complex shapes and that several
classical methods remain competitive, particularly under scanning imperfections such as misalign-
ment, missing points, and outliers (Huang et al., 2022). In parallel, recent overviews emphasize
that geometric deep learning on PCs increasingly needs explainable and human-interpretable model
behavior, which is still an active research topic (Saranti et al., 2024). Conversely, MBA-based spline
models provide an explicit parametric surface with a controllable level of detail and an adjustment-
compatible formulation, which supports scalable processing and traceable uncertainty and quality
assessment without reliance on task-specific training data.

In this dissertation, MBA-based surface models provide the main approximation framework for
large-scale PCs and form the geometric basis for the subsequent quality assessment.

2.3 Quality Assessment of a Surface Model

Building on the surface-based approximation techniques reviewed in the previous section, we now
address the quality assessment of the resulting surface models. Quality assessment is the final
step in the surface modeling pipeline because it determines how reliably the model can be used in
downstream tasks such as measurement planning, deformation monitoring, and risk management
in engineering contexts (Eakins & Taylor, 2010; Hare et al., 2011). In these applications, it is
necessary to quantify the remaining model uncertainty, describe its spatial variability, and assess
the reliability of predictions derived from the surface.

Uncertainty in a surface model originates from two main sources. The first source is the uncertainty
of the input PC, which is driven by the sensor system, environmental conditions, and processing
steps. The second source is the uncertainty introduced by the modeling procedure itself, including
model choice, parameterization, regularization, and the interaction between the model resolution
and the local data support. Quality assessment methods can be organized from two complementary
viewpoints. A backward approach starts from the available PC and evaluates uncertainty from
data evidence, for example, through residuals, validation against reference data, or resampling. A
forward viewpoint starts from a measurement model and propagates the measurement uncertainty
through the modeling step to obtain an uncertainty description for the surface model.

From the backward viewpoint, one way to quantify the uncertainty of a deterministic surface model
is to evaluate residuals against held-out data or external reference information. This approach is
data-driven and yields spatially localized uncertainty metrics across the modeled domain. When
a probabilistic description of the residual field is available, CIs can be derived from the assumed
distribution. In cases with heterogeneous input density or missing observations, the surface model
may be augmented by a variance map derived from a fitted statistical model. Alternatively, the
model may be supplemented with multiple stochastic realizations based on a random-function
representation of the residuals (Patane, 2016; Wackernagel, 2003). A related backward strategy
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targets the PC itself. When a reference object, a reference surface, or repeated measurements
are available, deviations between the measured PC and the reference can be used to infer the
uncertainty level of the acquisition platform and to support measurement planning in situations
where the full sensor chain is not documented.

From the forward viewpoint, quality assessment incorporates knowledge of the measurement pro-
cess and propagates it through the modeling step. Reproducing and quantifying measurement
uncertainty based on known influencing factors can be achieved by forward uncertainty modeling
in the sense of the ISO/GUM:1995 (E) framework. This approach integrates sensor characteristics,
environmental conditions, installation parameters, and other contributing factors into an uncer-
tainty budget for each observation. These quantified uncertainties, including their correlations
when available, can then be propagated through the approximation process to estimate the uncer-
tainty of the resulting surface model. For complex and nonlinear measurement models, MC based
propagation is often preferred over linearized variance propagation because it yields an empirical
uncertainty distribution rather than only a single variance value.

However, in many real-world applications, detailed uncertainty information is not available or only
partly documented. Even when uncertainty budgets exist, analytical propagation may not be
tractable for large-scale data or for hierarchical surface representations. In the case of the MBA,
the surface is constructed through multiple nested refinement levels, and each level depends on the
residual structure of the previous one. This recursive structure induces strong dependencies across
levels, which makes analytical propagation complex and computationally demanding (Publication
A). In such cases, nonparametric uncertainty estimation methods provide a practical alternative.

Bootstrapping estimates model uncertainty by repeatedly resampling from the original dataset
and recomputing the model on each synthetic sample (Efron, 1981; Efron & Tibshirani, 1994).
This yields an empirical sampling distribution from which standard errors and CIs can be derived.
Within geodetic time series analysis, Alkhatib et al. (2018) combined a robust generalized Expec-
tation Maximization algorithm with a MC bootstrap scheme to obtain covariance matrices and
CIs for multivariate nonlinear regression parameters in GNSS time series with autoregressive and
heavy-tailed noise, illustrating that bootstrap-based quality assessment is feasible even for com-
plex and robustly estimated models. In prior studies, bootstrapping was employed to assess the
reliability of MBA surfaces derived from PSI observations, providing spatially explicit confidence
measures in scenarios where input uncertainty is unavailable and analytical propagation is impracti-
cal (Publication A; Brockmeyer (2024b)). This approach complements forward modeling because it
quantifies model sensitivity directly from the data and reflects the impact of heterogeneous density
and data gaps.

In hydrographic applications, these general concepts specialize to quantifying the total propagated
uncertainty of MBES derived bathymetric surface models. Despite the high spatial resolution
of MBES data, typically around 1/50 of the water depth, measurement accuracy is not guaran-
teed. Each sounding is affected by both vertical and horizontal uncertainties (Lucieer et al., 2016).
Nonetheless, dense coverage and fine resolution can lead users to overestimate the reliability of
the measurements. Quantifying these uncertainties and understanding their influence on derived
bathymetric products remains a fundamental challenge for the marine geospatial community. The
IHO establishes formal standards for hydrographic surveys, including acceptable thresholds for
depth measurement uncertainty arising from data acquisition and processing (International Hydro-
graphic Organization, 2022; Hare et al., 2011). These guidelines are widely used, but they function
as general targets rather than detailed models of system behavior.

As resolution and data volume increase, so does the importance of uncertainty modeling to assess
the detectability and reliability of small-scale seabed features. This has led to growing interest
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in the spatial characterization of uncertainty in MBES data (Hare, 1995; Lurton, 2003; Lurton
& Augustin, 2010; Dolan & Lucieer, 2013). Researchers have increasingly focused on how sensor
limitations, environmental conditions, and processing workflows contribute to TPU in bathymetric
products. A foundational contribution was made by Hare (1995), who developed an algorithm
to estimate depth uncertainty by accounting for multiple uncertainty sources, including the echo
sounder system, vessel motion (roll, pitch, heave), refraction, dynamic draught, and tidal water
level. Other components, such as positioning errors, transducer-to-sensor offsets, heading, and
antenna location, are also considered part of the total uncertainty budget. The Law of Propagation
of Variances provides a theoretical framework to integrate these sources, resulting in TPU estimates
that are typically divided into vertical uncertainty, denoted by TVU, and horizontal uncertainty,
or THU (Hare, 1995; Hare et al., 2011).

Subsequent studies have extended this framework by incorporating additional factors, such as
Doppler frequency shifts and baseline decorrelation effects in frequency-modulated signals (Haji
Mohammadloo et al., 2018, 2019). Other works have evaluated the predictive performance of un-
certainty models with respect to depth measurements and grid quality (Haji Mohammadloo et al.,
2018; Tengku Ali et al., 2022; Abubakar & Poerbandono, 2023). Maleika (2013) investigated how
acquisition parameters, such as vessel speed, swath width, track layout, and measurement density,
affect the resulting bathymetric grid using a virtual survey simulator. These findings highlight the
sensitivity of uncertainty to sensor dynamics and survey design. Despite this progress, a key lim-
itation remains the lack of reliable ground truth for underwater geometry, which restricts direct
validation and complicates backward uncertainty evaluation for real surveys.

To address this limitation, the third contribution of this dissertation introduces a simulation-based
framework for modeling TPU in MBES derived bathymetric surface models. The approach uses
a configurable survey simulator to reproduce realistic acquisition scenarios, incorporating sensor
configuration, vessel dynamics, and environmental conditions. Uncertainty is generated through
Monte Carlo simulation, enabling spatially explicit estimation of both TVU and THU without
requiring ground truth in the field. These uncertainty estimates are then introduced into the surface
modeling process as observation weights, allowing uncertainty-aware adjustment and integrated
quality assessment of the final bathymetric model. Methodological details and results are presented
in (Publication C).

Together with the surface approximation methods discussed above, this uncertainty framework
completes the conceptual pipeline for modeling, assessing, and interpreting point-sampled bathy-
metric surfaces in this dissertation.



3 Summary and Integration of Published
Research: A Methodological Synthesis

This chapter presents a synthesis of the methodological advancements and principal findings de-
rived from the key scientific publications that form the basis of this cumulative dissertation (see
Section 1.3). Rather than summarizing each publication independently, the discussion is structured
according to the three core stages of the proposed modeling pipeline for point-sampled surfaces:
(i) data cleaning and outlier detection, (ii) surface modeling, and (iii) uncertainty modeling and
quality assurance. The mapping between publications, pipeline stages, and the sections of this
chapter is summarized in Table 3.1.

The cumulative body of work comprises three peer-reviewed journal articles, each contributing
to one or more stages of the pipeline. In addition, one supplementary study is referenced: a
contribution focusing on surface-based modeling using MBA (Publication D). The supplementary
research is not part of the cumulative core, yet it provides essential conceptual and methodological
support for surface representation and evaluation.

Table 3.1: Mapping of research questions to publications.

Research Question Relevant Publications Relevant Sections

RQ 1 Publication A
Publication B

Section 3.1
Data Adaptive Outlier
Detection (3.1.1)
The IESP Approach
(3.1.2)

RQ 2 Publication A
Publication B
Publication C
Publication D

Section 3.2
Surface Modeling with
MBA

RQ 3 Publication A
Publication C

Section 3.3
Bootstrapping (3.3.1)
Forward Uncertainty
Modeling (3.3.2)
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The structure of this chapter follows the logic of the pipeline, with each section referencing the
relevant publication. Section 3.1 addresses preprocessing and outlier removal. It contains two
methods: Section 3.1.1 presents the Data Adaptive Outlier Detection from Publication A, including
the algorithmic workflow and evaluation settings. Section 3.1.2 introduces the Iterative Estimation
of Surface Parameters (IESP) approach from Publication B for challenging datasets. Section 3.2
is the core of the pipeline and defines the surface representation used throughout Publication A,
Publication B, Publication C, and Publication D. Section 3.2.1 details approximation with MBA
and the design choices that control complexity. Section 3.2.2 reports a broad evaluation based on
Publication D. Section 3.3 quantifies model uncertainty. Section 3.3.1 uses bootstrapping when
observation variances are not available, following Publication A. Section 3.3.2 performs forward
uncertainty modeling when system uncertainty models are available, following Publication C.

3.1 Outlier Detection and Data Cleaning

High-quality surface modeling requires input data that is minimally contaminated by noise or
artifacts. However, these PCs often contain measurement noise, irregular sampling, spatial gaps,
and anomalous points that can distort the final model if not properly addressed. Therefore, the first
stage of the processing pipeline is dedicated to outlier detection, which aims to identify observations
that deviate from the expected spatial structure of the surface. This step is designed to be platform-
independent and applicable to any PC representing a physical surface, regardless of the sensing
system used.

A critical requirement in selecting an appropriate outlier detection method is to understand the
nature of the data and define what constitutes an outlier in this context. Following Hawkins (1980),
an outlier is “an observation that deviates so much from other observations as to arouse suspicions
that it was generated by a different mechanism.” In a geospatial PC, such deviations may originate
from sensor failure, environmental interference, or post-processing artifacts. In this dissertation,
outliers are defined as observations that violate the expected local or global surface structure
inferred from the majority of the data. Here, it is assumed that the majority of data points
represent a dominant spatial structure corresponding to the physical surface. Outlier detection
is, therefore, a process of identifying observations that violate this underlying assumption. To
formalize this, we consider a standard contamination model for the distribution of observation
error. In most practical cases, the majority of observations follow a main distribution FG (·), while
a small fraction ϵ originates from an outlier-generating process Fo (·) (cf. Huber & Ronchetti, 2009,
p. 2). The resulting contaminated error distribution (Fe) is modeled as:

Fe (e) = (1− ϵ) FG (e) + ϵFo (e) ϵ≪ 1, (3.1)

where ϵ denotes the outlier proportion. This mixture model typically assumes that most errors
are Gaussian, reflecting sensor precision and environmental stability, while outliers come from an
unknown, potentially heavy-tailed distribution.

To address the challenges, two complementary surface-based outlier detection algorithms were
developed and evaluated:

1. Data Adaptive Outlier Detection: Introduced in Publication A, this method identifies
outliers based on deviations from a locally approximated surface. It adapts to variations
in surface geometry and noise levels, making it suitable for heterogeneous datasets (Sec-
tion 3.1.1).

2. IESP: Presented in Publication B, this method builds on the Data Adaptive concept and
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complements it through an iterative estimation framework. It jointly refines the surface model
and the influence of observations, allowing for more robust detection in complex cases, such
as spatially clustered or high-density outliers (Section 3.1.2).

3.1.1 Data Adaptive Outlier Detection

The Data Adaptive Outlier Detection algorithm presented in Publication A leverages the deviation
of each observation from a fitted surface model. The aim is to assess the distance of the observations
to the approximated model, with the judgment that observations with the highest deviation are
more likely to be outliers. However, two core challenges must be addressed:

• Underfitting: If the surface model is too smooth (i.e., of low complexity), legitimate local
features may be misclassified as outliers.

• Masking: Extreme outliers can distort the model fitting, thereby hiding neighboring outliers
and misclassifying them as inliers.

To mitigate these issues, the algorithm proceeds iteratively. At every iteration, a surface model
is approximated, and consequently, the deviations of the data from the model are calculated. In
the first iteration, a coarse global model with minimum required complexity is applied to obtain a
rough approximation of the data. This helps reduce the risk of underfitting, where a model that
is too smooth may wrongly classify valid local features as outliers. Prior knowledge about the
data’s expected behavior can guide this initial model selection. In subsequent iterations, model
complexity is gradually increased to progressively reduce smoothing effects and better capture finer
surface details. Fig. 3.1 illustrates the iterative coarse-to-fine strategy, where residuals are trimmed
in successive steps.

At each step, the surface is estimated via GMM with L2-norm estimator. The residuals are calcu-
lated based on the distance between the observations and the estimated model and are assumed to
be normally distributed. Observations with residuals that exceed a trimming threshold are flagged
as outliers. Iterations continue until the residual distribution approximates the expected noise
characteristics of the dataset, indicating convergence without overfitting. Selecting the trimming
threshold is a critical step in the algorithm. It is defined as T ·σr, where σr is the residual’s standard
deviation in each iteration, and T is a chosen factor. Interpreting T · σr as a distribution-level CI
threshold yields a single, computationally stable decision rule per iteration for large PCs. This
avoids per-point hypothesis tests with many simultaneous decisions and improves robustness when
residuals are dependent, and outliers occur in clusters, where masking can occur (Davies & Gather,
1993). A detailed sensitivity analysis of the threshold parameter T in the range [1.5, 5] revealed
optimal performance with T ∈ [2.8, 3.5] under moderate noise conditions. The analysis indicated
that the ideal threshold varies with both the noise level and the outlier percentage (Publication A).

For performance evaluation, the detector is treated as a binary classifier that assigns each point to
the positive class (outlier) or the negative class (inlier). Results are summarized in a two-by-two
confusion matrix (Table 3.2). A True Positive (TP) is an actual outlier predicted as an outlier. A
True Negative (TN) is an actual inlier predicted as an inlier. A False Positive (FP) is an inlier
predicted as an outlier. A False Negative (FN) is an outlier predicted as inlier. To assess the per-
formance of the algorithm, we use precision, recall, the F1-score, and accuracy. Precision quantifies
the proportion of detected outliers that are correct, while recall measures how many true outliers
are identified. The F1-score summarizes both measures. Accuracy reports the overall proportion
of correctly classified points. Because class imbalance may occur in the datasets, Balanced Ac-
curacy (BA) is also reported. It is obtained by averaging the True Positive Rate (TPR) and the
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Figure 3.1: Schematic representation of the "Data Adaptive Outlier Detection" approach; iterative
hierarchical process: coarse-to-fine surface fitting with residual trimming. The right
panels show how the residual distribution narrows through successive iterations.

True Negative Rate (TNR). In addition, the Matthews Correlation Coefficient (MCC) is included,
since it provides a single-score summary of classification performance that remains reliable under
imbalance. All metrics are calculated according to the formulas in Table 3.3.

To evaluate performance, the algorithm was assessed in an MC simulation with 1000 runs using
simulated datasets with varying levels of Gaussian noise and outlier contamination (ε ∈ 5, 10, 15 %).
In each run, only the z component is treated as stochastic and observations are generated as
z = ztrend + en + eo, where en ∼ N (0, σ2

n) with σn ∈ {0.05, 0.1, 0.5} m. An outlier term eo is added
to an ε-percent subset of points selected uniformly at random (and set to zero for all remaining
points). The outlier magnitudes are sampled from a χ2 distribution and scaled to fall within the
outer 15 % tails of a N (0, 0.52) distribution; the injected indices define the ground-truth outlier
labels, and no explicit spatial clustering is enforced (Publication A).

The algorithm was applied to PSI data from Hannover, which is described in Section 1.4.1.3. For
PSI data, each scatterer is derived from a time series. A temporal preprocessing step is applied based
on Brockmeyer et al. (2020). The PSI time series are first de-trended using linear regression, and
the residual standard deviation is used as a variability indicator. If this exceeds an experimental
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Table 3.2: Confusion matrix.
Actual

Inliers /Negative Outliers/Positive

Predicted Inliers /Negative True Negative (TN) False Negative (FN)
Outliers/Positive False Positive (FP) True Positive (TP)

Table 3.3: Performance metrics for outlier classification based on confusion matrix elements; TP,
TN, FP, and FN.

Performance Metric Formula

Precision TP
TP+FP

Accuracy TP+TN
TP+FN+FP+TN

Recall/TPR TP
TP+FN

TNR TN
FP+TN

F1-Score 2
precision−1+recall−1

BA TPR+TNR
2

MCC TP×TN - FP×FN√
(TP+FP)(TP+FN)(TN+FP)(TN+FN)

threshold of 6 mm, the scatterer is marked as an outlier and removed from further processing.
Even after temporal filtering, the vertical velocities derived from PSI still show strong spatial
variability due to differing movement behaviors among neighboring scatterers. As described in
Section 1.4.1.3, the PSI dataset covers a large area and consists of irregularly distributed 3D points
with only vertical velocities considered. The data are sparse in some regions and exhibit variable
point densities due to clustering effects typical of urban PSI observations. This results in areas
with low coverage or data gaps. Because only vertical motion is analyzed, the PSI data are treated
as 2.5D. A corresponding B-spline surface model is used. Outliers are iteratively detected using
hierarchical surface fitting.

In Fig. 3.2, the peak of the fitted normal curve is clearly lower than the central bin of the histogram,
although the residuals become more symmetric over the iterations. This is to be expected when the
residuals are still a mixture of an approximately Gaussian inlier component and a small fraction of
large deviations (remaining outliers or local model mismatch), which produces heavy tails. Those
heavy tails inflate the empirical variance used for the normal fit, which widens the curve and reduces
its apex relative to the histogram. Therefore, normality is used here as a working model for the inlier
component rather than as a strict assumption for the full residual distribution. The final outlier
map is visualized in Fig. 3.3. Red points indicate outliers; blue points are retained for modeling. For
benchmarking, our results were compared with those from Brockmeyer et al. (2020), who applied a
local-neighborhood filtering approach. Their method identified 15.609 outliers, while ours detected
15.201. Table 3.4 summarizes the comparison, demonstrating comparable performance despite
differing methodological principles.

The "Data Adaptive Outlier Detection" algorithm demonstrated strong performance in handling
outliers within simulation and PSI datasets. In particular, it proved highly effective at identifying
and removing isolated deviations from consistent spatial trends, even in large-scale and noisy PSI
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Figure 3.2: Histogram of residuals after each iteration of the IESP algorithm. The red curve shows
the best-fit normal distribution to the residuals at each iteration (Publication A). Resid-
uals become more symmetric, and the mean shifts toward zero as contaminated observa-
tions are trimmed.

observations. The application to real PSI data confirmed that the method is well-suited for detect-
ing sparse, non-systematic anomalies. In summary, the method’s novelty lies in its coarse-to-fine
surface fitting with residual trimming, which yields a stable, data-adaptive filter without relying on
fixed neighborhood definitions. However, in more complex data scenarios, especially those involving
clusters of outliers, the underlying assumptions of this approach become less valid. When outliers
do not appear as independent, isolated points but instead form dense groups or spatially structured
patterns, the model fit can be distorted. In such cases, the residual-based identification of outliers
becomes less reliable, as these artifacts can closely resemble valid surface features. Publication B
addresses these issues by developing a new surface-based cleaning algorithm tailored to clustered
and spatially structured outliers, described in Section 3.1.2.

(a) (b)

Figure 3.3: Detected outliers (red) vs. inliers (blue). (a) 2D view; (b) 3D view (Publication A).
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Table 3.4: Comparison of the "Data Adaptive Outlier Detection" algorithm with the results from
Brockmeyer et al. (2020) (Publication A).

Performance Measure Precision Recall Accuracy F1-score BA MCC

Value 0.93 0.89 0.99 0.91 0.95 0.91

3.1.2 The IESP Approach

In the "Data Adaptive Outlier Detection" approach, the estimation of the surface parameters Eq.
(A.27) is a core step. If the level of contamination is high and/or the outliers present themselves
in clusters, the Data Adaptive algorithm will not perform as expected. Parameter estimation,
as it will be described in Appendix A.1, is based on minimizing the sum of squared residuals,
which is highly sensitive to outliers due to the quadratic loss function. Publication B suggests
adapting a robust Maximum Likelihood Estimator (M-Estimator) to limit the influence of extreme
or anomalous observations so that they don’t overly skew the result.

The first step in selecting an estimator is to state how outliers are defined and what is assumed
about them. In GMM with L2-norm estimator the working assumption is that measurement errors,
and thus the observations, are normally distributed. Here, the assumption on the cumulative
distribution of errors with outliers aligns with Eq. (3.1). In many robust estimation problems,
particularly those involving M-Estimator, the goal is to reduce the influence of outliers by replacing
the standard LS loss with a more tolerant function, such as the Huber function. These robust loss
functions assign less weight to observations with large residuals, which makes the estimator more
resilient to anomalies in the data. However, the resulting optimization problem is no longer linear
and cannot be solved in closed form. Instead, it is typically addressed using the IRLS algorithm.
In this approach, the estimation is reformulated at each step as a weighted LS problem, where
the weights depend on the residuals from the previous iteration. Observations with small residuals
receive higher weights, while those with large residuals are down-weighted, often significantly.
This process is repeated until convergence, meaning that the parameter estimates and the weights
become stable. The need for iteration arises directly from the dependency between residuals and
weights: the weights are a function of the residuals, but the residuals themselves depend on the
current model parameters. IRLS provides a practical way to resolve this circularity by updating
both in tandem.

While robust estimators offer resilience to outliers, their effectiveness is typically limited to small
deviations from a predefined model. In real-world scenarios, however, neither the underlying model
nor the degree of data contamination is known. This uncertainty introduces the risk of masking,
where clustered outliers evade detection due to mutual reinforcement. To address this, the proposed
outlier detection procedure adopts an iterative strategy. Specifically, the surface parameters are
estimated via IRLS, and in each iteration, the distribution of residuals is examined. A CI is derived
based on an assumed contamination level, and observations outside this interval are trimmed. Only
the observations falling within this CI are retained for the next round of IRLS. This cycle continues
until the fitted residual model stabilizes. Convergence is assessed using the two-sample Kolmogorov-
Smirnov (KS) test (Massey Jr, 1951) as a practical stability check between successive iterations.
After fitting a χ2 model to the squared residuals in each iteration, the corresponding Probability
Density Function (PDF) is evaluated on a fixed support grid, and the resulting vectors of density
values are compared across iterations. This use of the KS test is not a normality test and should
be interpreted as an indicator of stability of the fitted residual model rather than a formal test
of equality between residual PDFs. In practice, this stability coincides with negligible changes in
the estimated χ2 parameters. When the test indicates no significant change between successive
iterations at the chosen significance level, the process terminates. This iterative scheme, referred to
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as the IESP approach, effectively increases the likelihood of detecting masked outliers and enhances
the robustness of the overall estimation. Fig. 3.4 illustrates the structure of the proposed method,
which comprises two main components: the IRLS-based estimation of surface parameters and the
iterative trimming of the residual distribution.

Figure 3.4: Flowchart of the proposed algorithm for outlier detection: Iterative Estimation of Surface
Parameters (IESP).

MBES data are inherently prone to challenges such as spatially clustered outliers, inconsistent point
densities, and systematic measurement uncertainties stemming from environmental and instrumen-
tal factors. These anomalies complicate surface modeling and often demand manual preprocessing.

To address these issues, the IESP method was applied with a preset contamination level of 3 %.
The algorithm iteratively models the squared residuals using a Chi-squared distribution, identifying
and trimming outliers based on the 97 % CI. Convergence is achieved when the parameters of the
distribution stabilize. Over 10 iterations, the process gradually refines the model and improves
outlier separation. Figure 3.5 illustrates this iterative workflow on a subset of Kiel Canal data. It
shows how residuals evolve, how the Chi-squared model fits to squared errors, and how outliers are
progressively detected and visualized spatially.

Applied to real MBES datasets (Section 1.4.2.2), including complex seafloor areas with rapid depth
changes, the method demonstrated strong performance without requiring prior sensor or environ-
mental metadata. Compared against manual cleaning by hydrographers, it achieved 97 % detection
accuracy and a BA of 0.99. Qualitatively, the method preserved important topographic features
while effectively removing spurious measurements that typically bias surface modeling and uncer-
tainty estimation. Quantitative benchmarking further confirmed IESP’s superiority over standard
methods like Method 1 (One approach developed at the Federal Institute of Hydrology (BfG) is an



3 Summary and Integration of Published Research: A Methodological Synthesis 39

applied strategy used in practice, for instance, in use by organizations such as WSV), LOF, and
Density-Based Spatial Clustering of Applications with Noise (DBSCAN). Table 3.5 presents the
results. IESP maximizes sensitivity and class balance, reaching TPR 1.00 and BA 0.99, consistent
with its overall detection accuracy of 0.97 reported in the paper. The gain comes with lower preci-
sion 0.68 and more FPs, which are preferable to missed outliers for downstream modeling. Method
1 delivers the highest nominal accuracy, 0.99, and strong precision of 0.90, but with a lower recall
of 0.84. DBSCAN yields very high precision 0.97 and the fewest FPs, yet misses many true outliers
(TPR 0.65, BA 0.83). LOF underperforms across metrics (TPR 0.24, BA 0.62). Overall, IESP
offers the most reliable outlier screening when preserving seafloor structure and avoiding missed
errors is the priority, while requiring minimal tuning and no sensor metadata.

Figure 3.5: Details of IESP iterations on a section of the Kiel Canal data. The first row shows the
histogram of residuals in each iteration. The second row shows the histogram of squared
residuals along with the fitted PDF. The third row illustrates a zoomed-in view of the
fitted PDF. The fourth row shows 3D visualization of the points (green points illustrate
the detected outliers in each step) (Publication B).
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Although computationally more intensive, IESP’s robustness stems from its minimal hyperparame-
ter dependency, mainly limited to the contamination estimate, and its capacity to operate without
prior environmental or sensor-specific information. This significantly reduces manual intervention
and accelerates the preprocessing step. In terms of runtime, the implementations (MATLAB and
Python) were benchmarked on a single-core machine (3.60 GHz CPU, 64 GB RAM). For the ex-
ample dataset, DBSCAN required about 10 s, LOF about 3 min, IESP about 30 min, and the
semi-manual Method 1 required about 1 to 2 days due to interactive processing.

Table 3.5: Results of IESP’s algorithm on the Kiel Canal data (Publication B). Best values are in
bold (higher is better, except FN and FP). Takeaway: IESP attains perfect recall (1.00)
and the highest BA (0.99), which minimizes missed outliers at the cost of more FPs.

Performance Metric Method 1 IESP LOF DBSCAN

TN 445502 435636 444634 447233
FN 4332 53 19994 9181
FP 2347 12213 3215 616
TP 21930 26209 6268 17081

Precision 0.90 0.68 0.62 0.97
Recall/TPR 0.84 1.00 0.24 0.65

Accuracy 0.99 0.97 0.95 0.98
F1-score 0.87 0.81 0.35 0.78

BA 0.92 0.99 0.62 0.83
MCC 0.86 0.81 0.38 0.78

3.1.3 Comparison of Data Adaptive Outlier Detection and IESP

Both approaches were designed to be general and platform-independent. Each follows an iterative,
surface-based strategy that serves the first stage of the pipeline and addresses RQ 1 (Section 1.2)
by preparing cleaned observations for modeling. The Data Adaptive method fits a surface with LS
and thresholds residuals per iteration. It is easy to configure. In our implementations, it typically
completes within minutes for the PSI-scale datasets used in this thesis, although this runtime is
not directly comparable to the benchmark results reported in Publication B because dataset size
and characteristics differ. It works well when spurious points are sparse and spatially isolated. Its
main weakness is sensitivity to clustered errors, where the intermediate surface can be biased and
local morphology can be distorted.

The IESP method was developed to address these limits. In the estimation stage, surface parameter
estimation is integrated with a robust estimator. An inner iterative reweighting is embedded within
each outer iteration, so parameters and weights are updated together. This increases computational
cost but improves stability in the presence of clusters, nonuniform sampling, and steep gradients.
In the benchmark reported in Publication B, DBSCAN required about 10 s, LOF about 3 min,
and IESP about 30 min on a single-core (3.60 GHz CPU, 64 GB RAM), while the practical effort
for Method 1 required about 1 to 2 days due to manual interventions. Platform metadata is not
required, and hyperparameter demands remain modest. When reliable information on observation
uncertainty is available, it can be incorporated in the weighting, which is expected to improve the
quality of the procedure. This extends the method’s utility beyond the initial design goals.

From a pipeline perspective, the main contribution is that both methods operationalize outlier
detection through the same surface modeling backbone while targeting different contamination
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regimes. They differ in complexity and in how they manage clustered structure, yet both reduce
manual effort and preserve terrain features needed for subsequent modeling. Neither method is
fully automatic, but each operates with minimal manual intervention and delivers dependable
preprocessing for surface reconstruction. With the outlier detection stage complete, the pipeline
shifts from removing contamination to modeling the surface geometry.

3.2 Surface Modeling

After the preprocessing stage provides a clean and reliable PC, the next step in the pipeline is
to construct a continuous surface model suitable for prediction, quality analysis, and uncertainty
propagation. Due to the irregular sampling and noise sensitivity inherent in spatial PC, interpola-
tion and approximation techniques that preserve structural integrity are required. A core challenge
in many applications, such as quality control, uncertainty estimation, and data fusion, is the con-
struction of a continuous surface model from discrete, scattered observations. To address this, a
mathematical parametric surface model offers several advantages: it allows for efficient data han-
dling, supports spatial prediction at unsampled locations, and enables downstream processes such
as uncertainty propagation and topographic analysis. Given the large volume and spatial hetero-
geneity of the target datasets, we employ a 2.5D representation, modeling depth as a single-valued
function of horizontal coordinates, i.e., z = f(x, y). This ensures that each planar location is
represented by a single z value. Therefore, multi-layer structures, vertical faces, and overhangs
cannot be modeled explicitly. Consequently, the stochastic description and subsequent uncertainty
analysis are restricted to the scalar height field. Uncertainty is quantified in the vertical direction,
and lateral effects are captured implicitly by the surface model.

This simplification is a deliberate trade-off between geometric completeness and computational
tractability. It reduces computational complexity and mitigates the numerical instabilities that
often occur in full 3D surface modeling. This approach is also suitable for large PCs and grid-
based products. In this setting, we adopt the MBA approach to balance flexibility with efficiency.
The MBA approach is particularly well-suited to irregularly spaced data because it combines local
support with multiscale refinement at moderate model complexity. To maintain the focus of this
chapter on synthesis, only the conceptual components necessary for understanding the papers are
summarized here. The full deterministic and stochastic formulations are provided in Appendix A.1.

3.2.1 MBA

MBA provides a hierarchical framework for surface approximation based on tensor-product B-spline
surfaces. Originally developed in the 1990s for image processing tasks such as morphing (Lee et al.,
1995, 1996), a general formulation for scattered data approximation was later introduced by Lee
et al. (1997).

In this dissertation, MBA is used as a common surface model to represent large and irregular point
clouds as a continuous 2.5D surface. The model is defined by a regular control lattice over the
planar domain, and the unknown parameters are the control point values on that lattice. A key
practical property is local support: the surface value at a given planar location depends only on
a small neighborhood of nearby control points. This keeps the estimation scalable and makes the
model less sensitive to nonuniform sampling and local data gaps.

The multilevel structure addresses the trade-off between smoothness and local detail. The ap-
proximation starts with a coarse lattice that captures long-wavelength structures. The remaining
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residuals to the observations are then approximated again using a refined lattice. Repeating this
refinement adds details step by step without forcing a single very dense lattice from the start. The
final surface is obtained as the sum of the level-wise contributions. Figure 3.6 summarizes this
construction schematically.

The full mathematical formulation is provided in Appendix A.1 to keep this chapter focused on
synthesis rather than derivations. Appendix A.1 includes the deterministic construction (Sec-
tion A.1.1), multilevel residual refinement (Section A.1.2), refinement-based optimization (Sec-
tion A.1.3), and the stochastic formulation (Section A.1.4) used later for uncertainty propagation.

Figure 3.6: Schematic representation of the MBA concept. A coarse lattice captures the large-scale
surface, refined lattices approximate residuals to add local detail, and the final surface is
formed by summing the contributions across levels (Publication D).

3.2.2 Evaluation of MBA

With the core idea of MBA established in Section 3.2.1, this subsection assesses its practical
performance as a surface model under conditions that resemble the intended applications. The
mathematical details required to reproduce the model are provided in Appendix A.1, while this
subsection focuses on the evaluation design and the main conclusions. The findings are presented
in detail in Publication D. The evaluation proceeds along two tracks. First, controlled simulations
with known ground truth are used to test performance under noise and missing coverage. Second,
an application to the Hengstlage dataset (Section 1.4.1.2) assesses behavior on real observations
and links the method to the broader processing pipeline. The simulated track uses segmented
cross-validation combined with MC repetition. Test subsets are withheld to create training gaps
of controlled size and layout. For each MC run a new noise field is drawn while cross-validation
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varies the partitions. Prediction accuracy is summarized by the Root Mean Square Error (RMSE)
at withheld locations. Full simulator settings and results are given in Section 3.2.2.1.

The real-data track applies the same modeling setup to the Hengstlage data and fits both MBA
and Ordinary Kriging for comparison. No ground truth is available, so performance is measured
by internal prediction errors. Each observation is treated as a potential test point through cross-
validation, and predictions are compared at the observed positions. The resulting RMSE provides
a common error measure for both methods. Ordinary Kriging is used as a benchmark. It relies on
a stochastic covariance model specified by a variogram. Here, an exponential variogram is adopted,
and the search neighborhood is the full field. These settings are held fixed across both tracks to
enable a transparent comparison of error measures and modeled surfaces.

3.2.2.1 Evaluating MBA with Simulated Data

The simulator generates a 2.5D field on a uniform grid with deterministic planimetry and stochastic
height. The domain is −4 ≤ x, y ≤ 4 with spacing 0.1, which yields 6561 points. The simulation
is performed in an abstract coordinate system without assigned physical units. Accordingly, the
reported amplitudes and error measures (including RMSE) are unitless and should be interpreted
relative to the domain scale. The field is the sum of a fixed trend and an additive noise term. The
trend is produced by a two-component Gaussian mixture that sets smooth large-scale variation.
Full mixture parameters are reported in Publication D, and the trend is fixed across all runs. The
additive noise is Gaussian with zero mean and standard deviation 0.001:

noise ∼ N (0, 0.0012). (3.2)

A fresh noise realization is drawn in each MC run. Within a run, the same noise field is used for
all cross-validation iterations. This design separates randomness due to measurement noise from
randomness due to the selection of the test set. The chosen amplitude is small relative to the trend
range, so recovered errors near this level indicate that the method tracks the underlying surface
rather than the noise. Fig. 3.7 visualizes the fixed trend, a representative noise field, and their sum.
Only this figure is retained for documentation of the simulator input to the evaluation.

Performance is measured by segmented cross-validation (repeated random subsampling) embedded
in a MC scheme (Arlot & Celisse, 2010; Esbensen et al., 2010). In each cross-validation iteration,
a random test subset of size q % is withheld, the model is fit to the remaining training data, and
predictions z∗ are computed at test locations. The prediction error is quantified by

RMSE =

√√√√ 1
n

n∑
i=1

(zi − z∗
i )2. (3.3)

Cross-validation alone is not sufficient because one realization of the noise may bias conclusions.
Therefore, the process is repeated within an MC loop. For each run, a fresh noise field is drawn,
then k1 cross-validation iterations are carried out. The process is summarized in Algorithm 1.

Ordinary Kriging uses an exponential variogram and the full field as the search neighborhood. MBA
uses the coarsest lattice Φ0 with m0 = n0 = 5 control points and h = 3 refinement levels. These
settings were selected by sensitivity analysis to balance approximation accuracy and computation.
Five cross-validation scenarios are evaluated with q from 10 % to 50 %. Fig. 3.8 reports the mean
RMSE across all MC runs for each scenario. Both methods recover the trend within the noise
level when training coverage is dense. As the withheld fraction grows and training gaps widen,



44 3 Summary and Integration of Published Research: A Methodological Synthesis

(a) Trend (b) Noise

(c) Trend + Noise (d) Close view of (c)

Figure 3.7: Simulator input for the evaluation of MBA: (a) fixed trend, (b) Gaussian noise, (c) both
trend and noise, and (d) a close view of (c) (Publication D).

Algorithm 1: MC Simulation (Publication D).
1 Input: trend part of dataset Q[n×3] = [x y z]
2 Output: prediction for removed observations, RMSE of cross-validations, mean of RMSEs
3 for i = 1 → k2 do
4 generate noise vector (noise[n×1]) from Eq. (3.2)
5 set D[n×3] = Q[n×3] + noise[n×1]

6 for all surface approximation methods (Ordinary Kriging and MBA) do
7 for j = 1 → k1 do
8 remove m points (q %) from D
9 test dataset (D′′) = the removed m data points

10 training dataset (D′)= dataset D after removing test data D′′

11 model estimation based on D′

12 for k = 1 → m do
13 prediction in D′′

k = (xk, yk)
14 calculate RMSE (Eq. (3.3))

15 calculate mean of k1 × k2 RMSEs

prediction errors increase for both methods. The increase is smaller for MBA across all scenarios in
this study. The relative gap between the curves widens with larger q, which indicates that MBA is
less sensitive to the loss of training points under the tested settings. The visual comparison on real
data in Fig. 3.9 shows that the multiscale spline representation preserves smooth long-wavelength



3 Summary and Integration of Published Research: A Methodological Synthesis 45

behavior while capturing spatial variation needed for displacement interpretation.

Figure 3.8: MC simulation results; Mean RMSE across MC runs for test set sizes
q ∈ {10, 20, 30, 40, 50} (Publication D).

Under controlled noise and increasing data gaps, MBA provides lower prediction errors than Or-
dinary Kriging and maintains approximation quality as training coverage decreases in the tested
range. The hierarchical refinement offers a stable mechanism to add details without amplifying
the additive noise. These properties and the observed error behavior support MBA as a suitable
common surface model for large and irregular point clouds within the proposed processing pipeline.

3.2.2.2 Evaluating MBA with Real Data

MBA and Ordinary Kriging are fitted to the Hengstlage data and compared by internal prediction
errors and by visual agreement of modeled patterns. MBA uses three refinement levels with control
lattices Φ4, Φ8, and Φ16, with Φ4 defined by m = n = 4. Kriging uses an exponential variogram
and the full field as the search neighborhood.

Fig. 3.9 shows the modeled ground movement from both methods. Height change is displayed as a
heatmap. Horizontal displacement is shown as a vector field from the east and north components.
The central subsidence and its margins appear in both models with similar location and magnitude.
Horizontal velocities peak around the subsidence edges and approach zero at center. A map of the
model differences and a detailed discussion of these discrepancies are provided in Publication D.

Prediction errors at the observation locations are comparable. The RMSE for Kriging is 0.44
mm/year and for MBA is 0.47 mm/year. Differences between the two modeled surfaces concen-
trate where observations are sparse, and the histogram of differences shows no coherent structure
across the field. This indicates that MBA delivers results in line with Kriging on these data (Mo-
hammadivojdan et al., 2020). The small RMSE advantage of Kriging in the Hengstlage case study
is plausible given the different information content of the real and simulated datasets. In the
simulations, the stochastic component is modeled as independent Gaussian noise added to a fixed
smooth trend, so the data contain little spatial dependence beyond the deterministic structure. In
contrast, real deformation observations can exhibit spatially correlated residuals due to unmodeled
processes, acquisition effects, or heterogeneous sampling. Because Kriging explicitly exploits spa-
tial dependence through the variogram, it can benefit from such correlation when the variogram
provides an adequate fit. This helps explain why Kriging performs slightly better on the real data
without contradicting the simulation result that MBA is more robust under controlled data gaps
in the tested simulation scenarios.
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The comparison also has an efficiency dimension. Ordinary Kriging relies on covariance-based pre-
diction and requires specifying a variogram model. When the full field is used as the search
neighborhood, the computational cost increases with the number of observations, and practical im-
plementations often require neighborhood restriction or other approximations to remain tractable.
In contrast, MBA represents the surface on a hierarchical basis. After fitting, predictions are ob-
tained by evaluating the fitted surface model, which is typically efficient for repeated queries and
dense gridding.

Although the MBA framework allows for flexible, hierarchical surface modeling of irregular geospa-
tial PCs, its predictions do not inherently reflect their reliability. For applications where such
models support critical decisions, understanding and quantifying uncertainty is essential. The next
section introduces strategies for evaluating this uncertainty, both through empirical resampling and
forward modeling approaches.

(a) Kriging

(b) MBA

Figure 3.9: Modeled ground movement in Hengstlage. Height change as a heatmap; vectors show
horizontal displacement. (a) Kriging, (b) MBA (Publication D).
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3.3 Uncertainty Quantification

A reliable surface model must not only approximate the observed phenomena but also convey
how trustworthy its predictions are. In geodetic applications, where modeled surfaces support
operational or interpretive decisions, quantifying uncertainty is essential. Users must be able to
evaluate each estimated value together with a local measure of quality, especially when working
with spatially distributed data affected by noise, outliers, and irregular coverage. The uncertainty
analyses in this section assume that the input data have already passed the preprocessing stage
and that outliers have been removed. The remaining deviations are treated as measurement noise
and modeling error. If substantial outliers remain, both bootstrapping and forward propagation
can yield misleading uncertainty estimates.

Two main components determine the uncertainty of a surface model. The first is the quality of
the observations, including their measurement precision and spatial distribution. The second is
the structure and complexity of the modeling approach. When observations are accompanied by
well-characterized uncertainty, classical variance propagation can be applied. For example, in LS-
based surface fitting, variances can be propagated through the design matrix to estimate prediction
uncertainty.

In more complex frameworks, this becomes difficult. The MBA method used in this work constructs
the surface in sequential stages, where each refinement level relies on residuals from the previous
one. Although uncertainty can be derived within each level, the full variance covariance structure,
including off-diagonal covariances, can in principle be propagated through the hierarchy by carrying
complete covariance matrices between levels (Appendix A.1.4). In the present implementation,
propagation is performed in variance form only, meaning that only diagonal entries are carried
forward, because the full matrices become dense and quickly exceed feasible memory and runtime
for large PCs. Neglecting these correlations can affect the calibration and coverage of the reported
CIs and often leads to overly optimistic uncertainty estimates.

This motivates the use of more flexible strategies that do not depend on complete knowledge of the
observational covariance structure. The first method adopted here is a nonparametric, data-driven
approach based on bootstrapping. By repeatedly resampling the observations and recomputing the
surface, an empirical distribution of model outcomes is obtained. This distribution provides local es-
timates of standard errors and CIs without requiring explicit analytical propagation (Section 3.3.1).
Bootstrapping also does not require an explicit measurement uncertainty model. However, it does
not disentangle systematic effects from random variability. If systematic or spatially structured
error components are present in the observations, resampling tends to reproduce them rather than
identify them as such.

While the bootstrapping approach addresses uncertainty retrospectively, it neither incorporates
known measurement uncertainties, nor explains how observation uncertainty propagates through
the modeling step. More generally, uncertainty can be approached from two directions. A backward
strategy infers uncertainty from deviations to a reference object, a reference surface, or repeated
measurements, but such reference information is often unavailable for geospatial PCs and especially
for underwater surveys. A forward strategy instead starts from the measurement process and
propagates modeled observation uncertainty through the processing chain. This is why forward
uncertainty modeling is included in this dissertation: it provides spatially varying uncertainty
estimates when no ground truth is available, and it allows testing how uncertainty assumptions,
including spatially varying or systematic components when modeled, affect surface adjustment
and weighting decisions. The forward-modeling approach used in this dissertation builds on a
measurement uncertainty model for MBES and integrates these uncertainties directly into the
surface adjustment. This complementary perspective allows the uncertainty of the final surface to
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reflect the quality of the underlying measurements, rather than relying solely on data resampling
(Section 3.3.2).

3.3.1 Bootstrapping-Based Uncertainty Estimation

Bootstrapping is a flexible, distribution-free alternative. This method involves repeatedly resam-
pling the original observations with replacement to generate multiple synthetic datasets. For each
resampled set, the model is reconstructed, and the prediction at a target location is evaluated.
This results in an ensemble of predictions that approximates the empirical sampling distribution
of the model output at that location. From this distribution, both a standard deviation and non-
parametric CIs can be computed. This yields local uncertainty estimates that adapt to spatial data
support.

To illustrate the core idea of the bootstrapping approach, consider the simplified, two-dimensional
case of fitting a B-spline curve to scattered observations. Generating multiple resampled datasets
from the original observations yields a family of curve realizations. Each realization corresponds to
a slightly different approximation of the curve, depending on the sample used. These predictions
form an ensemble that can be used to derive local uncertainty measures, such as CIs. Fig. 3.10
shows this process. The original noisy observations are shown alongside the resulting bootstrap
realizations of the fitted curve and the final estimated curve with its associated confidence band.
Even in this basic case, a confidence envelope clearly emerges around the curve, illustrating the
method’s key principle.

(a) Noisy observations (b) Bootstrap realizations

(c) Estimated B-spline curve with 95 % CI

Figure 3.10: Illustrative 2D example of the bootstrapping method. From noisy observations (a),
multiple B-spline curve realizations are generated via resampling (b). The final curve
and associated CIs (c) are derived from the distribution of predictions.
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The bootstrapping-based uncertainty modeling approach was applied to real geodetic data, specif-
ically PSI observations over Hannover (see Section 1.4.1.3). The surface was constructed using
the MBA method. The PSI dataset is characterized by a highly irregular and sparse spatial dis-
tribution, which presents challenges for stable surface reconstruction. Bootstrapping was used to
estimate local CIs for the fitted surface while accounting for spatial gaps and model complexity.
Fig. 3.11 presents a three-dimensional view of the estimated surface, together with the upper and
lower bounds of the 95 % CI. This layered visualization highlights the surface nature of the model
and enables spatially detailed inspection of uncertainty. A complementary heatmap representation,
provided in the original publication, allows confidence information to be compared directly with the
modeled displacement field. To further investigate the local uncertainty structure, two profile lines

Figure 3.11: 3D visualization of CIs for the MBA model, obtained via bootstrapping. The two bound-
ing surfaces represent the upper and lower limits of the 95 % CI.

were selected across the modeled region. As shown in Fig. 3.12, these profiles cut through areas
with varying data availability, some with dense PSI observations, others with large gaps. In both
3D and top-down views, it becomes evident how critical the spatial context is in understanding the
reliability of surface predictions.

The CIs along these profiles are shown in Figures 3.13 and 3.14. Each profile is evaluated us-
ing two MBA models with different complexity levels: Φ1 = {Φ10,5, Φ20,10, Φ25,15} and Φ2 =
{Φ10,5, Φ20,10, Φ25,15, Φ30,20, Φ35,25, Φ40,30}. The profiles reveal a clear relationship between data
density and confidence band width. Where PSI observations are abundant and stable, the CI re-
mains narrow, indicating high model reliability. Conversely, in regions with large observational
gaps, the interval broadens substantially. This effect is more pronounced in the higher-complexity
model (Φ2), which, while offering more flexibility, is more sensitive to local data deficiencies. The
added degrees of freedom in Φ2 allow the surface to fit finer features but also introduce instability
where data support is weak.

To better understand this trade-off, we examine a sequence of models with increasing complexity,
from 3 to 6 layers of control lattices (Fig. 3.15). The smallest mesh size decreases from 2.3 km to
1.45 km across these configurations. While finer meshes theoretically allow better spatial resolution,
they also amplify the effect of noise and missing data, resulting in elevated local uncertainty. Yet,
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(a) 3D surface view with profile lines. (b) Top-view of PSI points and profile lines.

Figure 3.12: Profile line selection and observational context. (a) shows two profile lines on the MBA
model in 3D. (b) indicates PSI points and the local neighborhoods used in the analysis.

Figure 3.13: CIs along Line 1. Left: full profile for Φ1. Right: zoomed-in subsection. Orange points
indicate PSI height velocity observations.

Figure 3.14: CIs along Line 2. Left: full profile for Φ1. Right: zoomed segment. Wider bands
appear in regions with sparse observations.
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this increase is not uniform: in well-observed regions, the CI remains stable even as complexity
increases. This contrast highlights the importance of spatially-aware model selection.

These observations demonstarte the importance of matching model complexity to data quality.
Overfitting can lead to misleading confidence surfaces, particularly in geospatial applications, where
spatial gaps are common. Generating DEM or DBM, for example, benefits from prior knowledge or
estimates of expected variability, such as from historic maps or simulation outputs. This information
can help select the most appropriate model configuration, avoiding both underfitting and overfitting.

(a) 3 layers of control lattices
(smallest mesh: 2.3 km)

(b) 4 layers of control lattices
(smallest mesh: 1.94 km)

(c) 5 layers of control lattices
(smallest mesh: 1.66 km)

(d) 6 layers of control lattices
(smallest mesh: 1.45 km)

Figure 3.15: Estimated 95 % CI heatmaps for PSI-based regional ground movement modeled using
MBA. Panels (a) to (d) correspond to 3, 4, 5, and 6 layers of control lattices, with
smallest mesh sizes of 2.3, 1.94, 1.66, and 1.45 km, respectively. Increasing model
complexity increases the estimated uncertainty, particularly in under-sampled regions,
which is reflected in the CIs.

3.3.2 Forward Uncertainty Modeling

When uncertainty estimates for measurement data are available or can be reliably modeled, they
should be used. They can improve surface modeling, for example, through uncertainty-aware
weighting and uncertainty-aware interpolation. This is particularly relevant for DBM, where MBES
measurements often show spatially variable error characteristics.

The third paper of this dissertation, Publication C, explores this idea through a concrete example
and develops and validates a framework to estimate and propagate uncertainty in MBES mea-
surements. Acquiring MBES data involves interconnected subsystems, including GNSS, Inertial
Measurement Unit (IMU), sonar hardware, and vessel geometry. Each of these introduces biases
and random errors. Environmental influences, such as refraction and seafloor morphology, further
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complicate the process. Consequently, the assumption that cleaned MBES data are equally reli-
able is rarely valid. Publication C addresses this by presenting a forward uncertainty modeling
pipeline that explicitly quantifies, simulates, and propagates measurement uncertainty throughout
the surface generation workflow. The approach is structured into the following main stages:

• Measurement Uncertainty Modeling. A detailed uncertainty model is formulated based
on the law of variance propagation, refining previous approaches such as those by Hare (1995);
R. Hare et al. (2011). The resulting TPU is decomposed into vertical TPU and horizontal
THU components. It incorporates uncertainties from GNSS, IMU, MBES, sensor installation,
and environmental conditions within a unified covariance structure. The uncertainty calcu-
lations utilize the Guide to the Expression of Uncertainty in Measurements (GUM) Monte
Carlo Method (MCM) (ISO/GUM-Suppl1:1998, E), effectively managing the nonlinear na-
ture of MBES measurements. This model is specifically calibrated for the survey vessel UJL,
with validation conducted against established commercial hydrographic software outcomes
(Publication C).

• Simulation-Based Propagation. A simulation framework assesses how modeled uncer-
tainties propagate into the DBM. A custom-developed survey simulator generates synthetic
MBES data under controlled, realistic scenarios, enabling thorough analysis of the influence
of measurement uncertainties on the spatial distribution and quality of the resulting PC.

• Integration into Surface Modeling. A key contribution is integrating point-wise uncer-
tainty estimates directly into the GMM adjustment as observation weights. This replaces
uniform weighting by a scheme that reflects spatially variable measurement quality. Its im-
pact is evaluated through an MC simulation experiment (Fig. 3.16).

The simulation generates both geometry and corresponding uncertainties from the established
TPU model. Two modeling scenarios are compared: Case 1 (unweighted observations) and Case 2
(weighted observations based on uncertainties). The outcomes include optimized surface models and
associated uncertainty maps, which enable direct assessment of the effect of uncertainty integration
on model quality.

Details on parameter selection and uncertainty simulation results are extensively discussed in Pub-
lication C. Fig. 3.17 illustrates the outcomes of the MC simulation, presenting surface models and
their uncertainty distributions for both cases. Here, the metric σ̂0 (the square root of the "a pos-
teriori variance factor", see Eq. 17 in Publication C) reflects adjustment consistency, while σModel

(RMSE against the simulated reference surface) quantifies the fidelity of the model to reality.

Overall, the uncertainty maps indicate lower modeling uncertainty (σModel), in overlapping regions
between adjacent swaths and generally lower magnitudes compared to the simulated input uncer-
tainties (see Fig. 19 in Publication C). Although visually similar, quantitative analysis reveals that
Case 2 (weighted observations) demonstrates consistently smaller σModel (average 0.023 m) com-
pared to Case 1 (average 0.044 m), indicating closer agreement with the simulated reference surface.
The estimated σ̂0 values are comparable (0.087 m in Case 2 versus 0.081 m in Case 1). Validation
against known ground-truth surfaces indicates that incorporating measurement uncertainties into
DBM generation reduces model biases and enhances reliability. Although the differences between
weighted and unweighted approaches are small, incorporating uncertainties consistently improves
model fidelity and produces more realistic uncertainty representation that supports reliable navi-
gational decision-making.

Forward uncertainty modeling and bootstrapping serve different purposes, and the choice should
be guided by available information and computational feasibility. Forward modeling is appropri-
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Figure 3.16: Overview of the MC simulation experiment workflow for uncertainty integration.

ate when a defensible measurement uncertainty model can be formulated and when uncertainty is
intended to enter the adjustment explicitly, for example, through uncertainty-aware weighting or
sensitivity studies. Its main limitations are the effort required to specify and validate the measure-
ment model and the computational cost of simulation-based propagation. In this work, the required
MC experiments were therefore executed on a university computing cluster. Bootstrapping is ap-
propriate when observation uncertainties are unknown, incomplete, or not sufficiently trustworthy
for forward propagation. It provides empirical confidence information that reflects data support and
model sensitivity, but it also requires repeated re-fitting and can become computationally demand-
ing as the number of resamples and the model size increase. In practice, forward modeling is used
when uncertain knowledge is available and should influence the adjustment, whereas bootstrapping
provides a robust alternative when forward modeling is infeasible or its assumptions are difficult to
justify. In both approaches, uncertainty is reported in variance form, that is, only diagonal entries
are provided as pointwise variances (or standard deviations) per location. Off-diagonal covariances
and spatial correlations are not propagated, stored, or reported because the required correlation
structure of the observation errors is not sufficiently known for the considered data sources, and
because the computation and storage of a full covariance matrix is prohibitive at the scale of the



54 3 Summary and Integration of Published Research: A Methodological Synthesis

investigated PCs. Capturing spatial dependence would require an explicit correlation model or a
dedicated resampling scheme (for example, a block bootstrap), which is beyond the scope of this
thesis. The following chapter concludes the dissertation by summarizing the main findings and
contributions, and by outlining limitations and directions for future research.

Figure 3.17: Comparison of surface models and their uncertainty distributions. The left column
shows Case 1 (unweighted), and the right column shows Case 2 (weighted). The top
row shows the estimated surface model. The middle row shows model error (σModel) as
a spatial map. The bottom row shows the estimated a-posteriori variance factor (σ̂0)
(Publication C).
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4.1 Summary

This chapter synthesizes the thesis contributions and closes the research questions. Section 4.1.1
summarizes the pipeline, Section 4.1.2 answers RQ1 to RQ3, Section 4.1.3 defines the range of
validity, and Section 4.1.4 discusses implications and generalization. Section 4.2 outlines directions
for future work.

4.1.1 Overall Synthesis of the Pipeline

The central aim of this dissertation is to design and analyze a pipeline for modeling point-sampled
surfaces, from preprocessing to quality assessment. The pipeline integrates three stages: outlier
detection and data cleaning; surface modeling; and uncertainty quantification. The work is based
on a practical assumption that many geodetic and hydrographic observables vary continuously
in space and can be represented as a 2.5D surface (z = f(x, y)). Under this assumption, discrete
measurements are treated as samples of an underlying continuous field, and the goal is to reconstruct
a continuous surface together with spatially resolved quality information. The methodology is
designed around generic point cloud characteristics, including irregular sampling, data gaps, and
spatially varying measurement quality, and is intended to be transferable to other elevation-type
datasets that satisfy the same surface assumption. In this dissertation, the pipeline is implemented
and validated on two representative data classes: PSI-derived ground motion velocities on land and
MBES bathymetric measurements in underwater environments.

The first stage involves surface-based preprocessing, which identifies outliers by comparing obser-
vations to an MBA reference surface. A Data Adaptive Outlier Detection method targets sparse,
isolated anomalies (Publication A), and the IESP robust estimation variant is designed for clus-
tered contamination (Publication B). The second stage approximates the cleaned observations with
an MBA model as a common multiresolution surface model for PSI deformation fields and MBES
bathymetry products (Publications A-D). The third stage quantifies model uncertainty under two
regimes: nonparametric bootstrapping when observation variances are unavailable (Publication
A) and forward uncertainty modeling with TPU-based weighting when system error models are
available (Publication C).

When considered as a whole, these three stages define a coherent, surface-based pipeline that
originates from raw, contaminated PCs and ultimately results in modeled surfaces equipped with
uncertainty estimates. MBA functions as the standard representation for reference surfaces in
outlier detection, for the final approximation of deformation and bathymetry models, and as the
carrier of uncertainty information. This approach mitigates fragmentation between preprocessing,
modeling, and quality assessment and provides a consistent framework for managing point-sampled
surfaces across diverse application domains. The next subsection revisits RQ1-RQ3 and links each
answer to the evidence from Chapter 3 and Publications A-D.
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4.1.2 Answers to the Research Questions

In this subsection, the research questions formulated in Section 1.2 are revisited in light of the
results in Chapter 3 and Publications A through D. Each question is addressed explicitly and
linked to the corresponding stage of the pipeline.

RQ1 calls for the design and validation of an automatic preprocessing strategy that can detect
isolated and clustered outliers in heterogeneous PCs without ground truth labels. This thesis
tackles the aforementioned question through two complementary surface-based methods. The first
method is the Data Adaptive Outlier Detection algorithm, and the second method is the IESP
framework. The utilization of MBA surfaces as reference models, and the reliance on residuals
for the identification of inconsistent observations are two key features that enable the methods to
function without requiring labeled outlier classes as input.

The Data Adaptive method is performed iteratively in a coarse-to-fine scheme with residual trim-
ming, and it is efficient for sparse, isolated outliers. In MC simulations (1000 runs), it shows reliable
performance up to moderate contamination (up to 10 % outliers), while performance degrades at
higher contamination due to masking effects (Table 4.1). For example, the median F1-score remains
high at 10 % contamination (about 0.97), whereas at 15 % contamination the median Recall drops
to 0.51, consistent with masking effects (Publication A). In the real PSI case study (Hannover), the
method shows high agreement with a published local-neighborhood filtering approach (Brockmeyer
et al., 2020), treating that method as a reference. The resulting performance is summarized in
Table 4.1 and can be represented by an F1-score of 0.91 and an Accuracy of 0.99 (Publication A).

The IESP extends this concept with a robust M-Estimator and iterative reweighting, which stabi-
lizes the estimation under clustered contamination and steep gradients. Its validation on MBES
data from the Kiel Canal yields BA of 0.99 with an Accuracy of 0.97, where the reference labels
are obtained from manual cleaning for evaluation (Table 4.1) (Publication B).

Table 4.1: Evidence supporting RQ1. Reported metrics follow the referenced publications.
Dataset/Experiment Method Precision Recall F1 BA Source

Simulated MC (1000 runs),
σn = 0.05 m, 5 % outliers

Data Adaptive
Outlier Detection

0.91 1.00 0.95 – Publication A

Simulated MC (1000 runs),
σn = 0.05 m, 10 % outliers

Data Adaptive
Outlier Detection

0.94 1.00 0.97 – Publication A

Simulated MC (1000 runs),
σn = 0.05 m, 15 % outliers

Data Adaptive
Outlier Detection

0.91 0.51 0.65 – Publication A

PSI case study: Hannover
(Section 1.4.1.3)

Data Adaptive
Outlier Detection

0.93 0.89 0.91 0.95 Publication A

MBES case study: Kiel
Canal (Section 1.4.2.2)

IESP 0.68 1.00 0.81 0.99 Publication B

Together, these methods form an automatic, surface-based preprocessing strategy for both isolated
and clustered outliers. Accordingly, RQ1 is answered in the affirmative for the evaluated simulation
settings and the considered PSI and MBES case studies, under the assumption that the data can
be represented as a single-valued 2.5D surface at the modeling scale.
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RQ2 explores the suitability of MBA as a common surface model for large, irregular, and noisy
spatial PCs within the pipeline. The evaluation combines simulated PSI data, the Hengstlage
deformation field, and MBES bathymetry (Publication D; Publication A and Publication B). For
PSI, MBA is formulated with an explicit stochastic model and compared to Ordinary Kriging in
two tracks: (i) segmented cross-validation embedded in an MC loop for simulated data with known
ground truth, and (ii) cross-validated prediction errors at the observation locations for the Hengst-
lage dataset, where no ground truth is available. Under dense coverage, both methods demonstrate
comparable accuracy. For the Hengstlage case study, the RMSE of cross-validated prediction er-
rors is 0.44 mm/year for Kriging and 0.47 mm/year for MBA, confirming comparable performance
under dense coverage. However, under reduced training coverage and in the presence of data gaps,
MBA shows a smaller degradation in prediction accuracy and maintains more consistent perfor-
mance (see the corresponding validation results in Section 3.2.2.1). For MBES, MBA is employed
to generate DBMs from cleaned soundings and captures relevant seabed structures at multiple
resolutions without excessive model complexity. The multiresolution construction provides direct
control over model complexity via the chosen level structure, allowing detail to be increased when
supported by the data. Across these applications, MBA functions as a unifying geometric backbone:
it provides reference surfaces for preprocessing, yields compact mathematical models of the final
displacement or depth fields, and, through its stochastic formulation with simplifying assumptions,
permits the integration of observation weights and uncertainty information into the approximation.
Accordingly, under the explicit 2.5D assumption and the stated stochastic simplifications, RQ2 is
answered in the affirmative. This conclusion is restricted to single-valued 2.5D surfaces (for example
deformation fields and bathymetry grids) and does not cover fully 3D geometries with overhangs
or multi-valued surfaces in (x, y).

RQ3 focuses on quantifying the uncertainty of the MBA surface model in two information regimes:
when observation variances are unknown and when system error models are available. For PSI and
similar datasets lacking reliable variance information, the thesis uses a nonparametric bootstrap on
the input observations and the MBA adjustment. Repeated resampling produces ensembles of MBA
surfaces from which empirical standard errors and CIs are derived. The resulting uncertainty maps
reflect data gaps and heterogeneous point densities and provide realistic spatial patterns under the
bootstrap resampling assumptions, without relying on analytic error propagation (Publication A).
This bootstrap-based uncertainty primarily reflects sampling variability induced by the observations
and does not capture systematic effects that are not represented by resampling. For MBES, where a
system-specific error model can be formulated, a forward uncertainty model and a survey simulator
generate TPU for individual soundings. These TPU values are used as observation weights in the
MBA adjustment, linking the sensor error model directly to the surface estimation. The uncertainty
information is supported by two consistency checks: an overlap-based analysis using measurements
from two transducers as an empirical proxy for interval plausibility, and a residual-based comparison
showing that the weighted adjustment residuals follow the simulated error distribution without
introducing bias (see Fig. 20 in Publication C). In the synthetic MC experiment with known
ground truth, uncertainty weighting improves the vertical model quality, reducing σModel from
0.044 m (unweighted) to 0.023 m when weighting by σZ (Publication C). Together, these two
approaches provide practical tools for quantifying MBA surface uncertainty in both regimes and
demonstrate their impact on model quality. Thus, RQ3 is answered in the affirmative for the
considered information regimes: (i) bootstrap-based uncertainty when observation variances are
not available, where the uncertainty reflects sampling variability under resampling assumptions,
and (ii) TPU-based forward uncertainty when a sensor error model is available, where results
depend on the validity of the adopted error model.

A comprehensive evaluation of the results for RQ1 to RQ3 reveals that the overarching objective of
the thesis has been achieved. The pipeline has been developed to deliver automated surface-based
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outlier detection, a unified MBA surface model, and uncertainty quantification strategies that cover
both missing and explicit variance information from preprocessing to quality assessment. While
these results show that the proposed pipeline answers the research questions for the considered
PSI and MBES datasets, they rely on specific modeling choices and assumptions that restrict the
generality of the conclusions.

4.1.3 Critical Reflection and Limitations

The conclusions in Section 4.1.2 are bounded by the following assumptions and practical constraints.
The primary limitations of the proposed pipeline concern geometry and representation, stochastic
modeling and uncertainty information, computation and implementation, and the scope of the
datasets utilized for evaluation.

Geometry. It is evident that all applications within this thesis conceptualize data as realizations
of 2.5D surfaces, that are, height fields of the form (z = f(x, y)). This excludes multi-layer geome-
tries, vertical faces, bridges, and overhangs. In urban areas or complex underwater environments,
elements of the true geometry are therefore not representable. Consequently, the pipeline is opti-
mally suited for deformation fields and seabed surfaces that can be representable as single-valued
functions.

Stochastic model. The stochastic models used in this thesis are intentionally simplified. Ob-
servations are treated as largely uncorrelated, and the covariance structure is level-dependent but
otherwise basic. These assumptions support scalability, but they do not capture all spatial depen-
dencies in real PCs. For many PSI products, observation variances or full covariance matrices are
not available. Therefore, bootstrap techniques are used as an empirical alternative to analytic er-
ror propagation (Publication A). For MBES, the forward uncertainty model relies on manufacturer
specifications and generic models of sensor behavior (Publication C). Direct validation against a
known underwater reference surface is not possible. As a result, the TPU can only be checked
indirectly using overlap statistics and simulations.

Computation. The MBA algorithm is numerically efficient and handles irregular point distri-
butions and varying resolutions within practical computation times, as evidenced by empirical
evaluations of the datasets in this thesis. The computational effort is approximately linear in both
the number of input points and the number of active spline coefficients. This is advantageous for
conventional regional datasets. However, for surveys with tens of millions of points and continuous
high resolution, processing entire areas in a single adjustment can become challenging in terms of
time and memory. In such cases, it is advisable to partition the domain into tiles with overlap
or to adapt the target resolution to the information content of the data. The IESP is computa-
tionally demanding due to its integration of robust estimation, iterative reweighting, and repeated
local surface fitting. In its present implementation, the system is well-suited for offline processing
and quality control. However, it is not optimized for real-time shipboard cleaning of large MBES
surveys. Bootstrap and MC simulations for uncertainty estimation also require substantial compu-
tation time, especially for large national or regional datasets. The parameter choices for MBA, for
the outlier detection methods, and for the uncertainty simulations are based on expert knowledge
and targeted experiments rather than on fully automatic procedures.

Data scope. The evaluation is grounded in a select number of case studies. The analysis focuses on
one deformation test field and one type of PSI product (Publication D; Publication A). For MBES,
the results are derived from specific sensor configurations, survey settings, and seabed types in the
study area (Publication B; Publication C). Consequently, the conclusions concerning performance
and robustness are most reliable when comparing analogous acquisition setups. Transfer to other
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platforms or environmental conditions may be possible. However, it has not been systematically
demonstrated within the scope of this thesis.

A thorough examination reveals that these limitations do not contradict the primary findings;
rather, they define the range of validity of the pipeline. Furthermore, these factors provide a
foundation for the subsequent work outlined in the following subsection.

4.1.4 Implications and Generalization of the Pipeline

The limitations outlined in Section 4.1.3 define the scope of application of the proposed pipeline.
Within this scope, the results have several implications for geodetic deformation monitoring, hy-
drographic surveying, and the treatment of point-sampled surfaces in general.

Geodetic deformation monitoring. For PSI-based ground motion analysis, the results show
that working with surface representations instead of directly with pointwise displacements provides
a practical basis for interpretation and decision-making. Surface-based preprocessing reduces the
influence of outliers before deformation patterns are interpreted. The MBA approximation pre-
serves regional deformation signals even in the presence of data gaps. Bootstrap-based uncertainty
estimates and CIs are provided on the same surface. Therefore, deformation magnitude and lo-
cal reliability can be combined in a single product to prioritize follow-up actions, for example,
by targeting areas with large estimated deformation and wide CIs for additional monitoring or
independent checks.

Hydrographic surveying and DBMs. For MBES, the pipeline integrates robust cleaning, con-
tinuous modeling, and uncertainty information into a single workflow. The IESP method provides a
structured approach for identifying individual and clustered artifacts in dense bathymetric PCs and
reduces the subjectivity of interactive cleaning. Subsequent MBA modeling yields DBMs with con-
trolled smoothness and flexible resolution. Using TPU values from the forward uncertainty model
as observation weights ties the depth grid estimation and the resulting grid-level quality measures
directly to the same TPU concept used at the sounding level. This supports routine TPU-weighted
DBM production and enables quality control actions that combine overlap analysis with modeled
uncertainty, for example, by flagging areas where overlap differences are large relative to the mod-
eled uncertainty or where uncertainty remains high for targeted review or resurvey. When TPU
information is available, it can also serve as a prior quality indicator during preprocessing; its direct
use as a cleaning criteria is a natural extension of the pipeline beyond the residual-based methods
evaluated in this thesis.

Cross-domain perspective and generalization. Many other geospatial datasets share the
same structure as the case studies in this thesis. Airborne laser scanning-based DEMs, photogram-
metric surface models from unmanned aerial systems, and similar products consist of irregular
PCs that can often be interpreted as samples of a predominantly single-valued 2.5D surface and
frequently lack complete stochastic information. Within these conditions, this thesis demonstrates
that a shared surface representation can support preprocessing, interpolation, and uncertainty anal-
ysis in a consistent way. When observation variances are unavailable, bootstrap-based uncertainty
estimation on MBA-type surfaces is a practical option. When sensor error models exist, using
them to derive observation weights in surface adjustments connects instrument specifications with
grid-based products. Thus, the pipeline provides a consistent processing pattern for point-sampled
elevation and depth measurements across applications. Although MBA is used as the common
backbone in this thesis, the general concept can be transferred to other adaptable surface models if
they provide comparable multiresolution refinement, local support, and an adjustment-based for-
mulation for integrating stochastic information. The pipeline is not intended for fully 3D geometries
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with overhangs or multi-valued surfaces in (x, y), which require different surface representations.

The following section translates the identified limitations into a concrete research and implemen-
tation roadmap.

4.2 Outlook

The results and limitations of this thesis motivate several directions for future research. This
outlook is structured into near-term, mid-term, and long-term steps with concrete deliverables.
The cited references are included as starting points and examples of related ideas. Integrating
these ideas into the proposed pipeline and validating them under the data characteristics and
accuracy requirements of this thesis remains future work.

Near-term: operational implementation and targeted validation.

• Tile-based processing for large PCs. Couple MBA and IESP with tiling and hierarchical
index structures so that processing is organized tile-by-tile with controlled overlap and fast
access to local neighborhoods for cleaning and surface fitting (Ogayar-Anguita et al., 2023;
Schütz et al., 2020; Cong et al., 2023).

• Profiling and parallelization. Profile the current implementation, identify dominant cost
factors, and redesign the most expensive components for multicore and Graphics Process-
ing Unit (GPU) execution using per-tile processing and batched evaluation of spline basis
functions (Montella et al., 2018).

• Targeted bootstrap for large-scale PSI. Apply a two-stage strategy: a fast pass over
the full domain using the nominal stochastic model and basic quality indicators, followed
by bootstrap-based uncertainty estimation restricted to tiles with strong deformation, sparse
coverage, or large residuals. This mirrors operational large-scale InSAR services, where com-
putation is shifted to distributed platforms (Ronczyk et al., 2022; Foumelis et al., 2022;
Crosetto et al., 2021).

• Dedicated uncertainty validation experiments. Extend indirect checks with targeted
validation campaigns for both PSI and MBES. For MBES, conduct repeated surveys of stable
seabed regions under varying acquisition geometries and sound speed conditions, and compare
predicted TPU fields with observed depth differences. For PSI, use independent measurements
such as leveling or GNSS campaigns at selected benchmarks to validate displacement surfaces
and bootstrap-based uncertainty estimates.

Mid-term: improved 2.5D surface backbones and stochastic modeling. The following
directions build on existing concepts, but robust refinement decisions, tractable stochastic modeling,
and empirical validation at scale remain open.

• Hybrid surface backbones with local refinement. Investigate hybrid backbones in
which a global MBA surface provides a stable coarse model, while local refinement is activated
only in selected subregions. Candidate refinement concepts include hierarchical and locally
refined B-spline constructions, for example THB-splines and LR B-splines (Giannelli et al.,
2012; Skytt et al., 2017; Kermarrec & Morgenstern, 2022). Refinement decisions can be driven
by quantities already produced by the pipeline, such as residuals, curvature indicators, or
uncertainty-derived measures.
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• Sparse correlation models for MBA surfaces. Extend the intentionally simple stochas-
tic model by developing sparse approximate covariance or precision structures that capture
key spatial correlations while remaining computationally tractable. One direction is to adapt
Stochastic Partial Differential Equation (SPDE)-based ideas for constructing sparse precision
models of spatial fields (Lindgren et al., 2011). A complementary direction is to combine ana-
lytic covariance approximations with bootstrap-based calibration, where resampling corrects
model misspecification rather than replacing analytic propagation entirely.

Long-term: extended geometry and multi-sensor integration. These topics require method-
ological advances and careful validation because they relax core assumptions of the current pipeline
and introduce additional sources of uncertainty.

• Local 3D modeling in geometrically complex regions. Extend the pipeline beyond the
strict 2.5D by using local 3D surface models where needed, for example, around quay walls,
breakwaters, or engineered structures, while retaining a 2.5D MBA backbone elsewhere. This
requires robust parameterization and constraints to remain stable under irregular sampling
and noise (Bracco et al., 2018; Harmening, 2020).

• Multi-sensor and multi-temporal surface integration. Use surface-based models as a
common domain for combining sensors and epochs. Examples include fusing MBES, airborne
LiDAR, and satellite-derived bathymetry for seamless coastal DBMs, and jointly analyzing
PSI with terrestrial survey data for deformation monitoring. In these settings, MBA-type
surfaces or their successors can act as shared reference representations to which datasets are
adjusted with sensor-specific weights, enabling consistent separation of signal and noise over
time.

These directions remain consistent with the thesis’s central concept: a single, well-controlled surface
representation connects preprocessing, modeling, and quality assessment for point-sampled surfaces.
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Abstract: Any changes to the Earth’s surface should be monitored in order to maintain and update
the spatial reference system. To establish a global model of ground movements for a large area, it
is important to have consistent and reliable measurements. However, in dealing with mass data,
outliers may occur and robust analysis of data is indispensable. In particular, this paper will analyse
Synthetic Aperture Radar (SAR) data for detecting the regional ground movements (RGM) in the
area of Hanover, Germany. The relevant data sets have been provided by the Federal Institute for
Geo-sciences and Natural Resources (BGR) for the period of 2014 to 2018. In this paper, we propose a
data adoptive outlier detection algorithm to preprocess the observations. The algorithm is tested with
different reference data sets and as a binary classifier performs with 0.99 accuracy and obtains a 0.95
F1-score in detecting the outliers. The RGMs that are observed as height velocities are mathematically
modeled as a surface based on a hierarchical B-splines (HB-splines) method. For the approximated
surface, a 95% confidence interval is estimated based on a bootstrapping approach. In the end, the
user is enabled to predict RGM at any point and is provided with a measure of quality for the prediction.

Keywords: regional ground movement; PSI; outlier detection; uncertainty modeling; bootstrapping

1. Introduction

Monitoring the RGMs and detecting any changes to the Earth’s surface is important
in updating the spatial reference system [1]. This is especially of high interest in areas that
are affected by activities such as salt mining, gas, and oil extraction, as well as fossil fuel
storage. In this research, we focus on the modeling RGMs. The area under study is located
in the region of Lower Saxony in Germany.

Ground movement detection on a large scale depends on the measurement approach,
as well as the modeling technique. One necessary step is to mathematically model the
measurements as a surface, therefore allowing the user to predict the changes to the Earth’s
surface at any position where measurements could be unavailable. The modeling and
spatial representation of such data come with different challenges. These types of data are
usually contaminated with noise and outliers and the main challenges include the irregular
distribution of data and the high variability of the precision of the measurements.

From the aspect of the measurement approach, there are different methods that can be
applied to track the changes through repeated point-wise measurements. Conventional
surveying approaches, such as levelling, the Global Navigation Satellite System (GNSS),
or total station will result in a limited number of observations. Although the resulted ob-
servations are considered precise, they have low spatial density and are usually restricted
to known geodetic stations. Additionally, these approaches are typically expensive, time-
consuming, and usually labor-intensive [2–4]. The disadvantage of sparse measurements
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can be mitigated by using satellite-based remote-sensing methods that can provide obser-
vations on a larger scale. The advanced methods of Interferometric Synthetic Aperture
Radar (InSAR), particularly the Persistent Scatterer Interferometry (PSI), are able to detect
and quantify the ground deformation in the range of millimeters per year [mm/year] in
many application fields [5–8]. In the current study, PSI observations are used to model
RGM specifically in the area of Hanover in Lower Saxony, Germany.

The PSI observations are prone to outliers. There are observations that might deviate
from the global or local distribution of the whole data set. Hawkins [9] defines an outlier as
“an observation that deviates so much from other observations as to arouse suspicions that it
was generated by a different mechanism”. The PSI observations show high spatial variabil-
ity due to different movement behavior of neighboring scatterers. These variations might
represent only an anomaly related to individual object movements, that does not necessar-
ily follow the global ground movement in the region. To accurately model the true RGM,
detecting and removing these outliers is an important step. There are a variety of methods,
which have been developed to detect outliers specifically in the field of statistics [9,10]. According
to Papadimitriou et al. [11], they are mainly categorized into distance-based, density-based,
clustering-based, depth-based and distribution-based methods. Distance-based methods
were first introduced by Knorr et al. [12], and applied by, for example, Shen et al. [13],
which defines an outlier as a point from which a certain portion of the neighbouring data
has a distance more than a specific threshold. However, such a method can lead to problems
when it comes to non-homogeneous distributed data [14]. Breunig et al. [14] proposed a
density-based approach, which is based on the Local Outlier Factor (LOF). This factor could
be derived by analyzing the data distribution density. In clustering-based approaches,
those data which are not assigned to any cluster are labeled as outliers [15]. Clustering for
detecting outliers have been used in different applications, which deal with point clouds,
such as laser scanning data and sonar data [16,17]. Distribution-based approaches focus
on a standard distribution model (e.g., Gaussian) and identify outliers as those points that
deviate from this distribution [9,10]. Finally, the depth-based approaches concentrate on
computational geometry, and the data are divided into different layers, wherein shallow
layers are more probable to contain outliers [18,19].

In detecting anomalies for spatial data, one should consider an important characteristic
of these data types, which is spatial correlation. Tobler [20] expresses this as: “Everything is
related to everything else, but near things are more related than distant things”. Algorithms
designed to deal with spatial data can be categorized into graphic approaches [21,22] and
quantitative tests [23,24]. The methods of Scatterplot [23] and Moran Scatterplot [24] can
be mentioned, which work with quantitative tests in detecting anomalies. In the direction
of quantitative testing, Liu et al. [25] used a local adoptive statistical analysis to detect
outliers, which was tested on SAR data. Lu et al. [26] proposed several statistical outlier
detection algorithms, and similarly, Chen et al. [27] introduced a robust median algorithm
to detect spatial outliers.

In this paper, a data adaptive algorithm is proposed to process the data and identify
the outliers. The anomalies are detected based on the deviation of the observations to a
fitted model in a hierarchical approach. The algorithm considers local behavior of the data
while globally testing the deviations of the observations to the model.

The other aspect in detecting RGMs is the modeling technique, which is mainly the
problem of finding the underlying function in the data set as a continuous surface that
best describes the behavior of the data. This makes it possible to propagate information
from the positions where information is available to new positions where no data exists.
Despite a flurry of activity in this area, scattered data interpolation remains a difficult
and computationally expensive problem. Mostly, the developed approaches do not allow
different data distributions or remain computationally inefficient [28,29]. In modeling
such data, one needs to consider the fact that it contains both deterministic and stochastic
parts [30]. Deterministic approaches mainly focus on the trend in the data, for example,
traditional polynomial surfaces and free-form surfaces, such as Bézier, B-splines, and non-
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uniform rational B-splines [31] (see Bureick et al. [32]). The stochastic methods model the
stochastic part of the data based on the spatial correlation among the data sets. The Least
Squares Collocation [33], Gaussian Processes [18] and Kriging [34] are examples of such
stochastic approaches.

In practice, for large data sets with high variability and large spatial gaps, it is chal-
lenging to choose a suitable approach. Mohammadivojdan et al. [35] modeled such a
dataset by using both ordinary Kriging and Multilevel B-splines Approximation (MBA)
methods. Ordinary Kriging is a powerful stochastic method that uses variograms to model
the correlation among data points; however, this approach has several drawbacks. Firstly,
as a stochastic method, this method best models the stochastic part of the data; therefore,
in order to have a reliable estimation, the trend in the data should be modeled separately.
Additionally, this method is computationally expensive, especially for large data sets.
In this study, an approach based on HB-splines was adopted to model the PSI observations.
Forsey and Bartels were the first to introduce a method for HB-splines refinement to inter-
polate a grid of data [36–38]. Lee et al. [29] proposed a similar approach that is also able
to approximate scattered data. The suggested MBA method generates a series of bicubic
B-splines functions based on a coarse to fine control lattice hierarchy. The approximation
at each level is improved by a correction term from the next level, and the sum of all the
levels forms the final approximation. Compared to Ordinary Kriging, the deterministic
method of MBA does not require a separate model for estimating the trend, takes less
computational time, and shows robust behavior against data gaps. At the same time,
the disadvantage of the MBA approach lies in model selection and choosing an optimal
control lattice hierarchy [35].

It is of high importance to also model the uncertainty of the approximated RGM. There-
fore, based on the modeled movement, a user should be able to predict deformation at any
position and have a measure of quality for the prediction. The uncertainty in the model can
be due to different reasons, namely noise and data gaps. The approximated model based on
MBA in each level is derived based on least squares minimization. Therefore, based on the
precision of the observations, an uncertainty measure could be derived mathematically for
the approximated model. However, the final model in MBA consists of more than one level.
Because each level is derived from the previous one, a highly mathematical correlation
exists between different levels. This makes the error propagation and the consideration
in an appropriate stochastic model a challenging process. Consequently, mathematically
modeling the uncertainty for the Multilevel method is not optimal, and for large data sets
the process is not computationally practical.

In order to solve this issue, a non-parametric approach based on the bootstrapping
method is adopted to approximate the sampling distribution of the estimated RGM. Boot-
strapping is a computer-intensive method, which can be used to obtain the sampling
distribution of an estimate. It was first introduced by Efron et al. [39,40]. The method is
based on intensive resampling from a limited existing sample and generating new samples.
Using the information from all samples, one can derive the bootstrap sampling distribution.
The standard error or confidence interval of an estimate can be derived based on the
bootstrap sampling distribution. However, in terms of PSI observations and approximation
surfaces, this non-parametric approach provides the uncertainty of the approximated sur-
face. The uncertainty will mainly represent the quality of the model, reflecting the general
noise and data gaps.

The rest of the paper is organized as follows: Section 2 gives an overview of the data
set that is used in this paper. Section 3 provides a detailed explanation of the implemented
methodologies, including the basics of the surface-based modeling method and an overview
of the implemented bootstrapping approach. In Section 4, the computational results of
applying the above-mentioned methodologies on the data set of interest are analysed and
evaluated. The main outputs of the research, along with the strengths and limitations of
the methods, are discussed in Section 5. Section 6 concludes and provides a discussion on
the characteristics of the developed method, and possible opportunities are presented.
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2. Data

Deformation of the Earth’s surface can be caused by various geological processes
or anthropogenic measures. Due to its high temporal and spatial resolution, radar inter-
ferometry provides valuable data for detecting areas influenced by ground movements.
The analyzed motions in the area of Hanover are based on SAR data from the Sentinel-1
mission, which is part of the European Space Agency (ESA) Copernicus Earth observation
program [41]. The identical radar satellites Sentinel-1A and Sentinel-1B were respectively
launched in April 2014 and April 2016, and offer a revisiting time of 6 days on a shared
orbit plane. The radar satellites operating in C-band have a spatial resolution of 5 m× 20 m
in Interferometric Swath mode and scan the Earth’s surface over a width of approximately
250 km. The data set for this paper provided by the BGR was generated by using PSI-WAP
(Wide-Area-Product) processing [42], and contains 319226 PSI velocities. To mitigate possi-
ble large-scale errors, such as residual orbital or atmospheric errors, the PSI-WAP analysis
includes independent velocities from GNSS reference stations for calibration. In the color-
coded points in Figure 1, the area with ground movement caused by salt mining in the
west of Hanover near Wunstorf is clearly visible. Besides this, the clustering characteristic
of PSI information in urban areas and the data gaps in rural regions become apparent.
The presented data material originates from an ascending satellite orbit, which covers an
acquisition period from 13.10.2014 to 01.04.2018. Overall, the PSI processing contains 138
SAR images, from which the acquisition of 20.09.2016 was selected as a master scene. The
derived velocities were determined in the line of sight (LOS) of the satellite and projected
vertically by assuming no horizontal displacement. Horizontal displacements, especially
in local ground motion areas, may lead to systematic errors of derived height changes if
neglected. To separate the LOS-movement into vertical and horizontal components, a com-
bined solution of data from ascending and descending radar satellites is necessary [43],
which is out of the scope of the current paper.

Figure 1. Provided velocity information in the Hanover area by PSI processing.

The provided PSI information is corrupted by a high level of measurement errors.
The measurement errors can be divided into two parts: noise and outliers. The noise in the
data expresses the precision of the measured samples. By considering prior knowledge
about the performance of the measurement system, this can be considered in the surface
modeling process.
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The second type of errors, outliers, are those observations that do not follow the
general behavior of the neighboring points. The existing outliers can be caused by various
influencing factors, such as insufficient state modeling of the unknowns in PSI processing.
In addition, very local displacements (e.g., subsidence of new buildings) can also lead to
anomalies, which in practice do not represent the ground motions in wider areas. Before
any further processing and interpretation of the PSI velocities, the outliers have to be
eliminated from the data. Those outliers which are due to very local displacements in a
short period of time can usually be detected via a temporal outlier detection process [1]
(Section 2.1). The rest of the spatial anomalies are to be detected in spatial outlier detection,
which is the main focus in this research (Section 3.1).

2.1. Temporal Outlier Detection

The existing outliers in the time series of the scatters can be caused by local dis-
placements in a short period of time. Hence, the time series of the height changes of the
persistent scatterer were analyzed first, since they show varying quality levels. In order to
identify time series with high measurement noise, a temporal outlier detection approach
with subsequent elimination is adopted [1]. For this purpose, the time series of the PSI
points are de-trended (by using a linear regression model) and the remaining residuals
serve as a measure for the variability. If the standard deviation of the de-trended time
series exceeds the defined experimental threshold of 6 mm, the scatterer is considered as
an outlier and excluded from further processing.

Even after temporal filtering, the PSI velocities still show high spatial variability due
to different movement behaviors of neighboring scatterers. Therefore, to remove such
high-frequency outliers from the data set, a spatial outlier filtering has to be performed.
Details about the adapted method is explained in Section 3.1.

3. Methodology

Detailed explanation of the methodologies adopted to model the PSI data are pre-
sented in the following section. Figure 2 presents a flowchart of the main steps and
framework of the whole process.

Figure 2. Flowchart of the main methodologies adopted.
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3.1. Spatial Outlier Detection: Data Adaptive Outlier Detection

Some observations that might deviate from the global or local distribution of the whole
data set: As described in Section 2, the PSI velocities show high spatial variability due to
different movement behaviors of the neighboring scatterers. This behavior might represent
individual object movements, which does not necessarily represent the global ground
movement in the region of interest. These anomalies should be detected and eliminated
before modeling the RGM. A data-adoptive algorithm is proposed to process the data and
identify the outliers. The outliers will be identified based on their deviation or distance
to a fitted model. The model is based on least squares minimization, which estimates a
HB-splines surface to approximate the data. The chosen method is based on MBA that is
described with details in Section 3.2.

The aim is to assess the distance of the observations to the approximated model.
The observations with the highest deviation are more suspected to be outliers. However,
two issues should be considered: firstly, if the model is not able to detect the local behavior
of the data, or in other words, the model has some smoothing effect, some correct data may
be misclassified as outliers. More precisely, some large deviations may be detected as a
result due to the low complexity of the model. The second issue is the masking effect of
the outliers, meaning that if there are extremely large outliers in a neighborhood, it may
affect the model estimation. Consequently, the estimated model will be shifted toward the
outliers and some correct observations might be misclassified as outliers, or some genuine
outliers may not even be detected.

In order to mitigate these challenges, the process of detecting outliers is broken down
into a few iterations. At every iteration, we model the data. Then, the deviations of the
data to the model are calculated. The estimation of the model is based on least squares.
Therefore, the assumption is that the residuals, or the deviations to the fitted model, are
normally distributed. Considering the distribution of the residuals, those data points with
residuals larger than a threshold are identified as outliers. The threshold for distinguishing
between outliers and clean data is defined as a multiplication of the residuals standard
deviation (σr) by a factor (T). In this paper, based on a sensitivity analysis, T is chosen
to be 3, and the process of choosing this parameter will be explained in more detail in
the following. Then, the detected outliers are eliminated, and the remaining data will be
processed in the next iterations. The iterations will be terminated when the distribution of
the residuals is close to the expected noise of the data set (Algorithm 1). The reason for this
criterion is that the goal is detecting outliers, avoiding over-fitting the data, and modeling
the noise. An overview of the adopted symbols in the Algorithm is presented in Table A1
(Appendix A).

Algorithm 1: Outlier detection algorithm.
1 Input: observations P = [x y z], Φ = {Φ1, Φ2, ..., ΦH} , expected noise in data σn, multiplayer T
2 Output: cleaned observations P′ , outliers O
3 Initialization:
4 O =[]
5 i← 1
6 while σr > σn do
7 compute Φi from P (see Section 3.2)
8 estimate f (x, y) (see Section 3.2)
9 estimate residuals (r):= f (x, y) − z

10 σr := standard deviation of residuals
11 Oi := points with residuals larger than T.σr
12 P′ := points with residuals less than T.σr
13 i← i + 1
14 O = [O; Oi ]
15 P = P′

16 check criterion: compare σr and σn

17 return P′, O
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In the first iteration, a coarse global model Φ1 is used to approximate the observations
P. It will result in a rough approximation of the data. However, for choosing the initial
model, a minimum complexity should be considered. A very simple model would result
in assigning normal observations to outliers O, which could be avoided by taking into
consideration prior knowledge about data behavior. In each iteration, the complexity of
the model increases. Increasing the complexity of the models from one iteration to the next
will help to gradually take the smoothing effect of the approximation into account.

In order to assess the accuracy of the proposed method, the outputs are compared
with reference data in which the genuine outliers are already known. For this purpose,
a reference data set is simulated. The simulated data are a point cloud with three compo-
nents. Only the z-component is stochastic, while the x- and y-components are assumed
to be deterministic. The simulated data set consists of three parts: trend, noise and out-
liers. The noise is generated from a Gaussian distribution with zero mean and a standard
deviation of 0.05 m. In addition, the outliers are randomly generated from a Chi-square
distribution. The range of the Chi-square distribution lies in the 15% tails of a Gaussian
distribution with zero mean and standard deviation of 0.5 m. The simulated data represent
a scenario in which the measured data contain noise, as well as large outliers. A realization
of the simulated reference data is illustrated with different parts in Figure 3. To ensure
the functionality and performance of the algorithm, it is tested in a Monte-Carlo (MC)
simulation. In each MC run, a new set of noise and outliers are generated.

(a) (b)

(c) (d)

Figure 3. One realization of the simulated reference data. (a) Trend. (b) Noise. (c) Outliers. (d) Trend + Noise + Outliers.
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The algorithm can be seen as a binary classifier that categorizes the points into inliers
and outliers. The two outcomes of the classifier can be positive (outlier) and negative
(inlier). The results can be expressed in a two-by-two confusion matrix (Table 1). True
Negative (TN) and True Positive (TP) present the outcomes in which an actual inlier and an
actual outlier are correctly predicted, respectively. False Negative (FN) and False Positive
(FP) represent the cases where an instance is assigned to the wrong class. To assess the
performance of the algorithm, four measures of precision, recall, the F1-score, and accuracy
are used, which are calculated based on the following formulas (Equations (1)–(4)).

Table 1. Confusion matrix.

Actual

Inliers /Negative Outliers/Positive

Predicted
Inliers /Negative True Negative (TN) False Negative (FN)

Outliers/Positive False Positive (FP) True Positive (TP)

precision =
Outliers correctly classified (TP)
Total outliers classified (TP+FP)

(1)

recall =
Outliers correctly classified (TP)

Actual Outliers (TP + FN)
(2)

F1-score =
1

1
precision + 1

recall

(3)

accuracy =
TP + TN

TP + TN + FP + FN
(4)

The results of the algorithm for different percentages of outliers and noise levels are
presented in Table 2. Each measure is the median of all calculated values for 1000 MC
runs. The whole simulated data set consists of 6561 points, and in the three scenarios,
the generated outliers are 5%, 10% and 15% of the data. The level of noise also varies for
three cases, and it shows the standard deviation of the Gaussian distribution from which
the noise is generated. For noise with σn = 0.05 m, by considering 5% outliers, precision is
more than 90%. This means that the ratio of the correctly classified outliers is high. Recall or
sensitivity shows the ratio of detected outliers to the actual outliers. A recall of 1 means that
all the outliers are detected. However, some inliers are also classified as outliers (here the
median is 34). Such wrong classifications are best expressed by a F1-score, which is the
harmonic mean of precision and recall. For 10% of outliers, the algorithm still performs
well; however, this is no longer the case for 15% of outliers. Although with high percentages
of outliers the precision is still good, the sensitivity of the algorithm is decreased. Such
an effect can be improved by optimizing the selected criteria for eliminating the outliers
in each step, which is not the focus of the current paper. Furthermore, by increasing the
noise level, the sensitivity is affected. This is more critical when the noise level is close to
the outliers’ distribution; meaning with a high level of noise, it is difficult to distinguish
between the noise and outliers.
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Table 2. Accuracy measures of the classification into outliers and inliers for simulated data for different scenarios (each
measure is the median of 1000 MC runs).

Noise Level (σn) 0.05 m 0.1 m 0.5 m

Outlier Percentage (Op) 5% 10% 15% 5% 10% 15% 5% 10% 15%

TN 6199 5862 5529 6206 5859 5539 6215 5900 5575
FN 0 0 483 0 0 578 189 573 938
FP 34 43 48 27 46 38 18 5 2
TP 328 656 501 328 656 406 139 83 46

Precision 0.91 0.94 0.91 0.92 0.93 0.91 0.89 0.94 0.96
Recall 1 1 0.51 1 1 0.41 0.42 0.12 0.05

Accuracy 0.99 0.99 0.92 0.99 0.99 0.91 0.97 0.91 0.86
F1-score 0.95 0.97 0.65 0.96 0.96 0.57 0.57 0.22 0.09

To choose a suitable threshold for detecting outliers in each iteration of the outlier
detection algorithm, we performed a sensitivity analysis. The value of the threshold is
increased incrementally by changing the multiplayer T between 1.5 and 5. The performance
of the algorithm with respect to different threshold values in the range of [1.5σr, 5σr] is
illustrated in Figure 4, by means of the four mentioned parameters: precision, recall,
accuracy and F1-score. In Figure 4, the results related to the three mentioned scenarios
and the different outlier percentages are presented. The best performance of the algorithm
occurs when factor T is in the range of [2.8, 3.5], for the first two scenarios where σn is
0.05 and 0.1. The optimal value of the factor T is also sensitive to the outlier percentage.
For lower percentages, higher T values would suffice, and where more outliers are included
in the data, smaller values perform better. As explained previously, the last scenario
(σn = 0.5) does not perform well even with different T values. The reason is the high
range of noise, which makes it difficult for the algorithm to distinguish between noise and
outliers. In this paper, for the factor T, the value of 3 is chosen and used.

Figure 4. Results of sensitivity analysis; performance of the outlier detection algorithm with respect to different values of
the chosen threshold.
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3.2. Multilevel B-Spline Approximation (MBA)

According to Section 2, the PSI observations of interest here represent a large area.
The 3D point cloud of PSI observations can be described as scattered data, since only
vertical velocities are considered. The data set contains a high level of noise, and due
to the clustering characteristics of PSI observations, especially in urban areas, the data
set is irregularly distributed. This varying density of the point cloud causes large areas
with very low density or no observation (data gap). The scattered data set does not
provide information on the connectivity between the points, and considering the mentioned
characteristics of the data, the global behavior is not visible. Therefore, it is important
to understand the underlying pattern in the data. By finding a suitable mathematical
model that describes the underlying function, the noise in the data can be eliminated and a
prediction surface for the data gaps derived, and as a result, the global behavior of the data
set will be uncovered.

In conversion from discrete points to a continuous surface, a deterministic technique
based on free-from surfaces is used [44]. The MBA method is an approximation method
based on hierarchical tensor product B-spline surfaces. This method was first developed in
the 1990s for specific image-processing applications, such as image morphing [45,46]. Lee
et al. [29] introduced a modified version of this approach that can handle scattered data. The
B-spline surface is defined by a control lattice Φm,n that contains (m + 3)× (n + 3) control
points. If we assume Φm,n is overlaid on the domain Ω = {(x, y)|0 ≤ x < m, 0 ≤ y < n},
any control point φij on the lattice Φm,n overlaps with the integer values of Ω. The B-splines
surface f is defined as a linear combination of uniform bicubic basis functions (Bk(s), Bl(t))
and control points of a control lattice Φ, wherein i = bxc − 1, j = byc − 1, s = x − bxc,
t = y− byc.

f (x, y) =
3

∑
k=0

3

∑
l=0

Bk(s)Bl(t)φ(i+k)(j+l). (5)

The uniform cubic basis functions Bk(s) for 0 ≤ s < 1 are defined as follows,

B0(s) =
(1− s)3

6
,

B1(s) =
(3s3 − 6s2 + 4)

6

B2(s) =
(−3s3 + 3s2 + 3s + 1)

6

B3(s) =
s3

6
.

(6)

Similarly, the basis functions Bl(t) are calculated. Let Pij = {(xc, yc, zc) ∈ P|i −
2 ≤ xc < i + 2, j − 2 ≤ yc < j + 2} be the proximity data points of each control point.
The proximity data are those points that lie in the 4× 4 neighborhood of a control point φ.
For each point Pc in the proximity data set of a control point, one solution can be derived
φc. The unique solution φij for a control point is derived from minimizing the error term
(wcφij−wcφc) for all points, wherein wc = Bk(s)Bl(t), k = (i+ 1)−bxcc, l = (j+ 1)−bycc,
s = xc − bxcc, t = yc − bycc. The minimization is solved by means of a Least Squares
method, and the final solution is as follows:

φij =
∑c w2

c φc

∑c w2
c

, (7)

wherein φc =
wczc

∑3
a=0 ∑3

b=0 w2
ab

. It should be noted that when the proximity data set is empty,

it implies that φij does not influence the B-splines surface function (Equation (5)) and
therefore, any value can be assigned to the aforementioned control point. In this case, here
a value of zero is assigned to φij.

76 6 Publications



Remote Sens. 2021, 13, 2246 11 of 23

In their proposed algorithm for MBA approximation, Lee et al. [29] used a hierarchy
of control lattices to generate a sequence of fk. The sum of all B-splines surfaces in the
hierarchy approximates the final desired surface. The approximation starts with a rough
estimation, and the resolution of the control lattices increases in each step. For approxima-
tion, at the first step, a hierarchy of control lattices Φ0, Φ1,..., Φh are defined, where the first
control lattice is Φ0, and the lowest number of control points is the coarsest one. On the
other hand, the last control lattice, Φh is the finest control-point lattice, which contains the
highest resolution of control points. The approximation process starts with the coarsest
control-point lattice (Φ0). Afterwards, by using the deviation of the estimated function to
the original observations ∆1z based on (Φ0), the control lattice of the next level is estimated.
Such a process should continue until the last control lattice is estimated. In general, at each
level k, for estimating the control lattices, the function fk is calculated based on ∆kzc.

∆kz = z−
k−1

∑
i=0

fi(x, y) = ∆k−1z− fk−1(x, y) (8)

∆0z = 0 (9)

The final approximation function is defined as the sum of functions in the hierarchy
as follows,

f (x, y) =
k−1

∑
i=0

fk(x, y). (10)

As mentioned, the PSI data is a large data set that also contains large data gaps. These
gaps in the data not only introduce uncertainty to the modeled surface, but also create
numerical instability. The characteristics of MBA make it suitable to model the PSI data.
The proposed MBA algorithm by Lee et al. [29] is computationally efficient and the method
can easily handle large data sets. The model is numerically stable because in the estimation
of the unknowns, no inversion is required, and in combination with the regularization
option in the function, the method is powerful in dealing with data gaps.

3.3. Bootstrapping

The final approximated model is influenced by different elements, such as measure-
ment error, data gaps and the complexity of the chosen model. Therefore, it is important for
a user to have a measure of quality for the approximated surface. Based on the explained
method in Section 3.2, the approximated model based on MBA in each level is derived with
least squares minimization. Therefore, mathematically, a measure of uncertainty for the
model can be derived based on the precision of the observations. However, the final model
in MBA consists of more than one level. The levels are approximated sequentially based on
the previous ones. This creates a highly mathematical correlation between all layers. This
makes error propagation a challenging process. Doing so makes the process computation-
ally expensive and impractical in cases where there are large data sets. To overcome this
problem, we have adopted a non-parametric method called “bootstrapping”.

Bootstrap is a computationally intensive method, which was first formulated by
Efron et al. (e.g., [47,48]) to simulate a statistic distribution. This method provides the
possibility of inference from an existing sample with a limited size and no information
about the data distribution. The idea is to intensively resample from the existing samples
to generate new ones. The new samples are called “bootstrap samples”. Afterwards,
information from the empirical distribution of each bootstrap sample could be extracted.
Combining the information from all bootstrap samples will provide the possibility to infer
the distribution of the desired statistics related to the main population. Here, the goal is
to get information on the distribution of a predicted point through bootstrapping. The
variations of the predicted point, or in other words, of the model at a given location, need
to be investigated by applying different bootstrap samples. The variations will result in
a histogram showing the distribution of the predicted point. From this distribution, we
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can describe the standard deviation and confidence interval of the predicted surface at a
specific position.

In the first step of calculating the standard deviation σ of the approximated surface
based on this method, the bootstrap samples (P∗) should be formed. A bootstrap sample is
generated from the original observations (P). Any point in the bootstrap sample is drawn
randomly and with equal probability from the original sample. In practice, the size of
the original sample may be large, and it might not be possible to enumerate all possible
bootstrap samples. Instead, a large number (B) of bootstrap samples are independently
drawn from the original sample.

In the scope of this paper, the goal is to get the standard deviation of the approximated
surface based on the original PSI observations P at a desired position. Based on each
bootstrap sample, a surface is approximated, which leads to available predictions at
the desired position from all bootstrap samples at the end (P∗ipred). This will represent
the possible variations of the prediction and its distribution. Based on the distribution,
the related bootstrap standard deviation (σBootstrap) can be calculated as follows,

σBootstrap =

√
ΣB

i=1(P
∗i
pred − P∗pred)

2

(B− 1)
, with P∗pred = ΣB

i=1

P∗ipred

B
, (11)

wherein P∗pred represents the mean of the bootstrap predictions at the desired position.
A confidence interval (CI) of the predicted surface can also be obtained non-parametrically.

For a specific significance level of α, a 100(1− 2α)% CI can be computed based on the
sorted predicted values from the smallest to the largest [49,50]. The lower and upper
bound of the CI are the (B + 1)αth and (B + 1)(1− α)th values, respectively. In the case of
non-integer numbers, the nearest integer value is selected. Figure 5 illustrates the explained
bootstrapping algorithm which is implemented (see Algorithm 2). An overview of the
adopted symbols in the Algorithm is presented in Table A1.

Figure 5. Overview of the implemented bootstrapping algorithm.

As a result, point-wise standard errors can be derived. We can get information
on possible variability of the prediction. The bootstrapping algorithm does not require
theoretical calculations and provides information even for complicated problems. It should
be noted that the dispersion of the distribution related to a predicted point is dependent on
the observations, as well as the complexity of the modeled surface. Additionally, in areas
with less observations, the distribution will be stretched. Moreover, if the chosen model is
over-fitting the data, it leads to an increase in the uncertainty range.
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Algorithm 2: Bootstrap Algorithm.
1 Input: observations (P)
2 Output: distribution of prediction D; bootstrap standard deviation (σBootstrap), 95% confidence interval

(CI)

3 for i = 1:B do
4 generate bootstrap sample (P∗i) from (P)
5 approximate the model (Φ∗i) based on P∗i

6 make prediction (P∗ipred) at the desired location based on Φ∗i

7 let distribution of predictions D := {P∗1pred, P∗2pred, ..., P∗ipred}
8 Compute 95% CI of D
9 Compute σBootstrap of D (Equation (11))

4. Results

This section entails the results of applying the explained methods from Section 3 on
the data set of interest (Section 2). In the first step, the data are pre-processed (Section 4.1) by
using the proposed outlier detection algorithm (Section 3.1). After eliminating the outliers,
in Section 4.2, the observations are modeled as a continuous surface according to the explained
surface approximation technique in Section 3.2. At the end in Section 4.3, 95% CIs are derived
for the approximated surface based on the bootstrapping method (Section 3.3).

4.1. Pre-Processing of Data

The real data, introduced in Section 2, are first processed for spatial outliers based
on Algorithm 1. The data set contains 301,386 observations. After running the algorithm,
15,201 outliers from 301,386 data points are detected. The process takes five iterations. The ini-
tial model starts with two levels Φ1{Φ10,5, Φ20,10} and in each iteration, one layer is added to
the control lattice hierarchy in such a way that the next layer has five more control points in
each direction. The noise level in the data are not known, and therefore based on the dispersion
of the data around zero, a suitable noise level is chosen as a stop criterion for the algorithm.
Since the data are not normally distributed and also contain outliers, two-thirds of the standard
deviation is used. In Figure 6, the histogram of residuals from different iterations is illustrated.
The improvement in the shape of the histogram of the residuals from one iteration to the other
could be seen. The final histogram is still not exactly normally distributed, but it is symmetric
and is centered around zero. Figure 7 illustrates the detected outliers and shows reduction of
noise in the observations.

The genuine outliers are not known in this case, and therefore, to evaluate the accuracy
of the proposed algorithm, we try a comparison to a similar study. This data set has been
processed by Brockmeyer et al. [1]. They used a local neighborhood analysis to identify
the outliers. By comparing the individual PSI velocities with the associated neighborhood
functions, spatial variations are detected as outliers with a given probability of error [1].
As a result of the conducted outlier detection, 15,609 PSI velocities were detected as
outliers. This method has two disadvantages: firstly, it only compares the points locally,
and secondly, it requires a high computation time. Because each point is tested individually,
it therefore becomes even more challenging in large data sets. The output of our algorithm
is compared with results of [1], which are shown in Table 3. The results show high
compatibility of the estimations from both algorithms. The precision and accuracy is high
in comparison to recall, which means that the algorithm has classified some of the outliers
from [1] as inliers.
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Figure 6. Histogram of residuals; the red lines shows the best-fitted normal distribution to the residuals at each iteration in
the outlier detection algorithm.

(a) (b)
Figure 7. Detected outliers (red points) and the clean observations (blue points). (a) 2D view. (b) 3D view.

Table 3. Comparison of the proposed algorithm with the results from [1].

Accuracy Measure Precision Recall Accuracy F1-Score

Value 0.93 0.89 0.99 0.91

4.2. Approximation of RGM

The next step after pre-processing the data and eliminating the outliers is to math-
ematically model the height velocities followed by approximating a continuous surface,
which represents the RGM in the area of Hanover. The RGM is approximated based on
the MBA method (Section 3.2). Based on the nature of the data set and prior information
of the general ground behavior of the region, a control lattice hierarchy of three levels
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Φ{Φ10,5, Φ20,10, Φ25,15} is used. Figure 8a illustrates the approximated surface along with
the observed height velocities. In more detail, the approximated RGM is presented in
Figure 8b as a color-coded map. Aside from local movements (in the range of (−2, 1)
[mm/year]) to the Earth’s surface, a large movement up to –6 [mm/year] is observed in
the left side (area of Wunstorf).

(a) 3D view

(b) 2D view (heat map)

Figure 8. Approximated RGM of Hanover based on PSI observations: (a) 3D view of the approximated surface and the
observations, (b) heat map of the RGM.
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4.3. Confidence Interval

Even after pre-processing and eliminating the outliers, the remaining PSI veloci-
ties contain high levels of noise. Additionally, spatial distribution of the velocities is
non-homogeneous, and there are large areas with sparse observations (Figure 7a). This
introduces a high level of uncertainty to the approximated RGM model (Section 4.2). To de-
rive an uncertainty measure that best describes these effects on the approximated model,
the bootstrapping method is implemented in accordance with Section 3.3.

As described in Section 3.3, at first, the bootstrap samples are generated. The ob-
servation sample after eliminating the outliers still consists of 286,185 points; therefore,
practically all the 286,185286185 possible samples cannot be formed. Instead, a large number
of bootstrap samples (B = 1000) with equal probability is drawn from the observations.
Afterwards, for each bootstrap sample, the RGM is modeled.

To assess the quality of the approximated model, the difference between the PSI
velocity and the predicted value can be used as an error measure. These differences or
residuals are calculated for all the points in the observation set, over all approximated
models related to the bootstrap samples (P∗ipred). The results for all residuals (1000× 286,185)
are illustrated in Figure 9. The histogram shows that the residuals are symmetrically
distributed. However, there is a number of large deviations (around 20 [mm/year]) related
to a specific area in the observations where sharp local deformations have been observed,
which was not detected by the adopted model.

Figure 9. Histogram of approximation error (residuals) for all points and all bootstrap samples. Residuals are defined as the
difference between approximation and the observation.

In more detail, the variations of predictions (P∗ipred) through all bootstrapping iterations
for 10 arbitrary points are assessed. The 2D view of the location of these 10 chosen points
along with the histograms are shown in Figure 10. Histograms show less variations in
areas with more observations. The spread of the histograms is also affected by the spatial
distribution of neighboring points. This effect can be seen, for example, in the difference in
histogram for point 1 and point 6. Point 1 is located in an area with many observations in
the neighborhood. On the contrary, point 6 is in a sparse area. Such a neighbourhood effect
is directly reflected in the spread of the derived histograms and the corresponding boot-
strap standard deviations (σb for point 1 and 6 is 0.008 and 0.04 [mm/year], respectively).
The histogram of observations for the points individually is not symmetrically distributed
in all cases; however, the histogram of all the points for the whole region represents a
symmetric distribution (see Figure 9).
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(a) (b)

Figure 10. Histogram of predicted value based on all bootstrap samples in 10 arbitrary points. (a) Observations and
10 chosen points (red). (b) Histograms.

Based on the performed bootstrapping process, a 95% confidence region can be
obtained for the whole area. The CI is calculated from the quantiles of the bootstrap predic-
tions. In Figure 11, the range of the CIs is represented as a color-coded surface. The range
is derived based on the difference between the lower and upper bounds of the 95% per-
centile interval. For the whole area, the lengths of the CIs are between 0.01–0.4 [mm/year].
The minimum and maximum bootstrap standard deviations (σb) for the whole region is
0.003 [mm/year] and 0.13 [mm/year], respectively.

Figure 11. Heat map of the 95% percentile interval of the approximated RGM.The range of the CIs are color-coded. The black
points represent the PSI observations.
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The range of the CI of the approximation highly depends on spatial distribution of
the points. In the areas where less observations are available, there will respectively be
less observations in the bootstrapping sample, which directly affects the model. As a
result, the range of the CI in such regions increases automatically. In a closer look, such
an effect can be seen for example in two selected lines that are specified in Figure 12.
In Figure 12a, the position of the observations and the lines of interest are presented.
Line 1 is situated in the edge, and less observations are available in its neighbouring area.
On the other hand, line 2, which is closer to the middle region, is in an area with more
observations. It is expected that in areas with less observations, the approximated model is
more uncertain and shows higher variability in the distribution of prediction from bootstrap
samples. This can be observed in Figure 13. The CI of line 1 (see Figure 13a) shows that
the approximated model towards the edge of the area is highly uncertain, as expected.
In contrast, the interval is relatively small for line 2. The confidence bands describe the
uncertainty of the approximated model in Section 4.2, where all observations are used to
model RGM. In Figure 13, the continuous line represents the mentioned approximated
model, and the dashed line is the median of the approximations based on the bootstrap
samples. The median lies mostly over the approximated model.

(a) (b)
Figure 12. The two selected lines to observe the CI. (a) Observations (2D view). (b) Approximated surface (Figure 8) (3D view).

(a) (b)
Figure 13. CIs for lines 1 and 2 in Figure 12. (a) Line 1. (b) Line 2.
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As explained, the CIs (see Figures 11 and 13) describe the uncertainty of the approxi-
mated model by considering all the observations for the chosen control lattice hierarchy
in Section 4.2. However, the range of the interval depends also on the complexity of the
chosen model. This effect can be seen in Figure 14. The estimated CI for the two lines are
calculated for two different models with the following control lattice hierarchy for the two
models: Φ1{Φ10,5, Φ20,10, Φ25,15} and Φ2{Φ10,5, Φ20,10, Φ25,15, Φ30,20, Φ35,25, Φ40,30}.

(a) (b)
Figure 14. CI from models with different complexities for the two lines in Figure 12. (a) Line 1. (b) Line 2.

5. Discussion

The proposed spatial outlier detection algorithm shows compatible results to the
study by Brockmeyer et al. [1]. Since the ground truth behind the distribution of the
outliers in the real data is not known, it is not possible to evaluate these results more
comprehensively. The algorithm not only considers both local and global behavior of the
data, but the iterative process of the algorithm also helps to detect the anomalies more
precisely. By fitting a surface to the data in each iteration, the nature of the data which
represents a surface is taken into account. This makes the approach especially suitable for
these kinds of applications. The performance of the algorithm will be improved by having
some prior knowledge of the data set. For example, information regarding the minimum
noise level and rough expected RGM would help to decide on the complexity of the models
for the first and last iterations.

The MBA approach showed computational efficiency and numerical stability in deal-
ing with the real data set. Therefore, it is possible to choose a very complex model with a
high number of control points and many levels; however, the approximation of the data
based on the MBA approach is very sensitive to complexity of the chosen model. To avoid
over- or under-fitting the data, an appropriate control lattice hierarchy could be selected
based on the type of dataset and the prior information about the general ground behavior
of the region.

The calculated confidence bounds describe the quality of the model very well. The ef-
fect of data gaps and noise is directly reflected on the range of the CIs. In this research,
the CIs are determined based on the quantiles; however, an improved interval or the
’bias-corrected-BCa’ could also be calculated [47].

The range of the CIs is also influenced by the complexity of the model. Increasing
the complexity increases the uncertainty range of the approximation. This is particularly
important when there is a risk of over- or under-fitting the data or, in other words, the model
selection problem. The information from the CIs and standard deviations of the bootstraps
can be helpful in finding the most appropriate model for a given data set. This could lead
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to a solution to solve the model selection problem in similar situations. In the present work,
the initial model selected is based on the prior information of the global movement in the
region. The model selection concept is not the focus of the current paper.

In practice, the output of this process will help to detect areas affected by movement.
By considering the additional information on the uncertainty of the model (CIs), the user
can optimally pinpoint areas where new measurements by a more accurate geodetic tech-
nique are necessary to update the spatial reference system. Having a reliable mathematical
model not only helps to better understand the general behavior of the data, but also
provides the opportunity to keep track of any changes of the surface more efficiently, for ex-
ample by statistical testing. Additionally, the outputs of the outlier detection algorithm can
be used to detect the movements of individual objects. These anomalies might represent
very local changes that do not affect modeling RGM. However, this information can be of
high interest in monitoring infrastructure or other monitoring applications.

6. Conclusions

In this paper, processing and modeling PSI observations related to the area of Hanover,
Germany were discussed. The goal is to precisely model RGM as a continuous surface that
enables the user to predict movements at positions where no measurements are available.
The contribution of the current paper consists of three main parts: pre-processing of data,
modeling and CIs for the model.

For pre-processing the data, a data-adaptive outlier detection algorithm is proposed.
The process considers both global and local behavior of the data. The algorithm is an itera-
tive process in which a model is fitted to the data and in each iteration, the largest deviation
to the model is globally detected. The proposed algorithm is tested in a MC simulation for
different reference data sets. Results show promising performance in detecting outliers
with an accuracy of 0.95 and F1-score of at least 0.95 for data sets containing up to 10% of
outliers. Moreover, the algorithm detects around 5% of outliers in the PSI observations.
The proposed methodology is not adopted for outliers of more than 10%, which is due to
the criteria for recognizing outliers within the algorithm. This aspect could be improved
by optimizing criterion selection, which was not within the scope of the current paper.
However, in the next steps, we plan to develop an approach to find the optimal criteria
based on individual data sets. For the real data set, 5% of outliers is detected.

The modeled RGM, based on MBA, shows mostly small movements in the area.
A large movement area is also detected with up to –6 [mm/year]. The method helps to
overcome the challenges in modeling PSI observations, which are mainly the large number
of observations and irregular distribution of points. The method is computationally efficient
and can numerically handle data gaps. However, it is difficult to model the correlation
between different levels, and especially due to the large amount of data, parametrical
modeling of uncertainty is not practical. Therefore, the uncertainty of the model is derived
from the non-parametric method of bootstrapping. As a result, a CI is estimated for the
approximated surface. The CI for the whole area has a range between 0.01–0.4 [mm/year].

The derived CIs reflect the sources of uncertainty in the model. An important source
is caused by data gaps in the PSI observation. Additionally, high local variations or noise
of the data affect the confidence bands. If the chosen model is not suitable for the data set,
the range of the CIs will also increase, which in turn leads to a higher level of uncertainty
in the model. Therefore, model selection is an essential step, which directly affects the
confidence bands. In the future, we will investigate ways of using the information about
the CIs to solve the model selection problem.

Overall, we provided a pipeline for modeling RGMs based on PSI observations
including a series of steps. The steps have been designed to consider the nature of the data
and the general movement they represent. Although the PSI data provide a large amount
of information, the data are contaminated by high levels of noise and outliers besides
the irregular distribution of the data, which is challenging to model. The main steps of
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preprocessing, modeling and quality assurance are done by temporal outlier detection,
spatial outlier detection, MBA and bootstrapping methods, respectively.

The combination of a mathematical model of the RGM and the quality measure of
the model (CIs) helps the user in identifying the critical locations for updating the spatial
reference system. The output of this research could be of high interest for monitoring
purposes. Having a mathematical model of the RGM and tracking any changes to the
model in time will give the possibility of statistically testing any significant changes to the
region in a systematic way. The detected outliers in the spatial outlier detection step may
carry important information of very local changes to important infrastructures or buildings.
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BGR Federal Institute for Geo-sciences and Natural Resources
CI confidence interval
ESA European Space Agency
GNSS Global Navigation Satellite System
HB-Splines Hierarical B-splines
InSAR Interferometric Synthetic Aperture Radar
LOF Local Outlier Factor
LOS Line of Sight
MBA Multilevel B-spline Approximation
MC Monte-Carlo
PS Persistent Scatterer
PSI Persistent Scatterer Interferometery
PSI-WAP PSI Wide-Area-Product
RGM Regional Ground Movement
SAR Synthetic Aperture Radar
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Appendix A

Table A1. Overview of the used symbols in Algorithms 1 and 2.

Symbol Description Algorithm

P observations Algorithms 1 and 2
P′ cleaned observations Algorithm 1
O outliers Algorithm 1
r residuals Algorithm 1

P∗ bootstrap sample Algorithm 2
P∗ipred predicted value based on Φ∗ Algorithm 2

Φ control lattice hierarchy Algorithm 1
Φ∗ control lattice hierarchy based on P∗ Algorithm 1
T multiplier Algorithm 1
σr residuals standard deviation Algorithm 1
σn expected noise in the data Algorithm 1

σBootstrap bootstrap standard deviation Algorithm 2
95% CI 95% confidence interval Algorithm 2

D distribution of predictions Algorithm 2
i counter Algorithms 1 and 2
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ABSTRACT 
Bathymetric multibeam echosounder systems (MBES) provide 
high-resolution mapping of underwater topography but are 
highly susceptible to errors due to harsh environmental condi
tions and the measurement process. Traditionally, manual post- 
processing is required to ensure data quality, a time-consuming, 
expensive, and subjective task. To address this issue, we propose 
a surface-based algorithm for pre-processing and cleaning MBES 
data that reduces manual intervention and improves consistency. 
A surface-based algorithm models the underwater topography as 
a surface instead of processing individual points. By assuming a 
continuous surface for underwater geometry, the algorithm easily 
identifies observations that deviate significantly from this model. 
The method combines a hierarchical B-spline surface with iterative 
robust estimation to automate data cleaning. Preliminary results 
on example datasets show a balanced outlier detection accuracy 
of 0.99, with manual processing time reduced from 2 days to just 
30 min.
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Introduction

Digital bathymetric models (DBMs) are invaluable sources across a spec
trum of applications, thanks to advancements of various methodologies, 
such as range-based acoustic systems like Single Beam Echo Sounder 
(SBES), Multibeam Echo Sounder (MBES), and Lidar methods. These tech
nologies enable the acquisition of high-resolution maps of underwater 
regions, essential for sensitive applications, like navigation safety, and 
deformation monitoring across different epochs. However, MBES data are 
usually contaminated by numerous errors due to the challenging under
water conditions and the dynamic nature of MBES measurement systems.
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These measurement errors typically originate from various sources, 
including the measurement platform, sensors, environmental factors, syn
chronization issues, and sensor calibration (Hare, Eakins, and Amante 
2011). The presence of erroneous measurements reduces the likelihood of 
deriving a reliable DBM and results in discrepancies between the actual 
underwater topography and the model. To obtain a reliable model, errors 
should be eliminated in the initial data processing steps. This is as crucial 
as a suitable model selection for computing the most accurate DBM. 
Identifying errors in underwater data is therefore not easy. Due to the lack 
of information about the true geometry and the dynamic nature of the 
underwater environment, this task usually depends on expert knowledge 
and objective judgment, which is costly considering the dimension and size 
of the data sets. However, the International Hydrographic Organization 
(IHO) S-44 standard (IHO S-4444 2022) only recommends the adaptation 
of a well-documented automated processing tool. However, it also requires 
that the final results be carefully checked by a trained hydrographer, a step 
that, while essential, remains time consuming and costly.

Measurement errors can be categorized into three types: noise, systematic 
errors, and outliers. Noise primarily originates from the sensors and reflects 
the precision of the measured samples. By considering prior knowledge 
about the sensor performance, these types of errors can be statistically 
modeled. Systematic deviations, the second source of error, is linked to the 
measurement system and procedure. These errors become more prominent 
and detectable in fusing measurements from different measurement plat
forms of a common region. Some systematic errors can be mitigated by 
adopting different strategies such as sensor and platform calibration, using 
target points, or conducting repeated measurements in opposite directions. 
Outliers, the third type of error, are measurements that do not accurately 
represent the geometry of interest and usually deviate from the general 
behavior of the neighboring points. Outliers originate from the measure
ment process due to various reasons, such as multiple acoustic reflection 
paths, adverse weather conditions, and obstacles (Le Deunf et al. 2020).

While the potential impact of systematic errors and noise should be rec
ognized, in this research, presence of noise is considered but the focus is 
on outliers and we assume that appropriate measures have been taken to 
minimize the other influencing factors. Our research aims to design an 
algorithm for an automatic and reliable data cleaning process, with the goal 
of efficiently reducing manual inspection and processing time. In this prac
tical application, we evaluate the performance and efficiency of our pro
posed algorithm. Furthermore, we have tested our algorithm against other 
methods to highlight the strengths and identify potential weaknesses of our 
algorithm relative to established techniques.
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Outlier Detection & Bathymetric Data

Outlier detection is a recognized research problem having had many stud
ies are dedicated to this topic. An outlier is defined as an observation that 
significantly deviates from others (Hawkins 1980). It might belong to the 
tails of the distribution of the main body or raise suspicion that it was gen
erated by a different mechanism. This suggests that more than one individ
ual distribution may exist in the data (Hawkins 1980; Davies and Gather 
1993). Various techniques have been developed to address this problem. 
Detecting outliers can be seen as a binary classification problem, and find
ing a suitable approach depends on the inherent characteristics of the data, 
outlier type, and whether the method employs supervised or unsupervised 
learning (Chandola, Banerjee, and Kumar 2009). In most of these techni
ques, the classified outliers are eliminated, and the remaining data provide 
a clean base for further modeling. Another way to deal with the presence 
of outliers is to use approaches such as robust estimators, where outliers 
are not eliminated but down-weighted to minimize their impact on the 
final model. Bathymetric data points sampled from the underwater topog
raphy are considered as spatial data. When choosing the outlier detection 
method, It is important to consider that the type of learning employed is 
limited by the lack of known labels and the true geometry of the under
water area, making supervised learning more challenging. Therefore, the 
majority of bathymetric research tends towards unsupervised algorithms. 
However, there are a few cases where supervised learning has been used in 
this context (Stephens et al. 2020; Long, Zhang, and Zhao 2023).

Le Deunf et al. (2020) divides the related unsupervised outlier detection 
techniques into two categories: data-oriented and surface-oriented. Data- 
oriented techniques work directly on the data points, such as distance- 
based, density-based, clustering-based, and distribution-based methods 
(Papadimitriou et al. 2003). Distance-based approaches define an outlier as 
a point from which a certain portion of the neighboring data has a distance 
more than a specific threshold (Knorr, Ng, and Tucakov 2000; Shen et al. 
2011; Arge et al. 2010). However, distance-based approaches can lead to 
problems with non-homogeneously distributed data. Similarly, density- 
based methods analyze the data distribution density (Yang et al. 2007, 
Sedaghat, Hersey, and McGuire 2013). In clustering-based methods, data 
points not assigned to any cluster are labeled as outliers (Du, Wells, and 
Mayer 1996; Jain, Murty, and Flynn 1999; Kammerer et al. 2001; Sotoodeh 
2007). Distribution-based approaches focus on the majority and identify 
outliers as points that deviate from this distribution (Hawkins 1980, 
Barnett and Lewis 1984).

Surface-oriented approaches for outlier detection are based on modeling 
the underwater topography and identifying observations that deviate 
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significantly from this model. These methods require a mathematical model 
that accurately represents the topography of the study area. By selecting an 
appropriate model that fits the specific characteristics of the underwater 
region and the available data, it can be used as a reference against which 
observations can be compared. Establishing a reliable method for estimat
ing the base model is crucial for the effectiveness of these techniques. The 
choice between using global surface or local surface functions depends on 
several factors, including the complexity of the underwater geometry, data 
characteristics such as size and distribution, and the ability of the surface 
model to adapt to changes in the underwater topography. Local surface 
approximations offer more flexibility by allowing the use of various func
tions adaptable to varying geometries (Lu et al. 2010; Debese, Moiti�e, and 
Seube 2012; Rezvani, Sabbagh, and Ardalan 2015). The drawback is focus
ing on local structures, which makes the model more vulnerable to clusters 
of outliers. For a global approximation of the surface, Arnold and Shaw 
(1993), Bjørke and Nilsen (2009) and Mohammadivojdan et al. (2021) use 
a coarse-to-fine strategies in building the surface. Bisquay et al. (1998) and 
Bottelier et al. (2005) use Kriging to interpolate the underwater geometry. 
One effective solution to reduce the impact of outliers is to use robust esti
mators and trimming techniques (Lu et al. 2010, Bottelier et al. 2005, 
Debese and Bisquay 1999; Debese, Moiti�e, and Seube 2012; Huang et al. 
2020; Lorenz et al. 2021). Some of these methods are based on lower- 
degree local functions. They are not reproducible for other data sets and 
require substantial parameter tuning. Ultimately, manual inspection would 
be unavoidable. To summarize, data-oriented methods are highly sensitive 
to chosen hyperparameters and are not reproducible across different data 
sets. If not chosen wisely, one could risk error of Types I and Type II 
(overestimation or underestimation of outliers, respectively). Errors in navi
gation applications are critical, with serious consequences even for Type II 
errors, as any point could represent an obstacle that might endanger 
vessels.

The mentioned surface-oriented approaches model the surface either at 
each point locally or in a predefined neighborhood based on a polynomial 
function. These methods will be affected by clusters of outliers. A global 
surface can be effective for detecting outliers; however, they can be limited 
in regions with complex topography, gaps, or even low density of data. The 
accuracy of the base model heavily influences the detection of outliers, so 
ensuring a robust and accurate model estimation is crucial. The current 
research builds on the foundational work of Mohammadivojdan et al. 
(2021), who developed a regional ground movement detection methodology 
by analyzing and modeling Persistent Scatterer Interferometry (PSI) obser
vations. Their approach used a hierarchical data trimming procedure to 
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detect outliers within datasets representing a surface. The insights and 
methodologies from their research provide a critical bridge to the current 
approach. In the previous work, Mohammadivojdan et al. (2021) focused 
on using a global surface model and iterative distribution trimming to 
eliminate outliers for complex geometries. However, in the presence of out
lier clusters, particularly those connected to the main body, it may not pro
vide the most optimal results. This limitation is due to the masking effect, 
which introduces a bias into the surface model, resulting in over-fitting. To 
model MBES data, considering the specific challenges posed by high-dens
ity, high-noise, nonhomogeneous data, we required a model that can adapt 
to varying topographies similar to underwater geometry.

The Multilevel B-spline surface (MBA) model by Lee, Wolberg, and Shin 
(1997) is a suitable solution. To detect outliers, we integrate an iterative 
robust estimation in the modeling process. However, due to the unpredict
able nature of the data, the lack of information about the proportion of 
outliers, and the fact that these data have a nonhomogeneous distribution, 
several challenges arise. A robust estimator alone may not guarantee a per
fect solution. Thus, it is necessary to remove as many corrupted observa
tions as possible in advance. To achieve this, we propose an iterative 
approach where each iteration incrementally detects outliers, leading to a 
step-by-step improvement of the outlier detection process. In other words, 
we adapt the iterative trimming suggested by Mohammadivojdan et al. 
(2021) and combine it with a robust estimator.

Our proposed surface-based data pre-processing and cleaning algorithm 
performs automatically and is not sensitive to the chosen hyperparameters. 
This minimizes the need for manual intervention in the process. We test 
and evaluate the performance of our algorithm using real data (Section 
“Data Acquisition”). We also compare the results with a few common 
unsupervised methods (see Section “Results and Comparison”). Our 
descriptive definition of different types of outliers in MBES data is pre
sented in Section “Outlier Types”. The detailed methodology is described 
in Section “Methodology”. Section “Experiment and Analysis” presents the 
results and describes the application of the developed methodology in an 
experiment setting.

Outlier Types

Despite recent advances in MBES technology, error management and 
uncertainty quantification in this complex environment remain challenging. 
Various factors contribute to outliers in hydrographic data, and distinguish
ing them from real features is often difficult. Errors can originate from the 
platform (e.g. sensor malfunction, transducer head bubbles, multiple 
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acoustics, etc.) or the environment (obstacles such as fish, algae, adverse 
weather conditions, etc.) (Le Deunf et al. 2020). Generally, outliers are 
identified as soundings that exhibit significant deviation from the smooth 
and continuous structure of the water bed. Based on the density and posi
tion of outliers relative to the main body of data, we can distinguish differ
ent scenarios. Le Deunf et al. (2020) and Yang et al. (2022) adopt similar 
methods for classifying different outlier types in MBES data. Figure 1 illus
trates two example areas measured by MBES (1a, 1b). For each area, a 3D 
view and two profiles are presented. The locations of the profiles are shown 
in the ‘2D-XY view’ part of the figures. Depending on the nature of the 
error, we can distinguish between the following cases:

1. Isolated events: Outliers may appear as isolated occurrences that deviate 
significantly from the surrounding data. They can be caused by meas
urement errors or other factors (examples are indicated by circles in 
Figure 1a (profile 1) and 1b (3D view, profile 1 and profile 2)). 
Detecting these outliers becomes particularly challenging when they are 
close to the main body of data.

2. Clusters: Outliers may form distinct patterns or structures in the data, 
appearing as clusters, streaks, or bands. These clusters may be con
nected to or distant from the main body of data (examples are high
lighted by rectangles in Figure 1a 3D view and 1b (profile 1 and 
profile 2)).

A clear mathematical definition of outliers facilitates their efficient detec
tion. For instance, they can be defined as observations belonging to a dis
tribution different from that of the main body of data. We consider points 
belonging to the main body as normal points, while any point that does 
not belong to it is considered an outlier. This could be any observation 
representing a genuine error induced by the measurement process or even 
reflection from an object, not part of the main body, such as a plant. 
However, this definition may not suffice in some cases to differentiate out
liers from real features. Therefore, to ensure a reliable cleaning process, the 
topography of the area and the characteristics of the measurement process 
should always be considered. The representation of any structure in the 
data and the performance of the detection method are affected by the 
measurement density, or more precisely, the horizontal and vertical reso
lution of the MBES observation. As mentioned earlier, the specific shapes 
and characteristics of outliers may vary depending on the survey method
ology, measurement system, and environmental conditions. To distinguish 
true features from outliers, additional information such as metadata, survey 
reports, and knowledge from previous surveys can also be considered. The 
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Figure 1. Demonstration of two defined outlier types: isolated events and clusters. Both 
example area 1 and 2 are illustrated in 3D, 2D, and 2 random profile views. Examples of iso
lated events and clusters are indicated by circles and rectangles, respectively.
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mathematical definition of outliers used for further processing is explained 
in Section “Outlier definition”.

Methodology

The algorithm proposed here is formulated under the fundamental assump
tion that the domain of interest, the underwater terrain, can be represented as 
a continuous surface. Any data point that deviates substantially from this 
hypothesis would be considered a possible outlier. Therefore, we require a 
mathematical surface model. The steps to estimate surface parameters are out
lined in Section “Surface parameter estimation”. To address the challenges of 
outliers and clusters of outliers, we propose a surface-based algorithm based 
on robust parameter estimation with additional steps to mitigate these con
cerns (Section “Iterated re-weighted parameter estimation”).

Surface Parameter Estimation

There are usually many structures in the underwater topography. These 
structures may not be very prominent relative to the overall dimension of 
the area under study, but they should be captured to understand the under
water structure and distinguish between outliers and real features. The goal 
of capturing underwater structures (and distinguishing real features from 
outliers) could also be aligned with achieving the appropriate level of confi
dence according to IHO’s Category Zones of Confidence (CATZOC) stand
ards (IHO S-6767 2020). A B-spline surface is a powerful tool for modeling 
such structures. Considering the characteristics of the MBES data, such as 
high resolution, large data volume, and possible gaps, we use a 2.5-dimen
sional (2.5D) surface model to mitigate computational burden. In 2.5D, for 
a point x0, y0, z0ð Þ belonging to the surface,

z0 ¼ f x0, y0ð Þ: (1) 

We adapted the method of Multilevel B-spline Approximation (MBA) by 
Lee, Wolberg, and Shin (1997) to represent the main body and build the 
DBM. MBA constricts a hierarchy of 2.5 D surfaces and can efficiently han
dle large amounts of data.

Surface Approximation
The MBA method is based on hierarchical tensor product B-spline surfaces. 
Lee, Wolberg, and Shin (1997) introduced the MBA algorithm to model 
scattered data. The B-spline surface is defined by a control lattice Um, n that 
contains mþ 3ð Þ � nþ 3ð Þ control points, where m and n define model 
complexity in x and y directions, respectively. If we assume Um, n is 
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overlaid on the domain X ¼ fðx, yÞj0 � x < m, 0 � y < ng, all control 
points in Um, n /ij

� �
appear on the integer intersections of X:

Any point on the B-spline surface x0, y0, f x0, y0ð Þ
� �

would be a linear 
combination of uniform bicubic basis functions Bk, Bl and its surrounding 
control points /:

f x0, y0ð Þ ¼
X3

k¼0

X3

l¼0
Bk sð ÞBl tð Þ/ iþkð Þ jþlð Þ ¼ wc/ij, (2) 

Where i ¼ x0b c − 1, j ¼ y0b c − 1, s ¼ x0 − x0b c, t ¼ y0 − y0b c: The uni
form cubic basis functions Bk sð Þ and similarly Bl tð Þ for 0 � s < 1 are 
defined as follows:

B0 sð Þ ¼
1 − sð Þ

3

6
,

B1 sð Þ ¼
3s3 − 6s2 þ 4ð Þ

6
,

B2 sð Þ ¼
−3s3 þ 3s2 þ 3sþ 1ð Þ

6
,

B3 sð Þ ¼
s3

6
:

(3) 

To approximate the surface f x, yð Þ, the unknown elements of Um, n must 
be solved. This problem is formulated as a linear Gauss-Markov model 
(GMM) Equation (4) in which, z is the observation vector and v is the 
residual vector. A and / represent the full ranked design matrix and the 
unknown parameter vector, respectively.

z þ v ¼ A/ (4) 

The solution to the GMM can be derived by minimizing the sum of the 
squared residuals, or in other words, Least squares (LS). This is formulated 
as minfvTvg: Here, observations are assumed to be equally weighted and 
uncorrelated. The final estimated solution /̂ can be obtained by differenti
ating the term vTv with respect to the unknown parameters /: The result 
is according to Equation (5)

/̂ ¼ ATAð Þ
−1

ATz (5) 

According to Equation (2), each control point /ij is influenced by points 
in its 4� 4 neighborhood, the so-called proximity points. Let c represent 
the proximity points. If we only construct the design matrix for solving 
one control point, the design matrix would be,

Aij ¼
P3

a¼0

P3

b¼0
w2

ab
w1

� � �

P3

a¼0

P3

b¼0
w2

ab
wc

� �T

(6) 
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where, wc ¼ Bk sð ÞBl tð Þ: Similarly, for one control point /ij the estimation 
would be

/̂ij ¼

P
cw2

c/cP
cw2

c
, (7) 

If the proximity data set is empty, /ij could not be solved. As the /ij will 
not affect the calculation of main function Equation (2), for regularization 
measures any value can be assigned to the control point. In such cases, a 
value of zero is assigned to /ij: However, LS does not directly estimate r2

0 
(Benning 2011, 144). Therefore, the updated residuals v̂ and a posteriori 
variance factor r̂2

0 are estimated based on the LS estimation for /:

v̂ ¼ A/̂ − z (8) 

r̂2
0 ¼

v̂T v̂
N − M

(9) 

The difference between N (number of observations) and M (number of 
parameters) represents the degree of freedom where M is the sum of all 
control points across all levels.

Surface Hierarchy
To increase the accuracy of the estimation while ensuring the smoothness 
of the surface, Lee, Wolberg, and Shin (1997) suggest continuing the 
approximation of the surface function f for the residuals of the estimation 
with a denser control point lattice. By using a hierarchy of control lattices, 
a sequence of f k < sub >< =sub > is generated whose sum approaches the 
final desired surface. The approximation starts with a rough estimation and 
the resolution of the control lattices increases in each step. If a hierarchy of 
control lattices U0, U1, . . . , Uh is defined, for the kth level of the hierarchy, 
the updated observations Dkz are calculated according to Equation (10), 
(note that D0z ¼ 0).

Dkz ¼ z −
Xk−1

i¼0
f i x, yð Þ ¼ Dk−1z − f k−1 x, yð Þ: (10) 

The final approximation function is defined as the sum of functions f k 
from the coarsest lattice U0 to the finest lattice Uh:

f x, yð Þ ¼
Xh

k¼0
f k x, yð Þ (11) 

At each level of the MBA algorithm, a fixed control lattice is introduced 
and only the z-direction estimation is performed. The proximity area of 
each control point is fixed and limited, so it can be calculated at each posi
tion where basis functions are influencing the estimation. These features 
make the algorithm relatively simple compared to general B-spline surface 
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approximation techniques (Piegl and Tiller 1997) with full 3D estimation of 
a surface. In MBA, parameterization is limited, and hierarchical estimation 
compensates for the simplifications, significantly improving the estimated 
surface. The initial coarse control grid forms a central region covering all 
data points, making it easy to assign values to areas with data gaps. The 
gradual refinement of the control points as we move from one level to the 
next significantly improves the accuracy of the approximation throughout 
the process. The MBA algorithm requires the user to define two key 
parameters: the density of the coarsest control lattice and the number of 
hierarchy levels. The choice of these parameters is crucial to achieving an 
optimal solution. If the initial grid is not sufficiently coarse, this can result 
in a non-smooth approximation surface where each data point has only a 
localized effect on the estimate. Prior knowledge on the object could help 
on deciding on a suitable initial grid. The user can influence the approxi
mation process by setting stopping criteria. For example, to avoid overfit
ting, this criterion can be chosen based on the point density and noise level 
in the data.

Iterated Re-Weighted Parameter Estimation

When outliers contaminate observations, the distribution of the observa
tions is affected. This change could severely compromise the accuracy of 
the approximated model parameters. The ground truth about the underly
ing function is unknown in our modeling process. We utilize a model to 
approximate the representation of the underlying function, rather than 
assuming it is an exact depiction. Therefore, it is important that the estima
tor performs efficiently and stably, and does not break down due to large 
deviations. Simple terms, it should remain unaffected by minor deviations 
from the main population; these are the features of a robust estimator 
according to Huber and Ronchetti (2009).

Parameter estimation in Section “Surface parameter estimation” is based 
on minimizing the sum of squared (LS), which is highly sensitive to out
liers. One possible approach is to apply tests for outliers; however, in our 
case, it is not efficient due to the high percentage of outliers. Another solu
tion could be to emphasize or de-emphasize certain observations by using 
weights. This can be achieved by adapting a robust Maximum likelihood 
estimator (M-estimator).

Outlier Definition
To select and understand an estimator and its influence function, the first 
step is to define our interpretation and assumptions regarding outliers. In 
GMM the assumption is that the measurement error of observations (and 
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therefore the observations) are normally distributed. In practice, 
observations may be contaminated with outliers, whose presence can poten
tially affect or nullify the hypothesis of normal distribution. One of the 
most commonly assumed models is that the majority of the observations 
belong to the main distribution FG �ð Þ and a small proportion � of the 
observations come from the outlier distribution Fo �ð Þ (Huber and Ronchetti 
2009, 2). By these definitions, the distribution of the random deviations 
containing outliers can be realized by extending the distribution assump
tion to

Fe eð Þ ¼ 1 − eð ÞFG eð Þ þ eFo eð Þ e � 1, (12) 

where we consider the variable e as the outlier percentage in this context.

Robust Estimator
Considering Equation (12), one may inquire about the extent to which the 
outlier distribution affects the final estimation. To address this issue the 
influence function (IF) obtained from Huber and Ronchetti (2009) can be 
employed. IF represents the impact of a single observation on the param
eter estimation. For an estimator s :

IF ei, s �ð Þ, Feð Þ ¼ lim
e!0

s Feð Þ − s FGð Þ

e
(13) 

As described, the LS estimator is not robust because the loss function is 
quadratic, resulting in a linear influence function. The effect of large resid
uals will increase linearly. To mitigate the impact of large residuals, a func
tion that doesn’t increase as rapidly is preferred. Here we adapted the 
Huber Estimator (Robust Statistics), in which the loss function of larger 
residuals is defined linearly, and their influence is bounded to a constant 
value. Huber (1964) suggests constructing the loss function by combining 
two different distribution families, assuming outliers from Equation (12). 
According to Huber and Ronchetti (2009, 75), the simplest way to con
struct a robust M-estimator is to combine the loss function of the normal 
distribution and Laplace distribution in accordance to the following func
tion, namely Huber estimator:

qn við Þ ¼

1
2

v2
i for vij j < n

n vij j −
1
2
n2 for jvij � n

,

8
><

>:
(14) 

The choice of the constant n, also called the Huber constant, depends on 
the outlier proportion � in the observations (Huber and Ronchetti 
2009, 85).
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Considering Eq. (13), the influence function of q will be:

Wn við Þ ¼
oqn við Þ

ovi
¼

vi for vij j < n

n:sign við Þ forjvij � n
,

�

(15) 

To estimate the unknown parameters / for the linear functional model 
from Equation (4) and chosen loss function q �ð Þ, the approach described 
by Koch (1999) can be used. In this approach, a weight matrix P is deter
mined to represent the loss function. The weights of the individual obser
vations zi follow from the W function and the relation

pi ¼
W vi=rð Þ

vi=rð Þ
, (16) 

which gives the diagonal weighting matrix P: Since the loss function is gen
erally derived from the standardized family of distributions with r ¼ 1, 
the improvements in Equation (16) must be divided by the associated r: In 
the Huber estimator, in addition to /̂ and r̂2

0 the unknown weights p̂i;1 
will also be estimated. By adding weights to Equation (5), the /̂ can then 
be estimated in accordance with Equation (17).

/̂ ¼ ATPAð Þ
−1

ATPz (17) 

Due to the dependence of the residuals v̂ and the variance factor r̂2
0 on 

the estimated parameters /̂, the solution of the M-estimators is obtained 
iteratively.

Iterative Estimation of Parameters
The iterative process allows convergence to an optimal solution. This pro
cess is referred to as Iterative Reweighted Least Squares (IRLS), which was 
first introduced by Lawson (1961) with a focus on weighted lp–norm solu
tions. This basic concept has undergone several iterations in various fields, 
with varying degrees of success (Bj€orck 1996, Burrus and Barreto 1992; 
Burrus, Barreto, and Selesnick 1994; Vargas and Burrus 2012). Cline (1972) 
proved that this algorithm has, in principle, a linear convergence rate.

The algorithm starts with unity weighting P ¼ I, solves for the initial 
parameters /̂ with Equation (17). By calculating the updated residuals 
(Equation (8)) new weights p̂i;1 and variance factor r̂2

0 can be calculated. 
This new weight matrix is then used to estimate the parameters /̂ in the 
next iteration. It should be noted that combining the normal and Laplace 
distributions will not give a realistic estimation of r̂2

0 using Equation (9). 
Huber and Ronchetti (2009) provides detailed information on how to cal
culate robust variance in such cases. The stopping criterion here determines 
when the iterative process of refining the parameter estimates can be 
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terminated. As the stop criterion we consider the algorithm stops when the 
change in estimated residuals between successive iterations falls below a 
predefined threshold Equation (18)

r
cþ1ð Þ

v̂ − r
cð Þ

v̂

�
�
�

�
�
� < h (18) 

where r cþ1ð Þ

v̂ is the standard deviation of the residuals in iteration cþ 1ð Þ

and h is a small positive value (e.g., 10−6) representing the tolerance level 
for convergence and k refers to the iteration number in the IRLS 
algorithm.

Trimming

After determining the optimal weights and parameters, outliers are identi
fied as those observations with deviations exceeding a pre-defined threshold 
in the distribution of residuals/errors, allowing them to be trimmed from 
the dataset. However, some limitations do not guarantee a robust estima
tion; the methods described in the literature and adapted for this study are 
designed to work well with small deviations from a given model 
(Rousseeuw 1987, Massey 1951). This entails two major constraints: first, 
the assumption of a predefined model, and second, a defined sense of what 
constitutes a ‘small’ deviation. If the presumed model is not accurate and/ 
or the level of contamination with outliers is significant, this would lead to 
a phenomenon called masking, where multiple outliers exist, but their pres
ence is masked because they are part of a cluster making them difficult to 
detect.

In this application, the actual model of the data and the precise level of 
contamination are unknown. To mitigate these effects and increase the like
lihood of detecting masked outliers, the estimation of surface parameters 
using IRLS is carried out iteratively. In each iteration, the algorithm exam
ines the error distribution. Based on the assumed contamination level, a 
confidence interval (CI) is constructed and the probability density function 
(PDF) of the error distribution is trimmed. The observations that fall 
within the CI go through another iteration of IRLS. In this iterative pro
cess, the error distributions will converge and the algorithm stops. The 
convergence test involves checking for equality in the PDF of errors among 
subsequent iterations. This is achieved by utilizing the Kolmogorov- 
Smirnov test. The Kolmogorov-Smirnov statistic calculates the maximum 
absolute difference between two cumulative distribution functions (Massey 
1951). Figure 2 illustrates the overall algorithm of the mentioned steps. The 
proposed algorithm consists of two main blocks: IRLS of surface parame
ters and iterative trimming. From this point forward, this algorithm is 
referred to as Iterative Estimation of Surface Parameters (IESP).
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Experiment and Analysis

In an experiment, the performance of IESP is evaluated and compared with 
other methods. The study area in the experiment is the Kiel Canal in 
Germany. Details of the data acquisition process and analysis results are 
given in Sections “Data Acquisition” and “Implementing IESP” respectively.

Data Acquisition

The Kiel Canal is a man-made waterway. In the analyzed area, a 100 m seg
ment, the canal comprises both flat parts and areas structured by small 

Figure 2. Flowchart of the proposed algorithm for outlier detection; iterative estimation of sur
face parameters (IESP).
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sediment dunes. Typically, the riverbed consists of rock, silt, and gravel. 
The canal’s boundaries include stone banks under bridges (recognizable by 
the canal rejuvenation in the test data) and sand banks, where the outer 
areas are enclosed by vertical sheet piling. The water depth ranges up to 
11 m around the center of the canal in the test area.

The German Federal Waterways and Shipping Administration (WSV) 
conducted the measurement in 2019 (Elbe-North Sea (T€onning) Waterways 
and Shipping Office). To capture the area a dual-head system, two 
Kongsberg Maritime multibeam echosounders EM2040C were used. An 
integrated navigation system (INS) consisting of a Sea-path 300þ, and a 
motion reference unit (MRU 5þ) was employed to track the vessels’ 
motion, with positioning done in precise differential global navigation satel
lite system (PDGNSS) mode. The multibeam echosounders operated in 
equidistant mode, with each ping resulting in 256 beams forming angularly 
equidistant bottom points. In that measurement, visualized in Figure 3, a 
swath has a typical point spacing of 0.4 m along the track and 0.06 m in 
across the track. Due to overlapping measurement swaths, a point density 
of around 45 points per square meter can be achieved. Besides measure
ment noise from all used sensors, outliers also occur in the form of meas
urement errors. Two main types of measurement errors were observed: 
first, in the middle section a linear stripe-like chain of points starting from 
the ground and pointing upwards (which can be tilted), and second, a 
ping-wise deflection below the real canal bed, mainly present on the sides. 
These measurement errors are dense in space and can be near valid points, 
making it challenging to distinguish between valid points and outliers. 

Figure 3. Visualization of 100 m segment of raw soundings, representing the underwater top
ography of the Kiel Canal. All points are color-coded according to depth values.
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Outliers even occur in topographical structured areas, amplifying the diffi
culty of outlier detection.

On a small scale, systematic errors on the outer areas of each measure
ment swath are visible, especially where neighboring swathes overlap. The 
overall quality of the measurement is good, with no significant systematic 
errors due to the sensor calibration. Large areas without significant system
atic errors exist, and the measurement noise is within a typical range. 
However, obvious clusters of errors as depicted in Figure 1b being an issue 
to various echosounder manufacturers occur at a few scattered locations 
and cannot be explained. The selected data set provides an ideal experi
ment due to its diverse underwater environment geometries and a variety 
of outlier types, including isolated events and clusters, either due to meas
urement failure (e.g. false pings) or contextual errors. Morphologically, the 
area encompasses regions with moderate to abrupt changes in slope. This 
presents a challenge in modeling and indicates that many measurements 
with unfavorable beam angles had to be included to cover the entire area. 
This diversity underscores the complexity of applying a single methodology 
for outlier detection without risking over-fitting or excluding valid 
observations.

Implementing IESP

First, we focused on the analysis of a small sample section of the point 
cloud data set, with particular attention to error distribution and model fit
ting. For this section, the error distribution over different iterations are 
visualized (Figure 4). In the IESP algorithm, two hyperparameters need to 
be considered: the complexity of the surface model and the percentage of 
outliers (e). For hydrographic data, which often lack sufficient prior infor
mation on these points, model complexity can be informed by existing 
DBMs or determined based on the density of observations and the noise 
level within the data. This information helps to avoid overfitting. The MBA 
function approximates a smooth global surface, and its hierarchical charac
teristics also allow for modeling small variations of the surface. Due to 
these characteristics, the IESP algorithm is robust to variations in (e). Aside 
from the main assumption of small contamination levels, slight changes in 
(e) should not affect the outlier detection process significantly. If the 
chosen (e) is small, it will increase the number of iterations and computa
tion time. However, a higher (e) may lead to overfitting the noise. In this 
case, we assume a contamination level of 3% with outliers. This means out
lier trimming is guided by the 97% CIs of the PDF at each iteration, where 
the PDF of the empirical distribution of the errors is approximated. 
Assuming a normal distribution of errors, the squared errors are expected 
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to follow a v2-distribution. Parameters such as degrees of freedom (dof), 
location, and scale for this distribution are determined using Scipy’s statis
tics modules, a package of open-source Python libraries (Virtanen et al. 
2020). The iterative process of the IESP algorithm is designed to stop when 
the parameters of the v2-distributions converge from one iteration to the 
next, ensuring stability and accuracy in the model’s performance. A critical 
aspect of our methodology is addressing the challenge posed by signifi
cantly large errors. These large errors can adversely affect the fitting of a 
proper PDF to the residuals, thereby compromising the accuracy of the 
confidence intervals. To circumvent this problem, we take an initial data 
preprocessing step, which can be accomplished using simple algorithms 
such as RANSAC (Fischler and Bolles 1981) to identify and flag these 

Figure 4. Details of different iterations on a section of the Kiel canal data. First row shows the 
histogram of residuals in each iteration. Second row shows histogram of squared residuals 
along with the fitted PDF. Third row illustrates zoomed-in view of the fitted PDF. Fourth row 
shows 3D visualization of the points (green points illustrate the detected outliers in each step).
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extreme points. In our case, we set a substantial deviation of 5 to 10 times 
the standard deviation of the overall data, beyond which points are imme
diately classified as outliers. This large value makes the numerical computa
tions easier while being consistent with our assumption of 97% CI, 
ensuring that eliminated points do not belong within the chosen CI. This 
step significantly contributes to a more efficient and smoother iterative pro
cess, ensuring the robustness and reliability of our model fitting and subse
quent analysis. These steps are illustrated in Figure 4 for the sample data 
sets. The IESP detected outliers in 10 iterations. The first row shows the 
distribution of the residuals from iteration 1 to 10. The second row depicts 
the distribution of the squared values of the residuals along with the fitted 
v2-PDF. In the distributions, few large residuals exist. To better visually 
assess the fit, the third row illustrates a zoomed-in version of the second 
row. In the next step, the 97% CI is built based on the parameters of the 
PDF. Those points that do not belong to the defined CI are trimmed out 
as outliers. The detected outliers are depicted as green in the fourth row of 
Figure 4. In each iteration, the number of detected outliers will increase.

The example in Figure 4 illustrates the functionality of the proposed 
algorithm, although it has some limitations under certain conditions. In 
particular, in areas with sharp slopes, low point density, and high contam
ination, the model occasionally fails to detect all outliers or detects too 
many, resulting in data gaps. The underlying problem stems from the 
chosen surface model, MBA, which is essentially a 2.5D function rather 
than a full 3D model. This 2.5D approach was chosen for its efficiency in 
modeling high density data; however, it introduces limitations in the accur
ate calculation of optimal weights in the IRLS algorithm. Specifically, 
weight calculations are based on residuals or error values in the z-direction, 
which can lead to inaccuracies, especially in sloped regions. A more effect
ive measure would be to use the shortest distance between the surface and 
the observations. Our observations suggest that basing the weights on the 
shortest distance yields better results. A visual comparison of the perform
ance of different versions of the IESP algorithm is shown in Figure 5. This 
figure shows the results when the IESP algorithm uses two different meth
ods for calculating deviations: IESP.v1, which uses residuals, and IESP.v2, 
which uses the shortest distances. This color-coded representation effect
ively illustrates how each version operates under different outlier detection 
criteria and their impact on outlier identification. In this comparison, blue 
dots represent clean data points that both versions jointly identified as not 
outliers, indicating agreement on these classifications. Red points are exclu
sively identified as outliers by IESP.v1, highlighting that the residual-based 
method may be sensitive to gaps and slopes. Green points are exclusively 
identified as outliers by IESP.v2, indicating that the use of the shortest 

MARINE GEODESY 159

6 Publications 109



distance increases the robustness of the algorithms given the nature of the 
data. This version can effectively detect small artifacts near the surface and 
directional changes in the geometry. The new weights increase the robust
ness of the algorithm and reduce the sensitivity to parameters. Our weight 
calculations are based on the shortest distance.

Results and Comparison

To evaluate the performance of the proposed algorithm, a significant chal
lenge is the knowledge gap regarding the true underwater geometry. 
Traditionally, bathymetric data sets are manually labeled by hydrographers. 
These labels are not flawless and rely on human judgment, especially when 
reflections from obstacles or minor surface variations occur. However, 
manual labels serve as a working ground truth in our analysis. To evaluate 
the effectiveness of our method, we compared the results of IESP to three 
other methods. One approach developed at the Federal Institute of 
Hydrology (BfG) is an applied strategy used in practice for instance in use 
by organizations such as WSV, which we refer to as Method 1.

In addition, two density-based clustering algorithms, namely Local 
Outlier Factor (LOF) and Density-Based Spatial Clustering of Applications 
with Noise (DBSCAN), are adapted. The cleaning approach by BfG com
bines analytical and manual labeling processes. The analytical part, applied 
in the first step, as described in Lorenz et al. (2021), uses carefully chosen 
parameters to eliminate the vast majority of outliers distant from the riv
erbed. An important aspect of this step is ensuring that no measurement 
point representing the riverbed is considered an outlier. In the second step, 
the remaining outliers are labeled by hand. Points labeled as outliers in the 

Figure 5. Example of a comparison between detected outliers by IESP.v1 and IESP.v2; blue 
points are commonly detected clean points. Red present those points that are only detected as 
an outlier by IESP.v1. Green points show detected outliers only by IESP.v2.
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first step that could be part of the riverbed or structures on it, such as 
small stones, are recovered (i.e., labeled as valid points). LOF, proposed by 
Breunig et al. (2000), identifies outliers based on the local density of a 
point in comparison to the local density of its neighboring points. 
DBSCAN (Ester et al. 1996) builds up clusters around each point based on 
a specified radius and a minimum number of neighbors. Any point that is 
at the end left without a cluster, would be considered as outlier.

In adapting each of these approaches to this particular data set, the selec
tion of appropriate hyperparameters is a critical step. Specifically, for LOF, 
key hyperparameters include the number of neighbors and the degree of 
contamination. A major challenge is the management of outlier clusters. 
With too few neighbors, these clusters may be misidentified as normal data 
points. Conversely, a large neighborhood parameter can cause minor data 
deviations to be misidentified as outliers. This problem arises from varia
tions in parameter levels. For our study, the LOF was configured with a 
minimum neighborhood size of approximately 800 points and a contamin
ation level of 2%. This configuration helps maintain the structural integrity 
of the data by preventing holes and preserving homogeneity that could be 
compromised with a smaller neighborhood size. In the case of DBSCAN, 
choosing the right parameters is just as important, but the method offers 
more flexibility. After extensive empirical testing, we selected a radius of 
0.3 and a minimum core point number of four for the DBSCAN algorithm. 
For our algorithm, a contamination level of 3% was determined to be opti
mal based on systematic experimentation. It is important to note that, 
although a higher contamination level increases noise detection, it does not 
compromise the integrity of the surface data.

For detailed visualization and analysis, these results are focused on the 
middle section of the Kiel Canal. This specific selection allows us to dem
onstrate the analytical results in a clear, structured manner. Results are pre
sented as point clouds in Figures 6 through 10, where green points 
represent detected outliers and blue points represent clean data. These fig
ures also include ground truth derived from manual editing, recognizing 
that even this ground truth is subjective. In the 2D (XY) plane view of 
Figure 6, it is noticeable that LOF tends to misidentify edges as outliers, a 
phenomenon that is also slightly evident in Method 1’s results, despite 
hyperparameter optimization. The 3D view in Figure 7 shows that larger 
outlier clusters are primarily detected by IESP,

Method 1, and DBSCAN, but LOF struggles with such clusters due to its 
sensitivity to hyperparameter choices.

A detailed analysis of Figure 8, specifically in the x-direction profile 
views (perpendicular to ship movement) and focusing on the transition 
from the flat to the sloped parts of the riverbed, reveals inconsistencies that 
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are challenging for clustering algorithms such as LOF and DBSCAN to 
detect. The reason is the nonhomogeneous distribution of the data. The 
measurement setup results in high sampling rate in the x-direction and low 
density in the y-direction (along the movement). These outliers are also 
visible in Figure 9, where Method 1’s methodology fails to detect near-sur
face defects, unlike IESP, which effectively detects subtle surface discrepan
cies. In addition, Figure 10, shows a cross-profile of multibeam data in the 
y-direction (perpendicular to ship movement), highlighting the challenge of 
detecting small to large clusters of outliers. IESP shows proficiency in iden
tifying these inconsistencies. Similarly, Method 1’s approach struggles with 
the outliers closest to the surface. For DBSCAN and LOF, very close clus
ters to the surface raise similar problems as mentioned before.

To quantitatively compare performance, we use a confusion or error 
matrix consisting of true positives (TP), true negatives (TP), false positives 
(FP), and false negatives (FN), where ‘positive’ indicates an outlier. 
Calculated performance metrics include precision, recall, accuracy, F1 score, 
balanced accuracy, and Matthews correlation coefficient (MCC). These 
metrics are calculated in accordance with Table 1.

Figure 6. 2D (XY) plane view of the results. Green points represent detected outliers and blue 
points represent clean data.
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Figure 7. 3D view of the results. Green points represent detected outliers and blue points rep
resent clean data.

Figure 8. Zoomed area, profiled views in the x-direction (perpendicular to ship movement). 
Green points represent detected outliers and blue points represent clean data.
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Table 2 contains the analytical results for the sample data. When evaluat
ing the performance of outlier detection methods, we must consider several 
aspects to ensure reliability. Critical to our evaluation is minimizing the 
miss rate, which reflects the ability to eliminate as many outliers as pos
sible. In this context, Type II errors are particularly detrimental because 

Figure 9. Zoomed area, profiled views in the x-direction (ship movement). Green points repre
sent detected outliers and blue points represent clean data.

Figure 10. A cross-profile of point clouds in the y-direction (ship movement). Green points rep
resent detected outliers and blue points represent clean data.
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they represent undetected outliers. Also, very important is maintaining a low 
drop-out rate to preserve the point density of the data set. Additionally, the 
efficiency of an algorithm is assessed by its level of automation and its ability 
to minimize the necessity for manual, visual inspection. This evaluation 
extends beyond computational speed to include the intelligent design of the 
algorithm for autonomous task performance, thereby reducing analysis time 
and accelerating the detection process. Key criteria—such as miss rate, false 
positive rate, and automation efficiency—are crucial in determining the 
effectiveness of an outlier detection algorithm.

The evaluation of IESP in comparison to others has shown promising 
results. In particular, IESP has the lowest FN, indicating a minimal occur
rence of undetected outliers, while LOF has the highest FN rate. 
Correspondingly, IESP achieves the highest TP. These conclusions are par
ticularly reflected in the recall metric, with our algorithm achieving a per
fect recall of 1, meaning that it successfully identified all true outliers. 
LOF’s recall is 0.24, highlighting its relatively poor performance in detect
ing true outliers. The high recall of IESP is further validated by Method 1’s 
recall of 0.84.

Table 1. Performance metrics based on confusion matrix ele
ments; true positives (TP), true negatives (TN), false positives 
(FP), and false negatives (FN).
Performance Metric Formula

Precision TP
TPþFP

Accuracy TPþTN
TPþFNþFPþTN

Recall TP
TPþFN

True Positive Rate (TPR) TP
TPþFN

True Negative Rate (TNR) TN
FPþTN

F1-Score 2TP
2TP þ FPþFN

Balanced accuracy TPRþTNR
2

MCC TP�TN - FP�FNffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTPþFPÞðTPþFNÞðTNþFPÞðTNþFNÞ
p

Table 2. Results of analysis of outlier detection algorithms on 
the Kiel Canal data, calculated based on Table 1.
Metric Method 1 IESP LOF DBSCAN

TN 445502 435636 444634 447233
FN 4332 53 19994 9181
FP 2347 12213 3215 616
TP 21930 26209 6268 17081
Precision 0.9 0.68 0.62 0.97
Recall/TPR 0.84 1 0.24 0.65
Accuracy 0.99 0.97 0.95 0.98
F1-score 0.87 0.81 0.35 0.78
Balanced Accuracy 0.92 0.99 0.62 0.83
MCC 0.86 0.81 0.38 0.78
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The evaluation of IESP in comparison to others has shown promising 
results. In particular, IESP has the lowest FN, indicating a minimal occur
rence of undetected outliers, while LOF has the highest FN rate. 
Correspondingly, IESP achieves the highest TP. These conclusions are par
ticularly reflected in the recall metric, with our algorithm achieving a per
fect recall of 1, meaning that it successfully identified all true outliers. 
LOF’s recall is 0.24, highlighting its relatively poor performance in detect
ing true outliers. The high recall of IESP is further validated by Method 1’s 
recall of 0.84. These results support the earlier discussions and confirm that 
IESP not only effectively identifies the vast majority of outliers, but also 
maintains a higher recall, or less FNs. IESP’s precision is 0.68, signifying a 
higher detection rate of outliers compared to true labels, and a recall of 1, 
indicating almost all true outliers are identified. DBSCAN and BfG show 
high precision, but LOF falls short, failing to detect many outliers and mis
labeling non-outliers. The higher false positive (FP) rate in IESP may 
indeed be influenced by the choice of hyperparameters, particularly the 
assumed level of data contamination due to the absence of precise contam
ination information. Despite this, IESP remains robust under higher con
tamination assumptions, as this primarily leads to more data being cleaned 
and the surface smoothed, without compromising the integrity of the data
set. While some FPs may not represent true outliers, distinguishing 
between them and valid data points can be difficult, even for a trained 
observer. Additionally, manual cleaning is not only time-consuming but 
often fails to detect all outliers, further highlighting the limitations of 
human intervention. For binary classification one good measure is F1- 
score, higher values indicated smaller values in both FP and FN. However, 
given the imbalanced nature of the dataset—where only about 6% are 
labeled as outliers—it is crucial to focus on the metrics that accurately 
reflect this disproportion. For instance, MCC provides a balanced measure 
to evaluate the quality of the classification even if the classes are imbal
anced (Matthews 1975). MCC is a correlation coefficient ranging between 
−1 and þ1, and a coefficient of þ1 represents a perfect prediction. Method 
1 stands out with a balanced accuracy of 0.92 and a high MCC, suggesting 
a strong correlation between predictions and ground truth. In contrast, 
Method 1, while precise, struggles with a higher rate of FP and a significant 
number of FN, critical in contexts where missing outliers is a major 
concern.

The algorithms discussed in this article are implemented in MATLAB 
and Python and run on a single-core PC with a 3.60 GHz CPU and 64 GB 
of RAM. The implementations of the LOF and DBSCAN algorithms are 
derived from the open-source libraries provided by Scikit-learn (Pedregosa 
et al. 2011). We observed a significant variation in the processing times of 
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the different algorithms tested. DBSCAN was the fastest, taking about 10 s, 
while LOF took about 3 min. The IESP took about 30 min and the process
ing time of Method 1 was extended to 1-2 days, influenced by manual proc
essing interventions. It is important to emphasize that computation time 
does not directly reflect the overall quality or effectiveness of the algo
rithms’ performance. While IESP’s current processing time of 30 min is 
effective for offline analysis, it may pose a challenge for real-time shipboard 
processing. The present implementation does not yet take advantage of 
multi-core processing or GPU acceleration, both of which could signifi
cantly reduce runtime and enhance the algorithm’s suitability for real-time 
applications in the future.

The comparative performance of the four outlier detection approaches is 
summarized in Table 3. This table presents the results of the comparative 
performance of the four outlier detection approaches-IESP, Method 1, 
DBSCAN, and LOF on the example dataset. The comparison includes key 
characteristics such as algorithm type, degree of automation, computational 
speed, performance results, strengths, and limitations.

Conclusion

In this article, we present a novel outlier detection algorithm based on 
robust statistical estimators, designed to handle challenging data 

Table 3. Comparative performance of the four outlier detection approaches: This table 
presents the results of the comparative performance of the four outlier detection approaches- 
IESP, Method 1, DBSCAN, and LOF-on the example dataset. The comparison includes key char
acteristics such as algorithm type, degree of automation, computational speed, performance 
results, strengths, and limitations.

Approach Algorithm Type
Degree of  

Automation
Computational  

Speed
Performance  

Results Description

IESP Surface-based High Moderate High �Adaptable to non-homogeneous 
distribution 

�Handles noise well 
�Computationally intensive

Method 1 Distribution-based 
Manual labeling

Low Low High �Requires manual labeling 
�Due to manual nature produces 

subjective results 
�Reliable results can be achieved 

by an experienced operator 
�Extremely time consuming

DBSCAN Density-based Moderate High Moderate �Handles noise well 
�Requires significant Parameter 

tuning 
�Can struggle with outlier clusters 
�Sensitive to non-homogeneous 

distribution
LOF Density-based Moderate High Low �Requires significant Parameter 

tuning 
�Captures local density variations 
�Struggles with outlier clusters 
�Sensitive to non-homogeneous 

distribution
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characteristics, such as outliers and nonhomogeneous distribution. Our algo
rithm operates under the assumption that a sampled point cloud from an 
underwater environment approximates a continuous surface. Through an 
iterative process of robust estimation, we compute surface parameters that 
inform our detection mechanism. Benchmarking against real-world data 
demonstrates that IESP outperforms established methods such as Method 1, 
LOF, and DBSCAN. The effectiveness of our algorithm is evaluated using 
several metrics, including miss rate, failure rate, and automation efficiency. 
The efficiency of applying MBES data extends beyond computational speed, 
encompassing the degree of the algorithm’s automation and its ability to 
minimize manual, visual inspection. This autonomous operation significantly 
reduces analysis time and accelerates the outlier detection process.

Despite its slower operating speed compared to other methods - a facet 
that will require future improvements - our algorithm’s design necessitates 
minimal hyperparameter tuning, primarily focusing on the contamination 
level. This streamlined approach contrasts sharply with the labor-intensive 
process typically employed, highlighting our algorithm’s advantage in auto
mation and reduced reliance on manual intervention. A key challenge 
remains the limited availability of accurate ground truth labels. Even 
meticulously hand-edited labels are subject to subjective errors, complicat
ing the validation process. Future steps include testing the algorithm on 
additional data sets to further validate its robustness and reliability. The 
primary aim of our research was to develop a method to eliminate outliers 
from echosounder measurements, thereby reducing manual tasks in hydro
graphic data processing. Transferring the research procedures to the prac
tical work of the WSV will be a future task of BfG, aiming to improve 
efficiencies and deliver products to users with higher frequencies.

This algorithm and methodology can be applied to any point cloud data 
that can be represented as a surface, including data from sidescan sonar, sin
gle-beam sonar, and LiDAR point clouds. While the core principles remain 
consistent, variations in measurement processes—such as resolution, noise, 
and sampling density—may require tuning of the hyperparameters to ensure 
optimal performance. These adjustments will help maintain the robustness of 
the methodology across different data acquisition technologies.
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Abstract
Accurate Digital Bathymetric Model (DBM)s are essential for ensuring safe navigation on wa-
terways, yet they heavily depend on precise underwater measurements and robust modeling 
techniques. However, measurements taken in underwater environments are highly susceptible 
to uncertainties due to challenging environmental conditions and unknown underwater geom-
etries, complicating the evaluation of both measurements and resulting models. This paper 
explores the impact of measurement uncertainty on DBM quality and presents a systematic 
pipeline for modeling these uncertainties to improve the reliability of resulting models. The 
methodology comprises of two primary stages. A detailed measurement uncertainty model is 
developed in the first stage based on error propagation principles. This model accounts for 
multiple uncertainty sources ranging from instrument accuracy to environmental influences. 
In the second stage, we implement a simulation-based approach to evaluate the influence of 
these uncertainties on the final DBM. To this end, we have developed a survey simulator that 
simulates a Multi-Beam Echo Sounder (MBES) system and generates realistic measurement 
uncertainties. The integration of these uncertainties as observation weights during the mod-
eling process enhances model accuracy and reliability. The effectiveness and practicality of 
the proposed method are confirmed through validation in a controlled simulation environment 
with known geometry and uncertainties. The results underscore not only the technical bene-
fits of incorporating measurement uncertainty in surface modeling but also highlight its critical 
importance in ensuring navigational safety through high-quality, reliable DBMs.

Authors

Bahareh Mohammadivojdan1, Frederic Hake3, Felix Lorenz2, Jan Ole Böllert4, Robert Weiß2, Thomas Artz2, Ingo Neumann1  and Hamza Alkhatib1

PEER-REVIEWED ARTICLE

✉	 Bahareh Mohammadivojdan · mohammadivojdan@gih.uni-hannover.de
1 	 Leibniz University Hanover, Geodetic Institute, Hannover, Germany 
2 	 Federal Institute of Hydrology, Koblenz, Germany
3 	 Allsat GmbH, Hannover, Germany
4 	 Saxon State Ministry of Infrastructure and Regional Development, Dresden, Germany

28 

6 Publications 123



29IHR VOL. 31 · Nº 1 — MAY 2025 29

ENHANCING DIGITAL BATHYMETRIC MODELS 

https://doi.org/10.58440/ihr-31-1-a09 29 

Resumen
Los Modelos Batimétricos Digitales (DBM) precisos son esenciales para garantizar la seguridad de la 
navegación por las vías navegables, pero dependen mucho de la precisión de las mediciones submarinas y 
de la solidez de las técnicas de modelado. Sin embargo, las mediciones tomadas en entornos submarinos 
son muy susceptibles a las incertidumbres debidas a las difíciles condiciones ambientales y a las descono-
cidas geometrías submarinas, que complican la evaluación tanto de las mediciones como de los modelos 
resultantes. Este artículo explora el impacto de la incertidumbre de las mediciones en la calidad de los DBM 
y presenta una vía sistemática para modelar estas incertidumbres para mejorar la fiabilidad de los modelos 
resultantes. La metodología consta de dos fases principales. En la primera fase se desarrolla un modelo 
detallado de incertidumbre de las mediciones basado en los principios de propagación de errores. Este 
modelo tiene en cuenta múltiples fuentes de incertidumbre desde la precisión de los instrumentos hasta las 
influencias ambientales. En la segunda etapa, implementamos un enfoque basado en simulaciones para 
evaluar la influencia de estas incertidumbres en el DBM final. Para ello, hemos desarrollado un simulador de 
levantamientos que simula un sistema de Ecosonda Multihaz (MBES) y genera incertidumbres de medición 
realistas. La integración de estas incertidumbres como confianza de las observaciones durante el proceso 
de modelado mejora la precisión y fiabilidad del modelo. La efectividad y viabilidad del método propuesto 
se confirman mediante la validación en un entorno de simulación controlado con geometría e incertidum-
bres conocidas. Los resultados subrayan no sólo los beneficios técnicos de incorporar la incertidumbre 
de las mediciones en el modelado de superficies, sino también su importancia crítica para garantizar la 
seguridad de la navegación mediante DBM de alta calidad y fiables.

Resumé
Des modèles numériques de bathymétrie (MNB) précis sont essentiels pour garantir la 
sécurité de la navigation sur les voies navigables, mais ils dépendent fortement de mesures 
sous-marines précises et de techniques de modélisation robustes. Cependant, les mesures 
prises dans des environnements sous-marins sont très sensibles aux incertitudes dues à 
des conditions environnementales difficiles et à des géométries sous-marines inconnues, ce 
qui complique l’évaluation des mesures et des modèles qui en résultent. Cet article explore 
l’impact de l’incertitude des mesures sur la qualité des MNB et présente un pipeline sys-
tématique pour modéliser ces incertitudes afin d’améliorer la fiabilité des modèles obtenus. 
La méthodologie comprend deux étapes principales. Dans un premier temps, un modèle 
détaillé d’incertitude de mesure est développé sur la base des principes de propagation des 
erreurs. Ce modèle tient compte de multiples sources d’incertitude, allant de la précision des 
instruments aux influences environnementales. Dans un deuxième temps, nous mettons en 
œuvre une approche basée sur la simulation pour évaluer l’influence de ces incertitudes sur le 
MNB final. À cette fin, nous avons développé un simulateur de levé qui simule un système de 
sondeur multifaisceaux (SMF) et génère des incertitudes de mesure réalistes. L’intégration de 
ces incertitudes sous forme de pondérations d’observation pendant le processus de modéli-
sation améliore la précision et la fiabilité du modèle. L’efficacité et la praticité de la méthode 
proposée sont confirmées par une validation dans un environnement de simulation contrôlé 
avec une géométrie et des incertitudes connues. Les résultats soulignent non seulement les 
avantages techniques de l’intégration de l’incertitude de mesure dans la modélisation de 
surface, mais aussi son importance cruciale pour garantir la sécurité de la navigation grâce à 
des MNB fiables et de haute qualité.
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1 Introduction
Accurate and reliable DBMs are needed for safe 
navigation in waterways. This is especially important 
for Germany– a leading global economic and export 
nation that relies heavily on its inland and maritime 
shipping routes to connect industrial hubs to sea-
ports and ensure access to international markets. Its 
waterways, which connect the North and Baltic Seas 
and are central to Europe, are vital to the European 
waterway network, supporting trade and transport 
safety (BFG, 2013). Nowadays, with the capabilities 
of sonar-based systems such as MBES, it is pos-
sible to sample underwater topography in high spatial 
resolution and density. These systems measure both 
location and depth, generating Point Cloud (PC) 
comprising millions of points in a short time. Although 
high-resolution measurements are associated with 
greater detail and raise expectations regarding the 
detection of fine structures and higher accuracy, as-
sumptions about the precision of such data can be 
misleading, as each measurement is subject to both 
vertical and horizontal uncertainties. The International 
Hydrographic Organization (IHO) provides guidelines 
to ensure safety and guarantee a minimum level of 
accuracy for users in order to standardize the quality 
of DBMs (IHO, 2022).

To create DBMs, we rely on raw measurements 
from which outliers have been removed. However, 
this process makes it difficult to produce a high-
quality DBM because the source data are not always 
as accurate as required. Bathymetric measurement 
uncertainty depends on both the survey system and 
survey conditions. A survey system is, in essence, 
a multi-sensor system composed of several sensors 
(e.g., MBES, IMU, GNSS, etc.). The error budget is 
influenced by various factors related to the system 
and measurement set up (e.g. sensor installation, 
georeferencing, measurement track, speed, etc.) 
Hare et al. (2011). Additionally, further inaccuracies 
may be introduced during the modeling process it-
self, for example due to model approximation errors, 
limitations in the chosen surface representation, or 
the presence of noise and outliers in the input data. 
This raises two questions: if we closely examine the 
measurement process and its surrounding condi-
tions, can we quantify these inaccuracies or estimate 
the uncertainties involved? And how might this infor-
mation enhance the final model?

1.1 Uncertainty of bathymetry surveys
A realistic estimate of the measurement uncertainties 
is crucial for evaluating their impact on final products, 
such as DBM. This information is invaluable not only 
for assessing model quality but also for applications 
such as measurement planning and bridge risk man-
agement (Eakins & Taylor, 2010; Hare et al., 2011). 
Extensive research has focused on detecting and 
modeling the source of errors in bathymetric surveys. 
For example, Hare (1995) developed an algorithm 
to predict the uncertainty of bathymetry surveys by 

considering various influencing factors. He accounted 
for the total depth error by including errors from the 
sounder system, roll, pitch, heave, refraction, dy-
namic draught, and water level. Moreover, the total 
error budget should also incorporate errors from the 
positioning system, relative transducer-sounding po-
sition, heading, and the relative antenna-transducer 
position (Hare, 1995). Today Precise Differential 
Global Positioning System (PDGPS) are used for po-
sitioning, which replaces the errors associated with 
dynamic draught and water level with the uncertainty 
of the GNSS solution. The law of propagation of vari-
ances can be applied to integrate different sources of 
uncertainty and derive estimates of Total Propagated 
Uncertainty (TPU), separating it into a vertical com-
ponent – Total Vertical Uncertainty (TVU) – and a 
horizontal component – Total Horizontal Uncertainty 
(THU) (Hare, 1995; Hare et al., 2011). However, it 
is important to note that position and depth errors 
should not be considered as inherently coupled. 
In complex underwater environments, especially 
in areas with abrupt morphological changes, even 
small horizontal deviations can cause significant ap-
parent depth discrepancies. Thus, while the TPU 
model provides an overall estimate of uncertainty, it 
does not fully account for morphology-driven effects. 
Therefore, in addition to considering the combined 
TPU, a separate and independent assessment of 
TVU and THU is necessary to properly characterize 
the measurement uncertainties. Many researchers 
have contributed to this model to account for more 
error sources e.g. doppler frequency shift, base-
line decorrelation when using frequency modulated 
pulse (Haji Mohammadloo et al., 2018, 2019). The 
quality of uncertainty model, was researched by (Haji 
Mohammadloo et al., 2018; Tengku Ali et al., 2022; 
Abubakar & Poerbandono, 2023). However, due to 
lack of ground truth on underwater geometry, val-
idation of the quality of the developed models still 
remains under-researched.

1.2 Modeling and quality of DBM
The accuracy of the DBM depends on both the 
quality of the source data and the modeling tech-
nique employed. Since every measurement inherently 
carries some uncertainty, these uncertainties propa-
gate into the final bathymetric model. The modeling 
approach can range from a simple grid-based rep-
resentation to a complex 3D mathematical surface. 
Numerous studies have focused on spatial data 
modeling. Choosing the suitable modeling technique, 
depends on the characteristics of the PC such as 
its size, distribution, density and regularity. Although 
MBES PCs are typically dense, they are non-homo-
geneous and contain some gaps. Consequently, 
many modeling techniques are unable to handle 
large datasets with high variability and spatial gaps. 
In practice, simpler grid representations are frequently 
used for these data (Maune et al., 2007), where each 
cell is assigned a single value derived from various 
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interpolation techniques. Common methods include 
splines, kriging, nearest neighbor, minimum curva-
ture, modified Shepard’s method, Inverse Distance 
Weighting (IDW), Triangulated Irregular Network or 
artificial intelligence (Lorenz et al., 2021; Maune et 
al., 2007; Wlodarczyk-Sielicka et al., 2016). Each 
method has its strength and is chosen based on the 
specific circumstances of the dataset (Yang et al., 
2004; Rishikeshan et al., 2014). An appropriately 
chosen interpolation technique not only reduces 
computational cost by limiting mesh nodes to local 
neighborhoods, but can also mitigate the influence of 
measurement noise by averaging over multiple ob-
servations. This often results in smoother and more 
realistic surface representations. However, the ac-
curacy of the final model remains sensitive to factors 
such as cell size, point density, topographic varia-
bility within each cell, and the interpolation strategy 
chosen. In addition, unlike hierarchical or global 
surface models that can incorporate broader spatial 
dependencies, grid-based approaches may be lim-
ited in their ability to capture complex structures if the 
local window is too restrictive. 

A DBM can be derived based on global functions. 
For example, Bisquay et al. (1998) and Bottelier et 
al. (2005) use Kriging to interpolate the underwater 
geometry by exploiting the correlation among data 
points. However, this method is computationally ex-
pensive, and to achieve reliable estimates, the under-
lying trend in the data must be modeled separately 
(Mohammadivojdan et al., 2020). Alternatively, a DBM 
can be derived based on a mathematical model, rep-
resenting a continuous global surface– such as tradi-
tional polynomial surfaces or free-form surfaces, like 
B-splines and non-uniform rational B-splines (Piegl, 
1997; Bureick et al., 2016). For a global surface ap-
proximation, Arnold & Shaw (1993), Bjørke & Nilsen 
(2009) and Mohammadivojdan et al. (2021), employ 
a coarse-to-fine strategy in building the surface. A 
hierarchical surface model can overcome specific 
challenges posed by high-density, high-noise, and 
nonhomogeneous distribution of MBES measure-
ments. In this context, Mohammadivojdan et al. 
(2024) utilize a hierarchical B-spline surface model – 
namely, the Multilevel B-spline Approximation (MBA) 
model introduced by (Lee et al., 1997) – which 
adapts to varying topographies and efficiently han-
dles data gaps.

Furthermore, various survey configurations and op-
erational setups also impact the accuracy of DBMs. 
These setups influence point density and distribution, 
which in turn affect modeling error. Maleika (2013) 
investigated the influence of factors such as vessel 
speed, swath width, track configuration, and meas-
urement density on model quality (Maleika et al., 
2012). Since there is no ground truth on the under-
water geometry, it is challenging to precisely estimate 
the DBM accuracy. To quantify the modeling error, 
several statistical approaches are available, including 
cross-validation, split-sample and jack-knifing, and 

bootstrapping (Paquet, 2010; Erdogan, 2009; 
Mohammadivojdan et al., 2021). These approaches 
evaluate the model’s predictive performance by 
testing it on data that were not used during the esti-
mation process, ensuring that the model generalizes 
well to new, unseen data. By partitioning the data 
into subsets or repeated resampling, these tech-
niques estimate the variability and reliability of the 
model’s predictions, providing a robust assessment 
of its accuracy and potential biases. However, it is 
important to note that in the absence of ground truth, 
both training and test subsets are affected by similar 
random noise characteristics inherent to MBES sys-
tems. As a result, while these methods can provide 
insight into the internal consistency and robustness 
of the model, they may not fully reflect the absolute 
modeling error, especially in high-noise environments.

1.3 Contribution
The objective of this study is to quantify the un-
certainty of a DBM and explore how incorporating 
uncertainty information can improve their accu-
racy and reliability. We achieve this by developing 
a comprehensive uncertainty model that quantifies 
the uncertainties inherent in bathymetric measure-
ments. We employ a Monte-Carlo-based approach 
for error propagation, which provides a computa-
tionally straightforward way to account for complex, 
non-linear relationships and non-standard proba-
bility distributions. Unlike classical error propagation 
methods, our approach avoids intricate mathematical 
derivations while still offering a detailed representation 
of the uncertainties affecting our measurements. This 
work focuses on creating a DBM from outlier-cleaned 
raw data using a mathematical surface, specifically 
employing the MBA approach. Our goal is to explore 
how uncertainty information can enhance this model. 
Our approach is to incorporate uncertainty data as 
weights within the adjustment process, to assess its 
impact on model quality. However, a major challenge 
is the lack of real-world cases with known ground 
truth; without precise knowledge of the true under-
water geometry, it is difficult to definitively evaluate the 
model’s accuracy. To overcome this, we developed 
a simulation environment that generates a known 
geometry based on a precise mathematical model 
representing the ground truth. Within this controlled 
environment, we simulate both the measurement 
process and its corresponding uncertainties. This 
setup allows us to obtain measurements that include 
uncertainties while retaining complete knowledge of 
the true geometry, thereby enabling a better under-
standing of how uncertainty affects the model.

Recognizing that a single simulation scenario is 
insufficient for drawing reliable conclusions, we con-
ducted a comprehensive Monte-Carlo simulation ex-
periment, repeating the entire process multiple times. 
In each iteration, both the geometry and the asso-
ciated uncertainties are simulated, and two versions 
of the DBM are generated: one that incorporates 
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the uncertainty information to improve the model, 
and one that does not. This comparative approach 
enables us to evaluate the impact of incorporating 
uncertainty on the model’s accuracy and reliability. 
Ultimately, we identify the optimal model and generate 
additional outputs – such as Confidence Intervals (CI) 
and uncertainty maps – that provide a clearer picture 
of the model’s precision. This paper is organized in 
three parts. Part 1 describes the development of 
the uncertainty model and the hydrographic survey 
system used in our experiment, as well as the mod-
el’s validation (Sections 2 and 3). Part 2 presents the 
survey simulator (Section 4). Part 3 details the data 
processing, modeling algorithm, the Monte-Carlo ex-
periment, and the resulting analysis (Section 5).

2 Description of the uncertainty model
According to the Guide to the Expression of 
Uncertainty in Measurements (GUM), to estimate un-
certainty of a measured value Y, we should establish 
the functional relationship between the target value Y 
and all the other quantities (X

1
, X

2
, …, X

N
) contributing 

in the measurement process (ISO, 1995)

If the input variables are uncorrelated, the combined 
measurement uncertainty u

c
(Y) of a target quantity Y 

can be calculated from the standard uncertainties of 
the input quantities u

i
(X) as follows (Schwarz, 2020a):

wherein,
c

i
	 –		 Sensitivity coefficient, defined as c

i
 = ∂f / ∂x

i

u(x
i
)	 –		 Standard uncertainty of the input quantity x

i

n	 –		 Number of input quantities

The uncertainty u
c
 is propagated from the uncer-

tainties of the inputs using a first-order Taylor series 
expansion (linear approximation). The sensitivity co-
efficient is derived from the partial derivative of the 
functional model (Y=f(X)) with respect to the input 
quantities, which indicates the effect of each input 
quantity on the final results. This represents the case 
where functional model is linear and no correlation is 
assumed between the input parameters.

The concept of GUM, defines a CI around a meas-
ured value called expanded uncertainty. The true 
value of the measurand is expected to lie within this 
interval. Mathematically, it is represented as:

where k is the coverage factor, determined based 
on the desired Confidence Level (CL). Thus, the final 
measurement result can be expressed as:

2.1 Establishing the measurement model
In this case, the measurement model is the solution 
of the coordinates in the target coordinate system. 
The goal is to derive the absolute coordinates of the 
waterbed from the raw measurement data collected 
by the installed sensors. This derivation occurs in 
multiple steps and is relative to different reference 
systems.

Step 1 – Deriving coordinates within Transducer 
coordinate system (T-Frame): Coordinates in the 
T-Frame are derived based on transducer measure-
ments (range r, beam angle θ) as follows:

Step 2 – Transforming into Ship’s coordinate 
system (B-Frame): In the B-Frame, the X-axis runs 
along the ship’s length (positive toward the bow), and 
the Z-axis points toward the zenith of the ship. The 
Y-axis corresponds to the port side direction. The or-
igin of this coordinate frame is the ship’s Center of 
Gravity (CoG). Coordinates in B-Frame are obtained 
by a 6DOF transformation: first, the coordinates in 
T-Frame are rotated based on mounting angles of the 
transducer with respect to the ship body frame (de-
noted by α, β, and γ), and then they are translated 
based on the coordinate difference between the 
transducer’s reference point and the ship’s CoG. This 
translations in XYZ(ΔX

T-B
, ΔY

T-B
, ΔZ

T-B
) are determined 

in a vessel offset survey.

Step 3 – Transformation from B-Frame into the 
Local topocentric coordinate system (LL-Frame): 
Measurements from the Global Navigation Satellite 
System (GNSS) sensor are obtained in the LL-Frame, 
which has globally defined axes: The Y-axis points to-
ward geographic north, and the Z-axis runs parallel 
to the plumb line, pointing toward the local zenith. 
The translation values in XYZ(ΔX

B-LL
, ΔY

B-LL
, ΔZ

B-LL
), 

are based on the coordinate differences between 
the ship’s CoG and reference point of the GNSS an-
tenna. Due to the axis orientation in the UTM system, 
α

H
  is introduced, which results from the heading 

according to α
H
 = 90° – H. The rotation is based on 

the measured heading α
H
, pitch P and roll R by Inertial 

Measurement Unit (IMU).

Step 4 – Combining with GNSS Measurements: The 
final coordinates are obtained by combining the transformed 
coordinates in LL-Frame with the GNSS measurements 
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Schwarz (2020b)). Due to its computational intensity, 
it is imperative to optimize the number of samples to 
achieve a balance between computational efficiency 
and result accuracy (ISO, 1998; Schwarz, 2020b).

The outcome of MCM is the PDF of the param-
eter of interest, which represents the combined 
measurement uncertainty. The three-dimensional 
expanded uncertainty, at a 95 % CL, is defined 
as the TPU. As specified by the IHO (2022), the 
TPU consists of two components: TVU and THU. 
The TVU is extended uncertainty in vertical dimen-
sion (σ

Height
). Similarly, THU is a two-dimensional 

uncertainty for the North and East dimensions 
(σ

North
, σ

East
). For normally distributed, one and 

two-dimensional variables, The IHO defines an 
expansion factor of 1.96 and 2.45, respectively. 
Known systematic deviations U

c
 can also be in-

corporated. TVU is calculated as:

and THU is calculated as:

from the GNSS:

This generalized formulation describes the meas-
urement system illustrated in Fig. 1 and applicable to 
different sensor types and fields of application.

2.2 Identifying influencing factors 
Once the measurement model has been established, 
the next crucial step is to identify all elements that 
influence the accuracy of the final quantity. These 
factors arise from the sensors themselves – including 
their quality and the reliability of the source data – 
environmental conditions, and the definition of the 
chosen reference frames. In the case of an MBES, 
not only must uncertainties in measured range and 
angle be considered, but also indirect influences 
such as variations in sound speed at different 
depths, the transducer’s opening angle, pulse length, 
beam bandwidth, and heave. In addition, the precise 
alignment of the sensors relative to one another and 
the careful definition of reference points play a vital 
role in ensuring accurate results. The main factors 
influencing bathymetric measurement uncertainty are 
illustrated in Fig. 2. For a deeper discussion of each 
uncertainty source, its overall impact, and the meth-
odologies to quantify it, readers are referred to (Hare, 
1995) and (Wirth, 2011).

2.3 Uncertainty estimation
With the measurement model established and the 
relevant influencing factors identified, the next step is 
to estimate the uncertainty of the target quantity via 
error propagation. Classical GUM propagation (refer 
to Eq. 2) involves computing the derivatives of the 
measurement model for all influencing parameters. 
However, because our measurement model is highly 
nonlinear, the classical approach is suboptimal. For 
complex systems, an alternative solution is to use 
Monte Carlo Method (MCM), as described in GUM 
(ISO, 1998). MCM offer several advantages: it over-
comes the limitations of classical GUM propagation 
– which assumes small uncertainties and relies on a 
first-order Taylor expansion – and it accommodates 
any Probability Density Function (PDF) of input pa-
rameters, thereby extending the analysis beyond the 
constraints of normal distributions. The outcome of 
MCM is not just a standard uncertainty, it also gives a 
complete uncertainty distribution.

To estimate uncertainties using MCM, it is first nec-
essary to identify the PDF corresponding to each in-
fluencing factor. MCM is based on performing a large 
number of simulated random experiments, and its 
validity is ensured when a sufficient number of trials 
are conducted. Typically, the number of samples 
ranges from 1,000 to 1,000,000 (e.g., m = 100,000 
in Alkhatib et al. (2009) and m = 1,000,000 in 

(8)

Fig. 1 Illustration of measurement system, sensors, and the defined 
coordinate frames.

Fig. 2 The influencing factors on bathymetric measurement uncertainty.

(9)

(10)
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3 Validation of the uncertainty model
To assess the functionality of our model and validate 
its performance, we use real data. Although the sys-
tems and configurations of measurement instruments 
may vary across different vessels, their underlying 
principles remain similar. In this study, we focus on 
a specific measurement system – the Uwe Jens 
Lornsen (UJL; Fig. 3). We developed the measure-
ment model for UJL according to Section 2.1, and 
for a specific measurement campaign, a complete 
uncertainty model is also established.

3.1 Details of the measurement system
The survey vessel UJL (Fig.3) is a survey vessel oper-
ated by the Elbe-North Sea (Tönning) Waterways and 
Shipping Office (WSA). Built in 1993, its primary tasks 
include monitoring and depth surveying of maritime 
navigation channels along the Schleswig-Holstein 
West Coast to ensure safe and efficient navigation. 
Additionally, UJL is used for surveying structures, har-
bors, and dredging areas. To perform these tasks, 
the UJL uses a Kongsberg EM2040C dual-head 

multibeam echo-sounding system with two perma-
nently installed transducers. For spatial referencing, 
a satellite-based positioning system – comprising 
PDGNSS with an integrated navigation sensor 
system (INS), including a Seapath 330+ and a motion 
reference unit (MRU 5+) – is used. The location of the 
sensors on UJL is shown in Fig. 4.

The primary sampling sensors used on UJL 
is MBES. Two MBES are mounted perpendic-
ularly to the vessel, enabling a profile-based 
scanning of the seafloor. For efficient scanning, 
these two echo sounders are oriented along the 
port–Back Board side (BB) and Star Board side 
(STB) and tilted at 37° relative to the ship’s base-
line. In addition to the dual-head system, a third 
hydroacoustic sensor – a Single Beam Echo 
Sounder (SBES) – is used to measure the central 
depth at the vessel’s nadir using various frequen-
cies. Note that the SBES was used exclusively 
for navigation support and was not involved in 
the bathymetric data processing or experimental 
analysis.
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Fig. 3 Image of survey vessel UJL (WSA, 2023).

Fig. 4 Schematic layout of the sensor configuration on the UJL survey vessel.
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The UJL was used in 2019 for a measurement 
campaign of the man-made Kiel Canal (Fig. 5), con-
ducted by the Elbe Nordsee Waterways and Shipping 
Office (Tönning). A 300 m long measurement swath 
was used as test data. In the selected section of 
the campaign, both flat areas and structured regions 
characterized by small bed load transport bodies 
(dunes), embankments, and leaps across flow di-
rection were observed. The riverbed in this area typ-
ically consists of rock, silt, and gravel; water depths 
reach up to 13 m. The ‘equal angular’ measurement 
mode produces 256 measurement points per ping, 
with an across-track distance of around 0.06 m near 
nadir and 0.4 m in the remote swath areas. Near the 
vessel’s nadir, the point density is approximately 45 
points per square meter, decreasing to 15 points per 
square meter in the outer regions. Based on the ves-
sel’s speed and the chosen sampling rate, the pings 
have a typical along track distance of 0.35 m.

The test area exhibits varying effects on the meas-
urement uncertainty due to the combination of high-
water depth with partly shallow areas characterized 
by sediment and partly sloping embankments. The 
geometry of the observation configuration changes 
significantly – for example, the measured distance, 
the angle of incidence, and consequently, the size 
of the measurement footprint varies considerably. 
Furthermore, different structures such as small dunes 
or leap areas provide distinct backscattering proper-
ties, each influencing the measurement uncertainty in 
a unique way. 

3.2 Uncertainty model for UJL
All sensors deliver the raw data in their specific sensor 
coordinate frame. To retrieve a 3D PC in the target 
reference frame, the measurements must first be trans-
formed to a consistent vessel reference frame and then 
to the target reference frame. Section 2.1 outlines the 
methodology for calculating the seafloor coordinates 
for a single transducer. Following this methodology, we 
establish the measurement model for UJL, where the 
target coordinate system here is ETRS89/DREF91 (re-
alization 2016) with UTM projection.

A detailed list of the key parameters and their cor-
responding uncertainty values, as incorporated into 
our uncertainty modeling, is presented in Table 1. 
For those parameters marked with “e.g.”, the listed 
values are representative examples from the da-
taset and are not treated as fixed. Instead, they are 
dynamically estimated per observation within the 
simulation, using established models such as the ge-
ometric range uncertainty model of Hare (1995) and 
Wirth (2011), which incorporate relevant factors like 
slant range, beam angle, and sound speed variability. 
For more details on each uncertainty source and the 
methods used to quantify them, readers are referred 
to Hare (1995) and Wirth (2011).

Here, we assume normal distribution for all pa-
rameters considered, as listed in Table 1. In this 
approach, input parameters are assumed to be 

statistically uncorrelated. Nevertheless, correla-
tions that naturally arise through the functional rela-
tionships between variables are implicitly captured 
by the Monte Carlo Simulation process. The different 
variations of the input parameters propagate through 
the nonlinear system model, and their mutual effects 
on the target variables (X, Y, Z coordinates) are re-
flected in the output’s distribution. The uncertainties 
are calculated separately for each coordinate com-
ponent, providing individual uncertainty values for the 
East, North, and Height components. Following the 
MCM, 1000 simulations were performed, resulting in 
1000 solutions for each point and its East, North, and 
Height components. The PDF of one example meas-
urement point’s coordinate solutions is illustrated in 
Fig. 6 as an example. A normal distribution has been 
estimated for each component and shown with red 
lines in Fig. 6. The calculated coordinates align well 
with the Normal distribution curve, with no significant 
deviations observed. Therefore, we use standard de-
viation corresponding to a CL of 68 % to determine 
uncertainties of each component (σ

East
, σ

North
, σ

Height
). 

These uncertainties are then used to calculate TPU 
values (Eqs. 9 and 10).

Fig. 7 illustrates the results of the MCM uncer-
tainty calculation with 95 % CL for each measure-
ment point. Here, uncertainties are expressed at a 
95 % CL, in accordance with the definition of TPU 
(see Eqs. 9 and 10). The previously calculated 
standard uncertainties (at 68 % CL) are used as 
the basis for this propagation. Fig. 7a shows the 
height uncertainties for the first 100 profiles within 
the measurement swath, while Fig. 7b presents 
the horizontal uncertainties. These figures include 
measurements from both BB and STB trans-
ducers, with coordinates color coded according to 
their calculated TVU and THU. The color scale is 
provided in the legend. In the height component, 
uncertainties vary significantly within a single pro-
file, ranging from 9 cm directly under the ship to 
29 cm for the outer transducer beams. This var-
iation aligns with the expectation that measure-
ment uncertainty increases with greater measured 
distances and larger beam angles. Additionally, a 
slight increase in uncertainty is observed in the di-
rect nadir area. This increase in TVU is mainly due 
to limitations in signal resolution. At nadir, where the 
acoustic path is shortest and perpendicular, pulse 
duration plays a dominant role in depth resolution. 
Similarly, horizontal uncertainty increases with dis-
tance from the vessel due to larger beam footprints 
and weaker signal returns at steeper angles. In 
outer swath areas, small errors in angle or range 
are amplified, leading to greater horizontal position 
uncertainty. However, the range of the horizontal 
uncertainty values differs considerably from that of 
the height uncertainties, varying from 0.55 m near 
the nadir to 1.28 m in the outer beams. This con-
firms that horizontal uncertainty is generally higher 
than height uncertainty.
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Influencing parameter Value Uncertainty symbol Uncertainty value

Related to MBES

Angle measurement θ - σθ
e.g. 0.002 deg

Range measurement error r - σr
e.g. 0.12 m

Sound speed along profile νm
1469 m/s σvm

0.123 m/s

Surface sound speed νs
1468 m/s σvs

0.048 m/s

Speed over ground νSOG
2 m/s σvSOG

0.101 m/s

Spatio-temporal variations of sound 
speed Δν - σΔv

0.01 m/s

Signal bandwidth 15 kHz - -

Pulse length Δtimp 0.015 s σΔtimp
0.05 s

Definition of the ground - U 0.03 m

MBES Pitch compensation Pk - σPk
0.11 deg

MBES Roll compensation Rk - σRk
0.05 deg

Heave - - 0.05 m

Related to IMU & GNSS

Heading α - σα
0.064 deg

Pitch P - σP
0.054 deg

Roll R - σR
0.054 deg

XGNSS, YGNSS, ZGNSS (PDGNSS) - (σX,σY,σZ)PDGNSS
(0.005,0.005,0.013) m

X, Y, Z (Position) (σX,σY,σZ)Pose
e.g. (0.143,0.147,0.014) m

Related to reference frames

{X0,Y0,Z0}GNSS - σ{X0,Y0,Z0}GNSS
0.005

{X0,Y0,Z0}Ship - σ{X0,Y0,Z0}Ship
0

{X0,Y0,Z0}Transducer - σ{X0,Y0,Z0}Transducer
0.005

Transducer mounting angles (α,β,γ) - σ{α,β,γ}Transducer
(0.1,0.1,0.1) deg

IMU mounting angles - σMount,Pitch, σMount,Roll
0.02 deg

Table 1 Uncertainty values and influencing parameters for MBES, IMU, and GNSS.

Fig. 5 Survey area of Kiel Canal. The 300 m long measurement swath used as test data.
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permissible vertical uncertainty TVU
max

 for the Special 
Order and Exclusive Order survey as defined by the 
IHO (2022), for a mean depth of 12 m. The uncertain-
ties computed via MCM follow the expected pattern 
shown in Fig. 7a. As shown in Fig. 8a, TVU increases 
exponentially with respect to the beam angle, while 
Fig. 8b shows a more linear increase in TVU with lat-
eral distance from the vessel. The lowest uncertain-
ties occur at distances of 12–15 m from the ship, 
corresponding to beam angles of 48–53° from the 
ship’s normal. This effect is primarily attributed to limi-
tations in vertical resolution caused by pulse duration. 
The nadir beams, pointing directly downward, rely 
almost exclusively on the two-way travel time of the 
acoustic pulse to determine depth. Consequently, 
any uncertainty in echo detection, especially when 
longer pulse durations are used, directly translates 
into vertical measurement uncertainty. While side 
beams are more affected by geometric distortion due 
to effects such as decreasing signal intensity and 
increasing footprint resulting from beam divergence, 
nadir measurements are more sensitive to temporal 
resolution. Additionally, the nadir represents a tran-
sition zone between the BB and STB swaths. Here, 
overlapping beams from both swath edges – where 
positional and angular uncertainties are typically 
higher – may interact, compounding the overall un-
certainty in this central region. While all three solutions 
exhibit similar trends, differences exist. The classical 
GUM approach does not capture the nadir effect 
seen in MCM results. Since both methods are based 
on measurement model described by Wirth (2011), 
only minor discrepancies are expected. These varia-
tions likely stem from differences in user-defined input 
parameters, highlighting their role in uncertainty anal-
ysis. Compared to QINSy’s uncertainties, the relative 
variation aligns, but our uncertainty model appears 
to account for similar factors with differing absolute 
impacts. All three predicted uncertainties are below 
TVU

max
 for the Special Order survey. In Fig. 8, we 

observe that the outer-beam uncertainty of the BB 
transducer exceeds the Exclusive Order threshold 
defined by the IHO S-44 standard. According to 
S-44 standards, the TVU is expected to increase 
with water depth, following a depth-dependent model 
(IHO, 2022). However, the measurement campaign 
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3.3 Discussion of TPU modelling results
To validate the results of the uncertainty analysis, 
we compared our MCM results with those obtained 
using the classical GUM approach and those esti-
mates from the commercial software QINSy (version 
8.18.3; QPS, 2025), which is used as the data ac-
quisition software on UJL. In this software, the offsets 
in the vessel frame and the measurement data from 
the sensors are converted into a 3D PC as projected 
points in the official reference frame. In addition, other 
attributes recorded by the sensors are included so 
that a TPU value per beam can also be determined 
and specified. The exact procedure for determining 
the TPU by QINSy is not known, but tests and com-
parisons suggest that the procedure is similar to the 
methods described in (Hare, 1995; Wirth, 2011). 
Nonetheless, it is presumed that QINSy’s TPU esti-
mations meet hydrographic standards and provides 
combined standard uncertainties with 95 % CL.

According to IHO, each survey must comply 
with a defined "maximum allowable uncertainty" for 
both vertical and horizontal measurements. For ver-
tical uncertainties, permissible limits at a 95 % CL 
are computed based on depth-dependent b and 
depth-independent a parameters, as well as the 
actual depth d (Eq. 11). These parameters differ 
according to the survey order as described in IHO 
(2022). Furthermore, the S-44 standard defines max-
imum permissible horizontal uncertainties; for ex-
ample, the maximum horizontal uncertainty THU

max
 

allowed for Special Order surveys is set to 2 m  
(IHO, 2022).

Fig. 8 presents the TVU of measurement points for 
a single representative profile to illustrate the struc-
ture and variation of the uncertainty with respect to 
beam angle relative to the ship’s vertical axis (Fig. 8a) 
and lateral distance (Fig. 8b). While this profile is not 
intended to be statistically representative of the full 
dataset, it provides a clear example of the underlying 
trend. The plots compare solutions from the classical 
GUM approach, MCM, and QINSy. The uncertainties 
for BB and STB transducers are shown with sim-
ilar color. Fig. 8 additionally illustrates the maximum 

Fig. 6 PDF of East, North, and Height components for one point. The PDF results from 1000 MCM simulations. Red lines represent the fitted normal distribution.

(11)
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analyzed in this study was conducted in a relatively 
uniform depth environment, with an average depth 
of approximately 13 meters. As a result, the data do 
not capture a wide range of depth-induced variability 
in TVU. Future work in more bathymetrically diverse 
areas may provide further insight into this relationship.

Fig. 9 presents estimated THU for the same pro-
file measurement. It compares the results from MCM, 
GUM, and QINSy’s THU values. The uncertainties 
for BB and STB transducers are shown with similar 
color. Fig. 9 also shows the maximum permissible 
horizontal uncertainty THU

max
 for the Special Order 

survey as defined by the IHO (2022), represented by 
the dotted line.

Compared to height uncertainty, horizontal un-
certainty is substantially higher. The uncertainty pro-
file also differs, showing no increased uncertainty in 
the nadir. The comparison across methods reveals 

minimal differences between GUM and MCM results. 
To highlight this, Fig. 9b provides a close-up of the 
nadir region’s uncertainty results. The MCM solu-
tion is noisier due to its reliance on simulation rather 
than linearization, as with the classical GUM method. 
Larger deviations appear in comparison with the 
QINSy solution. Particularly in this profile, in the nadir 
region, QINSy’s uncertainty values are roughly 20 cm 
lower than those from GUM and MCM. Conversely, 
QINSy’s uncertainty increases more significantly 
in the outer beams. In average the difference be-
tween our uncertainty model (both realizations MCM 
and GUM) and QINSy, along the profiles and for all 
the 3000 measured profiles, is around 17 cm. This 
suggests that positional uncertainty influences are 
modeled differently across methods, and further in-
vestigation into QINSy’s calculation approach would 
be required to fully understand these discrepancies. 
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Fig. 7 The results of the MCM uncertainty estimation with 95 % CL for the first 100 profiles: (a) TVU of the first 100 profiles with CL of 95 %. (b) 

THU of the first 100 profiles with CL of 95 %.
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All three predicted uncertainties remain below the 
THU

max 
threshold defined for Special Order surveys; 

however, at the swath boundaries, they exceed the 
stricter 1-meter limit specified for the Exclusive Order.

This research primarily focuses on uncertainty solu-
tions derived from MCM. To assess the plausibility 
of the estimated TPU values, we analyze the overlap 
area where the BB and STB transducers record 
measurements simultaneously. This region offers a 
valuable opportunity to validate the model’s accuracy. 
The two independent transducers measure the same 
physical surface in this region under slightly different 
conditions. Since the modeled uncertainty is ex-
pressed at the 95 % CI, we expect that, statistically, 
approximately 95 % of the measurements from one 
transducer should fall within the confidence interval 
predicted by the model using the measurements from 
the other transducer. Moreover, although the two 
transducers are internally similar, they are physically 
separate sensors with independent mounting setups. 
Small differences in mounting geometry, alignment, 
and calibration introduce slight variations between 
their measurements. This diversity further strengthens 
the validation, as it ensures that the comparison is 
not perfectly redundant but reflects realistic meas-
urement variability. Fig. 10 presents the overlap area 
beneath the ship for one profile to evaluate height 
measurement uncertainty. The uncertainty, estimated 
using the MCM, is expressed as CI around the abso-
lute height measurements. Fig. 10 demonstrates that 
a majority of the measurements from each transducer 
fall within the CI of the other. In Fig. 10a, 87.69 % of 
the BB transducer’s readings align with the confidence 
bounds of the STB transducer, while in Fig. 10b, 
87.48 % of the STB transducer’s measurements fall 
within the BB transducer’s CI. Although these percent-
ages do not reach the expected 95 % threshold, they 
suggest that the overlap area is well-represented by 
repeated measurements. In just this one presented 
example, the sample size in the overlap region may 
not be sufficient to make definitive claims regarding 
the 95 % CL. We observed similar coverage for 
other profiles as well. Moreover, as the both trans-
ducers operate independently, their different setups 
could influence their measurements. Despite these 
factors, the observed overlap percentages provide 
reasonable validation of the estimated CIs.

The overlap area is also analyzed to assess po-
sition uncertainty. Since position uncertainty results 
from a quadratic combination of uncertainties in the 
East and North components, it is represented as a 
two-dimensional confidence region. Consequently, 
each measured point’s uncertainty is expressed as 
a confidence ellipse. Fig. 11 illustrates the overlap 
area for position measurements, highlighting the 
confidence ellipses for points recorded by the BB. 
The semi-major and semi-minor axes corre-
spond to East and North uncertainties, respec-
tively, with no assumed correlation. As depicted, 
all STB transducer measurements fall within the 

Fig. 8 Extended uncertainty in height for the first profile Measurement with 95 % CL (TVU): (a) TVU versus 

beam angle relative to ship’s vertical. (b) TVU versus lateral distance from ship.

Fig. 9 Extended two-dimensional uncertainty for North and East dimensions of the first profile measurement with 
95 % CL (THU): (a) THU versus beam angle relative to ship’s vertical. (b) THU versus lateral distance from ship.
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BB transducer’s confidence ellipses. Unlike the 
height component, the 2D position measurements 
achieve a full 100 % overlap within their respective 
confidence ellipses. This result reinforces the relia-
bility of the position uncertainty estimates obtained 
through MCM.

It should be noted that there is no definitive ground 
truth for either the underwater geometry or the meas-
urement uncertainty. Overall, the overlap analysis 
supports the validity of the developed uncertainty 
model. Comparisons with alternative methods fur-
ther strengthen confidence in the reliability of the 
estimated TPU values. While systematic differences 
exist between models, their overall patterns remain 
consistent. Despite the observed systematic differ-
ences between uncertainty model and the commer-
cial software, these deviations do not diminish the 
usefulness of our results. Since the primary goal of 
this analysis is to derive weights for the subsequent 
modeling step, the absolute magnitude of uncertainty 
is less critical than its relative distribution. The derived 
uncertainty values are used to construct normalized 
weights, directly informing the modeling process. 
Thus, these systematic variations will not negatively 
influence the outcomes in the second part of this 
paper. The weighting approach ensures that the sub-
sequent analyses remain robust, as differences in the 
absolute uncertainty levels do not significantly affect 
our conclusions or the modeling accuracy presented 
in the later sections.

A potential empirical approach to characterizing 
measurement uncertainty in MBES systems would 
be to perform repeated high-density surveys over a 
flat and stable area, followed by the generation of a 
high-resolution averaged gridded surface. Deviations 
of individual measurements from this reference sur-
face could then be used to estimate the distribution of 
random errors. Although not explored in the present 
study, such methods may provide valuable validation 
or calibration data for future uncertainty modeling.

A key approach to further evaluating this model 
is through simulation. In the next steps, we use the 
developed uncertainty model to simulate the ground 
truth, measurement process, and their corresponding 
uncertainties, assessing its applicability and reliability.

4 Survey simulator
A major drawback in estimating uncertainties for ba-
thymetric measurements is the unknown geometry 
of the waterbed. A synthetic dataset is used in this 
study to overcome this issue. The main idea is to 
employ a mathematically defined surface to simulate 
realistic bathymetric measurements. The ground truth 
surface is defined based on MBA approach by Lee 
et al. (1997). Our MBA surface is constructed using 
a set of predefined hierarchical B-Spline functions 
and is exported as a 3D-PC with equidistant point 
spacing of 1 cm (Fig. 12).

The simulation environment is implemented in 
Python using standard libraries like NumPy (Harris et 
al., 2020) and PyVista (Sullivan & Kaszynski, 2019). 
Four steps are required to generate a realistic simu-
lated 3D-PC of a waterbed:

1.	Transform the generated 3D-PC into a mesh 
using Delaunay triangulation (Delaunay, 1934).

2.	Compute Cartesian coordinates by intersecting 
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Fig. 10 Measured heights by STB and BB transducers versus their estimated 95 % CI in the overlapping meas-

urement area beneath the ship. (a) CI of the STB transducer. (b) CI of the BB Transducer.

Fig. 11 Measured horizontal coordinates by STB and BB transducers with their corresponding confidence el-

lipses of overlapping measurement area beneath the ship. East and North are reduced for visualization.
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representation of the surface from which the mesh is 
derived. Subsequently, the range and beam angles 
are recalculated using the sensor’s position, and un-
certainties are then predicted. The triangulation error 
and the projection principle are illustrated in Fig. 13.

For the simulation in this study, a surface with di-
mensions of 80 m by 20 m and a total variation in 
Z-direction of 8 m is used. Four parallel trajectories 
are simulated to capture the entire area and to gen-
erate overlapping regions. The trajectories have an 
average height above the surface of 12 m above 
the surface and are spaced 20 m apart. The simu-
lated surface and trajectories are shown in Fig. 14. 
A profile view of a random realization of the simulated 
measurements is shown in Fig. 15. The overall work-
flow of the algorithm is presented in Fig. 16.

After intersecting the beam pattern at every sensor 
position with the surface and recalculating the 
Z-value, the resulting beam angle and range read-
ings are error-free. Realistic uncertainties are then 
added using the parameters and methods described 

41 

the beams of the echo sounder with the mesh 
of the waterbed using ray-tracing.

3.	Calculate the range and beam angle between 
the sensor and intersected coordinates on the 
seabed.

4.	Predict realistic uncertainties for the obtained 
coordinates by forward modeling based on the 
uncertainty model developed in Section 3, using 
the parameters described in Table 1.

After creating the original 3D point cloud with a 
resolution of approximately 1 cm, a Delaunay triangu-
lation mesh with the same resolution (1 cm) was gen-
erated. The next step is to compute the coordinates 
of the simulated measurements on the waterbed. The 
measurement beams are generated according to the 
chosen sensor, with equidistant angular steps in the 
field of view of 120°, and the central beam is directed 
vertically downward. The environment is assumed to 
be uniform, and no refraction of the acoustic wave 
is considered, as is generally valid in shallow water 
areas. Therefore, each ray is treated as a straight line 
starting from the transducer in the direction of the 
beam. The intersection of the beam with the seabed 
surface is determined using ray-tracing; in cases of 
multiple intersections, the closest one is selected.

One drawback of using a triangulated mesh for 
the simulation is the occurrence of triangulation 
error, which is the difference between the generated 
ground truth surface and the meshed grid used for 
beam intersection. This error is intrinsic to the pro-
cess of converting a smooth, continuous surface (the 
“ground truth”) into a mesh made up of flat, polygonal 
facets. The error is most pronounced in regions with 
significant curvature, as the exported points in the tri-
angulation are connected by planar triangles.

The magnitude of this error is influenced by several 
factors, including the curvature of the original surface, 
the density of the mesh, and the quality and arrange-
ment of the triangles. In areas with high curvature, flat 
triangles struggle to capture the intricate details of 
the surface, resulting in larger errors. While the error 
can be mitigated by reducing point spacing (thereby 
increasing mesh density), this approach increases 
computational cost and memory usage. While the 
error can be mitigated, it remains present and must 
be considered in the analysis. The error in Z-direction 
was eliminated by recalculating the Z value at the 
determined XY location using the original B-Spline 
functions, ensuring that the simulated coordinates 
exactly follow the surface. The reprojection process 
eliminates XY triangulation errors by fixing the original 
X and Y coordinates and recomputing the Z value 
based on the true B-spline surface. Thus, only the 
Z-coordinate is corrected, and no residual XY posi-
tional error remains after reprojection. In addressing 
triangulation errors, recalculating the mesh coordi-
nates using original surface functions, like B-Splines, 
offers a powerful method to enhance accuracy. This 
technique specifically targets errors in one or more 
dimensions by leveraging the precise mathematical 

Fig. 12 Simulated geometry as a point cloud. The points are color-coded by the height in meter.

Fig. 13 Triangulation error due to discrepancies between the curved surface and the mesh. The simulated sur-

face is shown in black, the exported point cloud in red dots, and the mesh from Delaunay triangulation in blue. 

The intersection of the beam (solid magenta line) with the mesh results in the orange point. The desired and true 

intersection with the surface is shown in green. To eliminate the error in the Z-direction, the orange point is pro-

jected onto the surface in the Z-direction and shown in cyan. Subsequently, the beam is recalculated to the new 

point, which is indicated by the dashed magenta line.
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in Section 3. This is performed within a Monte-Carlo 
simulation loop with 1,000 iterations, yielding 1,000 in-
dividual realizations for every simulated measurement. 
This approach facilitates a detailed analysis of the un-
certainty budget, the distribution of the uncertainties, 
and the identification of specific ways to enhance model 
accuracy and reliability.

5 Measurement uncertainty and DBM
Our goal in this research is to explore how uncer-
tainty information can be used to improve DBMs. To 
achieve this, we developed a simulation environment 
in which a known geometry is created using a pre-
cise mathematical model representing a theoretical 
seabed. Within this controlled environment, we sim-
ulate the measurement process while incorporating 
our developed uncertainty model. This setup allows 
us to obtain measurements that include uncertainties 
while retaining complete knowledge of the geometry, 
thereby enabling a detailed analysis of the impact of 
uncertainty on the final DBM.

The core idea is to integrate the estimated uncer-
tainty information into the modeling process. For this 
purpose, we first clarify the type of surface model we 
are focusing on.

5.1 Surface model
Considering the potential complexity of underwater 
geometry and the characteristics of MBES data – 
such as high resolution, large volumes, and potential 
gaps – we require a method that efficiently handles 
these challenges while minimizing computational 
complexity. To achieve this, we represent the surface 
as a 2.5-dimensional (2.5D) model, expressed as:

where (x
0
, y

0
, z

0
) represents a point on the surface.

To model this surface, we adapt MBA by Lee et 
al. (1997). The MBA method is based on hierarchical 
tensor product B-spline surfaces. Any point on the 
surface is a linear combination of control points and 
cubic basis functions. The B-Spline surface is de-
fined by a grid of control points, denoted as Φ, which 
lies parallel to the XY-plane. The positions of these 
control points are predefined on the grid, serving as 
the basis for constructing the surface representation. 
To approximate the surface f(x,y), it is necessary to 
determine the unknown elements of Φ. This problem 
is structured as a linear Gauß-Markov Model (GMM), 
as expressed in Eq. 13 Mohammadivojdan et al. 
(2024). In this formulation, z represents the obser-
vation vector, while v denotes the residual vector. 
The matrix A is a full-rank design matrix, and Φ is the 
vector of unknown parameters.

The Φ can be estimated by minimizing the sum 
of the squared residuals, according to Eq. 14. If 
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Fig. 14 Simulated measurements along with the four chosen trajectories for the vessel.

Fig. 15 Profile view of simulated measurements for one realization. The simulated measurements corresponding 

to different trajectories of the vessel are shown with different colors.

Fig. 16 General algorithm adopted in survey simulator.

(12)

(13)
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N represents the number of Monte-Carlo iterations, 
which is set to 1,000 in our study.

5.3 Results and discussion
In the initial step, the focus is on evaluating model 
quality and associated errors in an ideal scenario as-
suming no measurement error is present. Although 
the ground-truth geometry described in Section 4 
was generated using MBA functions, and the simu-
lated data were also modeled with an MBA approach, 
the resulting model does not exhibit zero error. Even 
in the absence of simulated measurement noise, 
the estimated surface retains some inaccuracy. This 
is because the ground-truth surface was generated 
using a multi-layered MBA construction to intro-
duce local deviations, while the subsequent surface 
approximation used a selected model complexity 
without reverse-engineering the original structure. 
Therefore, a residual modeling error naturally remains 
even in the absence of simulated measurement 
noise. This effect is expected and is analogous to 
real-world modeling situations where the true sur-
face structure is unknown. These inaccuracies can 
arise in the simulation step or the modeling step; the 
simulated point cloud inherently exhibits variations in 

43 

the assumption is that the observations are equally 
weighted and uncorrelated, the weight matrix P will 
be an identity matrix. If information about the uncer-
tainty of the observations is available, this P is de-
rived as the inverse of the Variance-Covariance Matrix 
Σ of the observations, allowing the model to account 
for varying observation uncertainties. In Eq. 15, Σz 

represents the Variance-Covariance Matrix of the ob-
servations, structured as follows:

The assumption that observations remain uncor-
related is still maintained. Incorporating the weight 
matrix in this way enhances the robustness of the pa-
rameter estimation, ensuring a more reliable solution 
while accounting for observational uncertainties.

It should be noted that GMM does not directly 
estimate a posteriori variance factor     (cf. Benning, 
2011, p. 144). Therefore, for evaluating the adjust-
ment,        is estimated based on     the updated resid-
uals v̂ as follows:

where n is the number of observations and u is the 
number of unknowns.

5.2 Monte-Carlo simulation experiment
To assess the impact of incorporating uncertain-
ties in the model estimation process, we utilize our 
survey simulator (see Section 4). However, a single 
simulation scenario is insufficient for drawing reliable 
conclusions; therefore, we conduct a Monte-Carlo 
simulation experiment, in which the entire process is 
repeated multiple times. By analyzing a large number 
of iterations, we derive more robust inferences and 
assessments.

In each iteration, both the geometry and the asso-
ciated uncertainties are simulated and the data are 
modeled using MBA. Two versions of the model are 
generated: one that integrates uncertainty information 
into the estimation process and another that does 
not. This comparative approach allows us to assess 
the effect of incorporating uncertainty on model ac-
curacy and reliability. After numerous repetitions, we 
determine the optimal model and extract additional 
insights, such as CIs or uncertainty maps, providing 
a clearer understanding of the model’s precision. Fig. 
17 illustrates the general algorithm for the adopted 
Monte-Carlo simulation experiment. In this algorithm, 

(14)

(15)

(16)

(17)

Fig. 17 The general algorithm for the Monte-Carlo simulation experiment.
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point density and spatial distribution due to survey 
parameters, including sensor specifications, water 
depth, vessel speed, measurement angles, and the 
underlying geometry of the waterbed. Consequently, 
these factors result in a non-uniform distribution 
of data points, inevitably affecting the final model. 
Additionally, selecting an appropriate model com-
plexity is critical; an excessive number of control 
points might lead to overfitting, especially if the da-
taset includes noise or outliers. Thus, choosing the 
optimal model complexity requires carefully balancing 
smoothness against accuracy.

To assess model quality, we can look into model 
error as the spatial distance between the modeled 
point cloud and the ground truth, either represented 
as a 3D distance or separately along the X, Y, and Z 
axes. Of particular interest are the distribution, mean, 
and Root Mean Squared Error (RMSE) of this error. 
Fig. 18 illustrates the simulated PC generated by the 
survey simulator under conditions with zero meas-
urement uncertainty. The points are color-coded 
according to the magnitude of the 3D model error, 
representing the distance between the estimated 
model and the ground truth. The mean model error 
in this scenario is 0.1 mm, with an RMSE of 3 mm, 
confirming that, despite being small, a model error 
clearly exists.

In the experiment, each point in the simulated da-
taset ends up with 1,000 realizations along the X, Y, 
and Z components. For each component, we com-
pute the uncertainty value σ, defined as the standard 
deviation corresponding to the 68 % CL of the distri-
bution. As described in Section 4, the uncertainties 
are simulated based on the developed uncertainty 
model in Section 2. Convergence of the Monte Carlo 
simulations was assessed by monitoring the stability 
of the estimated mean and standard deviation over 
increasing numbers of iterations. Statistical metrics 
stabilized after approximately 800–1,000 iterations, 
confirming that 1,000 simulations were sufficient. The 
selected surface modeling approach (MBA) repre-
sents a 2.5D model. Like other 2.5D DBMs, its pri-
mary emphasis lies on uncertainty in the vertical Z 
direction. To better visualize and evaluate the impact 
of vertical uncertainties, we chose uncertainty values 
of approximately (0.02, 0.02, 0.06) m for position 

(X
Pose

, Y
Pose

, Z
Pose

) components, respectively. Notice 
that ratio of the positional uncertainty to vertical one 
is lower than the real data in the simulation. This was 
done to minimize the influence of large horizontal 
positioning errors and better isolate and assess the 
effect of the modeling process on the vertical (z) 
component, which was the main focus of this study. 
The horizontal uncertainties were kept at low levels 
to avoid masking or distorting the analysis of vertical 
uncertainty propagation. Fig. 19 illustrates these un-
certainties separately for each component (X, Y, and 
Z) and for each point individually. Fig. 19 provides an 
XY view of the simulated data points, color-coded 
according to uncertainty magnitude. It clearly shows 
that the uncertainty in the Z component (height) is 
dominant compared to X and Y. In Fig. 19d we see 
the combined standard uncertainty of the MC simula-
tions. In which the uncertainty is calculated as,

It is important to note that the difference between 
this uncertainty measure and the TPU values is that 
TPU refers specifically to extended uncertainties, 
which are calculated by Eqs. 9 and 10.

This uncertainty information is utilized to construct 
the weight matrix required for the GMM adjustment. 
It’s important to note that the MBA model is essentially 
a 2.5D representation, with parameters estimated by 
minimizing errors specifically in the Z-direction. MBA 
inherently cannot fully capture or exploit the complete 
3D structure of positional uncertainties. This mode-
ling simplification may lead to some loss of fidelity, 
particularly when significant horizontal errors are 
present. Consequently, for constructing the weight 
matrix, we primarily use the estimated uncertainty σZ, 
as shown in Fig. 19c (refer to Eq. 15). However, in 
reality – as well as in our simulations – uncertainty 
exists in all three spatial dimensions. Even though the 
MBA model does not explicitly estimate parameters in 
the X and Y directions, uncertainties in these dimen-
sions can still impact model quality. For this reason, 
we also explore a scenario in which observations are 
weighted based on the combined uncertainty σXYZ. In 
total, we consider three scenarios in our analysis:

	• Case 1: No weighting applied during adjustment
	• Case 2: Observations weighted based only on ver-

tical uncertainty σZ (Eq. 15)
	• Case 3: Observations weighted using full 3D un-

certainty σXYZ (Eq. 18)
Comparing these three scenarios allows us to as-

sess not only the general effectiveness of applying 
uncertainty-based weights but also whether including 
full 3D uncertainties can meaningfully improve our 
results for a model inherently focused on vertical 
accuracy.

Here, we further investigate the Monte-Carlo simu-
lation results, specifically examining the detailed dis-
tribution of errors. We consider both the adjustment 
quality and the difference between the estimated 
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Fig. 18 Simulated PC color-coded by the magnitude of 3D model error (distance between modeled points and 

ground truth geometry). Simulation performed with zero measurement uncertainty.
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We further leverage the Monte-Carlo simulation re-
sults to create CI, enabling us to produce a detailed 
assessment of model quality. Each simulated realiza-
tion generates slight variations in modeled values at 
each point, and by analyzing these variations, we can 
derive a meaningful CI. Fig. 20 illustrates a CI with a 
95 % CL. The figure shows an XY view of the modeled 
area, with each point color-coded according to the length 
of its CI.

Comparing this CI map to the uncertainty distribu-
tion in Fig. 22, we observe an interesting difference: 
while the original uncertainties are highest near the 
edges of each survey swath – primarily due to un-
favorable measurement angles – the modeled CIs 
are actually lower in these boundary regions. This 
apparent discrepancy arises because the bounda-
ries of adjacent swaths overlap, providing redundant 
observations that help reduce the uncertainty and 
improve modeling accuracy, despite initially poorer 
measurement quality due to higher incidence angles. 
Thus, these overlapping areas offer enhanced infor-
mation density, resulting in a higher-quality model with 
smaller uncertainties, even where individual measure-
ments originally exhibited higher uncertainty. 

These CI maps highlight areas with sufficient 
data coverage and indicate critical regions where 
data reliability might otherwise be overlooked. This 
provides users with a powerful visual tool for de-
cision-making, aiding in strategic interpretation and 
effective risk identification. The generated CI maps 
have several practical applications. For survey 
planning, realistic simulation of measurement un-
certainty allows surveyors to predict coverage 
quality, identify areas where higher uncertainties are 
expected, and optimize survey parameters such 
as vessel routes, ping rates, and swath overlap. 
In terms of confidence mapping, the method pro-
duces detailed spatial uncertainty maps that incor-
porate both measurement and modeling errors, 
allowing users to generate IHO S-44 compliance 
layers or internal quality indicators for the delivered 
bathymetric products. Furthermore, for real-time 
QA/QC, the approach could be adapted to provide 
near real-time estimates of expected uncertainty 
during data acquisition. This would allow opera-
tors to dynamically adjust survey settings if quality 
thresholds are not being met.
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model and ground truth. The adjustment quality is 
evaluated using the residual differences between 
observations and the estimated model, quantified by 
root of a posteriori variance factor  (see Eq. 17). 
These error distributions are presented in Fig. 20.

The gray histogram represents the distribution of 
simulated errors, specifically the vertical (Z-direction), 
distances between simulated points and the ground 
truth. This distribution is approximately normal, with 
an RMSE of 0.09 m. The error distributions from all 
three modeling scenarios align closely with the simu-
lated error distribution, indicating that each scenario 
effectively captures the error structure. Furthermore, all 
three adjustment scenarios yield very similar values for 
the a-posteriori variance factor: 0.081 m, 0.087 m, and 
0.078 m for Cases 1, 2, and 3, respectively. These 
nearly identical values suggest that the application of 
weights, whether based solely on vertical uncertainty 
or combined 3D uncertainty, does not significantly 
impact the overall adjustment quality.

We further assess model quality by evaluating the 
difference between the estimated model and the 
ground truth, specifically the vertical (Z-direction), 
quantified by RMSE of these errors σ

Model
. Fig. 21 pre-

sents the corresponding distributions of these errors 
for all three cases. In each scenario, the model error is 
consistently less than half of the a-posteriori variance 
factor  , indicating that the estimated model 
gives a much better estimation of the ground 
truth. The unweighted scenario (Case 1) has the 
largest error, with σ

Model
 = 0.044 m, and its distribution 

shows clear asymmetry, suggesting the presence 
of bias. Introducing weighting significantly reduces 
the error and improves symmetry in the distribution. 
Case 2, weighted by vertical uncertainty σZ, achieves 
the smallest model error, σ

Model
 = 0.023 m, demon-

strating a narrower and more symmetric distribution. 
Case 3, weighted by full 3D uncertainty σXYZ, also 
shows substantial improvement over the unweighted 
case (σ

Model 
= 0.032 m), although its error reduction 

is slightly less pronounced than in Case 2. These 
quantitative results are summarized in Table 2. These 
results highlight that applying uncertainty-based 
weighting enhances model quality by reducing bias 
and improving error symmetry. Interestingly, the 
slightly better performance of Case 2 compared to 
Case 3 might stem from the inherent nature of the 
MBA approach as a 2.5D modeling method, which 
primarily optimizes vertical accuracy. Although con-
sidering full 3D uncertainties (Case 3) clearly benefits 
the model, the inherent vertical emphasis of the MBA 
model means that its greatest accuracy gains come 
specifically from weighting by vertical uncertainties. 
This improves overall results in terms of distribution 
characteristics, and error symmetry. These subtle 
improvements in modeling accuracy, summarized in 
Fig. 21, underscore the importance of selecting ap-
propriate uncertainty weighting – even when ground-
truth data are unavailable and biases might otherwise 
remain unnoticed.

Error [m]

Case 1 Case 2 Case 3

0.081 0.087 0.078

 σModel
0.044 0.023 0.032

Table 2 Summary of results for Monte-Carlo simulation. is root 

of “a-posteriori variance factor” (see Eq. 17) and σModel is RMSE 

of difference between the estimated model and the ground truth.
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Fig. 19 Estimated uncertainties for each point in Monte-Carlo simulation: (a) uncertainty σX in X (Mean = 0.03 m), (b) uncertainty σY in Y (Mean = 0.03 m) and (c) un-

certainty σZ in Z (Mean = 0.08 m) and (d) combined uncertainties σXYZ (Mean = 0.09 m) for each point.

Fig. 20 Histogram of errors after Monte-Carlo simulation. Error measure here is 

the difference between observations and the estimated model.

Fig. 21 Histogram of errors after Monte-Carlo simulation. Error measure here is 

the vertical difference between the estimated model and the ground truth.

Fig. 22 CI map with a 95 % CL of the model derived from Monte-Carlo sim-

ulations. Each point is color-coded according to the magnitude of its CI, 

highlighting regions of high and low model uncertainty.
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reliability of the models. Although the numerical im-
provements may be subtle, they significantly enhance 
confidence in the resulting models. Additionally, the 
uncertainty data facilitated the creation of quality 
maps accompanying the DBMs, which effectively 
highlight regions of varying reliability and provide 
practical guidance for future survey planning and 
data interpretation. The generalizability of the simu-
lation framework depends on the validity of the un-
derlying physical models for uncertainty estimation 
(e.g., Hare, 1995; Wirth, 2011). Significant variations 
in measurement conditions or system behavior may 
require adjustment of simulation parameters or model 
structures to maintain accuracy.

While in this study we used synthetic surfaces to 
provide a precisely controlled ground truth, future 
work should explore the application of the proposed 
uncertainty modeling framework to real-world sur-
faces derived from dense MBES surveys. This would 
allow evaluation of model performance under more 
realistic and complex seabed conditions.

Further investigation of this experiment using a full 
3D surface model is recommended. While the MBA 
model effectively represents 2.5D surfaces, it does 
not fully capture or propagate full 3D positional uncer-
tainties. This limitation may constrain the fidelity of un-
certainty integration, particularly in environments with 
strong three-dimensional variability. Further investiga-
tion using a full 3D surface model and comprehen-
sive 3D uncertainty propagation is recommended. 
The application of a comprehensive 3D model, along 
with full-scale 3D uncertainties, has the potential to 
yield more profound insights into the manner in which 
uncertainty information influences model performance 
and accuracy. This analysis could more effectively re-
veal the benefits of incorporating uncertainties directly 
into the modeling process.
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6 Conclusion
This study is divided into two parts. In the first part, 
we developed and evaluated a model to predict 
uncertainties for a hydrographic survey system. 
Although the measurement model was designed for 
a specific survey vessel, the underlying concept and 
workflow are adaptable to other systems equipped 
with MBES. Our analysis involved defining uncertainty 
measures according to classical GUM guidelines 
and conducting extensive Monte-Carlo simulations. 
The results indicated strong agreement between the 
two methods, confirming their consistency. However, 
MCM offers notable advantages over the classical 
approach, which is less effective for highly nonlinear 
measurement models and requires complex partial 
derivatives, MCM accommodates various PDF dis-
tributions and provides uncertainty estimates directly 
as a complete PDF, enabling more extensive anal-
ysis. To validate our developed uncertainty model, 
we compared its results to those obtained from a 
commercial software solution. Although the overall 
uncertainty patterns were generally compatible, 
systematic deviations were observed, likely due to 
differences in model parameters and assumptions. 
These discrepancies, however, do not compromise 
the primary goal of generating relative weights for 
subsequent modeling steps, ensuring that the later 
analyses remain robust and reliable.

In the second part of the study, we developed a 
survey simulator to generate measurements that in-
corporate uncertainties derived from our model. This 
controlled environment allowed us to validate the 
modeled data against known ground-truth values. 
Using a Monte-Carlo experiment, we assessed the 
quality of DBMs by incorporating uncertainty infor-
mation to weight observations during modeling. The 
results demonstrated that integrating accurate uncer-
tainty information improved the overall accuracy and 
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Zusammenfassung

Systematic investigations have shown subsidence in almost 30% of the
land area in Lower Saxony. It is essential to model these variations of the
Earth surface especially to update the spatial reference system. Since the
geodetic observations result in discrete points, it is necessary to mathema-
tically model these measurements to have a continues surface. This enables
the user to do predictions at any position. This is challenging especially
because these types of measurements usually result in non-uniformly dis-
tributed data. There are different approaches to deal with this problem,
here the stochastic method of Kriging and the deterministic method of
Multilevel B-Splines are implemented to model ground motion.

This paper investigates the ground motion of specific areas in Lower
Saxony through the cooperation of Landesamt für Geoinformation und
Landesvermessung Niedersachsen (LGLN) and Geodetic Institute of Han-
nover. For this investigation, a time series of measurements from leveling,
Global Navigation Satellite System (GNSS) observations and height chan-
ges that are acquired by Persistent Scatterer Interferometry (PSI) techni-
que are taken into consideration. Evaluation of the results show not only
good performance and promising results from both the approaches, but
also compatibility between the approximated surface from both of them.

A comparison of the results from the two methods shows the compa-
tibility between the approximated surface of two approaches.

Keywords— Ground motion in Lower Saxony, Multilevel B-Splines, Kriging, Sur-
face Approximation
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1 Introduction

To provide a uniform, integrated spatial reference system, it is essential to have an
up-to-date benchmark network. Due to variations of the Earth surface, the official spa-
tial reference system differs from the current calculated coordinates. It is important to
determine these variations and model the ground movements to be able to update the
spatial reference system. This is not an easy task since all geodetic measurement techni-
ques will result in discrete points. Also, these measurements are mostly non-uniformly
distributed and contain data gaps. Therefore it is necessary to mathematically model
the data set to have a continuous surface. This enables the user to obtain the target
quantity at any position and to predict in areas where fewer observations are available.
A data set contains both deterministic and stochastic parts. For accurately modeling
the underlying function of the data, different methods should be taken into account to
deal with both parts of each data set. There are several known deterministic and
stochastic approaches to deal with the problem of surface approximation. Among
the deterministic approaches, traditional polynomial surface and free-form surfaces,
such as Bézier, B-Splines, and Non-uniform rational B-Splines could be mentioned
[Piegl & Tiller (1997)]. Least Squares Collocation [Straub (1996)], Gaussian Processes
[Rassmussen & Williams (2006)] and Kriging [Montero et al. (2015)] are examples of
stochastic approaches.
Deterministic approaches mainly model the trend part of the data set. Whereas sto-
chastic methods deal with the stochastic properties. Stochastic methods are based on
spatial or temporal correlation between data points and use a covariance function or a
variogram to describe such relations. Both deterministic and stochastic approaches pro-
vide optimal solutions based on the complexity of the data set and individual applicati-
ons. For more information the reader is referred to [Schabenberger & Gotway (2017)].
A common approach for surface approximation is the method of Kriging. It should be
noted that in a stochastic method such as Kriging, an assumption is that the data set
is homogeneous. Therefore to get reliable results, the trend in the data should be remo-
ved. Another assumption is the existence of spatial correlation among the data points
which means that neighboring points behave similarly that may not always be the ca-
se. Therefore, a method with less such limitations and more computational efficiency
might be more appropriate for some applications. B-Splines is a proper alternative to
Kriging which has less complexities yet delivering optimized results. Detailed descrip-
tion of these methods and results of their application on real data set are provided in
the following sections.
Using the two methods of Kriging and Multilevel B-Splines Approximation (MBA),
the ground movement in the area of Hengstlage is modeled. A continuous velocity
field based on non-uniformly distributed measurements of height changes and hori-
zontal displacements of the Earth surface is estimated by both methods. In particular
height components which are acquired by PSI data in combination with leveling data
are analyzed.
This paper is organized as follows. Section 2 reviews the main ideas behind the two
approaches of Kriging and MBA. In section 3 the results related to validation and
comparison of the analysis of the mentioned methods through applying a closed-loop
Monte Carlo (MC) simulation including cross-validation on an exemplary reference
data is presented. Section 4 contains the results of applying these approaches to real
data sets related to ground movement in the area of Hengstlage.
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2 Scattered data approximation

Approximation of scattered data refers to the problem of fitting a surface through a set
of non-homogeneously distributed data points which is a common problem in different
fields of studies. The main goal is to find the underlying function as a surface, which
best describes the behavior of the data and makes it possible to propagate the existing
information from the positions where measurements are available to new positions
where no data exist. Let (x, y) present an arbitrary position, we look for the function
f(x, y) which computes the z value at that position.

z = f(x, y) (1)

2.1 Approximation with Kriging

Kriging is a geostatistical approach which is based on the assumption that there is
a spatial correlation among the data set. This method results in a prediction surface
and performs prediction by summing the weighted observations around the desired
location. The prediction in Kriging is done by means of Eq. 2 using a linear combination
of the observations (zi) and their weights (λi) [Montero et al. (2015)]. In this equation,
(x0, y0) represents a point where prediction is desired.

z∗(x0, y0) =
n∑

i=1

λizi, (2)

The weights {λ1, λ2, ..., λn} are calculated using a semivariogram. A semivariogram
is a variance function which represents the dissimilarities between the data points.
In order to derive the semivariogram the first step is calculating an experimental se-
mivariogram based on the observations (see Eq.3, [Montero et al. (2015)]). To derive
this semivariogram, it is important for the data to be stationary. The experimental
semivariogram values (γ̂(h)), which show the variability of the data points at diffe-
rent distances, are calculated considering predefined lags (h). Lags are the distances
in which the semivariogram is calculated. In Eq. 3, N(h) represents the number of
observation pairs within the lag distance.

γ̂(h) =
1

2N(h)

N(h)∑

n=1

(zn − zn+h)2 (3)

The next step is fitting a theoretical semivariogram (γ) to the discrete function
(Eq. 3). Weights for prediction in position (x0, y0) can be calculated by solving the
following equation for all the observations simultaneously [Montero et al. (2015)]. In
Eq. 4 γ((xi, yi)− (xj , yj)) is the semivariogram value corresponding to the observation
location pairs (xi, yi) and (xj , yj) and γ((xi, yi)− (x0, y0)) is related to semivariogram
values relative to the prediction location.

n∑

j=1

λjγ((xi, yi)− (xj , yj)) = γ((xi, yi)− (x0, y0)) (4)

It should be noted that in a stochastic method such as Kriging, the basic assumption
is the homogeneity of the data. In other words, in order to get reliable results, the
trend in the data should be removed in advance.
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2.2 Approximation with Multilevel B-Splines

Multilevel B-Splines for scattered data is an approximation method based on hierar-
chical tensor product B-Splines surfaces. The method was first developed in the 1990s
for specific image processing applications such as image morphing [Lee et al. (1995),
Lee et al. (1995)]. Lee et al. (1997) introduced a modified version of this method for
general scattered data approximation tasks.
The B-Spline surface is defined by a control lattice Φ overlaid on the domain Ω. Whe-
re Ω = {(x, y)|0 ≤ x < m, 0 ≤ y < n} is a rectangular domain defined in xy plane
containing all the observations. The control lattice Φ is an (m + 3) × (n + 3) lattice
which overlaps the integer values of Ω. In which φij is the value of the ij-th control
point on lattice Φ, for i = −1, 0, . . . ,m+ 1 and j = −1, 0, . . . , n+ 1 (Figure 1).

Abbildung 1: Configuration of control lattice Φ [Lee et al. (1997)].

The B-Splines surface f is linear combination of uniform bicubic basis functions
(Bk(s), Bl(t)) and control points of a control lattice Φ, where i = bxc − 1, j = byc −
1, s = x− bxc, t = y − byc.

f(x, y) =
3∑

k=0

3∑

l=0

Bk(s)Bl(t)φ(i+k)(j+l) (5)

The uniform cubic basis functions Bk(s) for 0 ≤ t < 1, are defined as follows,

B0(s) =
(1− s)3

6
,

B1(s) =
(3s3 − 6s2 + 4)

6
,

B2(s) =
(−3s3 + 3s2 + 3s+ 1)

6
,

B3(s) =
t3

6
.

(6)

Similarly, the basis functions Bl(t) are calculated. In the estimation of the control
points, all the data points that lie within the 4× 4 neighborhood of that control point
affect the solution. From each point Pc in the neighborhood of a control point, one
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solution can be derived φc. The unique solution φij for a control point is derived from
minimization of error term (wcφij − wcφc) for all points. Where wc = Bk(s)Bl(t),
k = (i+ 1)− bxcc, l = (j + 1)− bycc, s = xc − bxcc, t = yc − bycc. The minimization
could be solved through a Gauss Markov Model. And the final solution is as follows
[Lee et al. (1997)]:

φij =

∑
c w

2
cφc∑

c w
2
c

. (7)

MBA algorithm by Lee et al. (1997) uses a hierarchy of control lattices to generate
a sequence of fk. The sum of all B-Spline surfaces in the hierarchy approximates the
final desired surface. The approximation starts with a rough approximation and the
resolution of the control lattices increase in each step. For approximation in using
MBA, at first step, a hierarchy of control lattices Φ0, Φ1, ..., Φh are defined. The
refinement here is in a way that from one lattice to the next, the spacing of the grid
lines is halved. The first control lattice Φ0 and the number levels of estimation h are
parameters that should be fixed beforehand. The levels of refinement can be chosen
based on approximation error. The MBA algorithm starts with the coarsest control
point lattice (Φ0). Then using the deviation of the estimated function to the original
observations ∆1z based on (Φ0), the control lattice of the next level is estimated. This
process will continue until the last control lattice is estimated. In general at each level
k, for estimation of the control lattices, the function fk is calculated based on ∆kz.

∆kz = z −
k−1∑

i=0

fi(x, y) = ∆k−1z − fk−1(x, y) (8)

∆0z = 0 (9)

The final approximation function is defined as the sum of functions in the hierarchy
f(x, y) =

∑k−1
i=0 fi(x, y). An example of the process is illustrated in Figure 2 for a test

data. In this figure, on the left side the original data set is shown and in the middle
the control lattice hierarchy and the approximated functions at each level based on
the related control lattice are illustrated. The 3D view of the approximated functions
show how the estimation levels get refined in each step sequentially.
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Abbildung 2: Schematic example of MBA approximation.

3 Validation of the methods

Before applying the mentioned surface approximation methods to a real data set, it
is important to assess the functionality and performance of the methods to evaluate
whether or not its results could be relied on in real applications. In this context, the
reliability of the result is referred to as the approximation accuracy. In order to be
able to judge such characteristics through a validation process, the true underlying
function in a data set should be known beforehand. A ‘segmented cross-validation’
[Esbensen et al. (2010)] method is implemented to assess the performance of the ap-
proximation methods individually and at the end a comparison between performances
of the approaches is possible.
For this purpose, a reference data set is simulated and the details are explained in
section 3.1. The cross-validation is integrated into a MC simulation to include the ef-
fect of different realizations of the simulated data set in the validation process (section
3.2).

3.1 Test data

The simulated data set for the cross-validation process is a 3D data set. The only z
component of the data set is stochastic, x and y components are assumed to be de-
terministic. The data set includes 6561 data points. The simulated data set can be
split into two parts; the deterministic part or trend and the stochastic part or noise.
The trend part of the 3D data set is generated by means of a multivariate Gaussian
probability distribution function (PDF). The PDF is a mixture of two Gaussian dis-
tributions with the mean (µ) and variance-covariance matrix (Σ) in accordance with
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Eq. 10. The x and y locations are equally distanced on a 0.1 grid where −4 ≤ x, y ≤ 4.
The trend is constant over the full simulation:

z ∼ N (0.6µ1 + 0.4µ2, Σ11 + Σ22), (10)

wherein:

µ1 =

[
0.5
1

]
, µ2 =

[
−0.5
−1

]
, (11)

Σ11 =

[
2 0.5

0.5 0.5

]
, Σ22 =

[
1 0.8

0.8 1

]
. (12)

The result can be seen in Figure 3a. The noise is generated from a Gaussian distribution
with zero mean and standard deviation equal to 0.001.

noise ∼ N (0, 0.0012) (13)

The simulated data set is the combination of the deterministic trend and the stochastic
noise. Figure 3 illustrates both parts separately. The combination of the two part is
the input for the cross-validation process. For every MC run a new noise is simulated
and added to the trend. Figure 3 only depicts one example for such a process.

(a) Trend (b) Noise

(c) Trend + Noise (d) Close view of (c)

Abbildung 3: Separate visualizations of generated trend and noise.

3.2 Cross validation and Monte Carlo simulation

In segmented cross-validation for each iteration, q% of the whole data set is selected
and eliminated as the test data set. The remaining part, or so-called training data set,
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is introduced to the surface approximation method to estimate the underlying function
in the data set. Then the approximation method predicts the function values in the
position of the test data. Since the true values of the test data are known, at the end
the differences between the prediction (z∗) and the true value of the test data are used
to assess the performance of the method. Here Root Mean Square Error (RMSE) of
the differences, in accordance with Eq. 14, is used as a measure for the prediction error
[Maretns & Martens (2001)].

RMSE =

√√√√ 1

n

n∑

i=1

(zi − z∗i )2 (14)

However, cross-validation only on one data set will not guarantee the functionality
of the methods. To ensure their performance, they should be subjected to different
data sets. In this case, through a certain number of MC runs, the cross-validation
is repeated for different realizations of the simulated data set. In each realization, a
different noise is generated. The general algorithm of the implemented MC simulation
environment is outlined in Algorithm 1. Here the number of MC runs (k2) is set to
500 and the number of cross-validation iterations k1 is set to 100. The results of the
MC simulations are provided in the next section.

Algorithm 1: Monte Carlo Simulation.

1 Input: trend part of data set Q[n×3] = [x y z] generated from Eq. 10

2 Output: prediction for removed observations, RMSE of cross validations, mean of
RMSEs

3 for i = 1→ k2 do
4 generate noise vector (noise[n×1]) from Eq. 13

5 set P[n×3] = Q[n×3] + noise[n×1]

6 for all surface approximation methods (Kriging and MBA) do
7 for j = 1→ k1 do
8 remove m points (q%) from P
9 test data set (P′′) = the removed m data points

10 training data set (P′)= data set P after removing test data P′′

11 model estimation based on P′

12 for k = 1→ m do
13 prediction in P ′′k = (xk, yk)

14 calculate RMSE (Eq. 14)

15 calculate mean of k1 × k2 RMSEs

3.3 Simulation results

In the method of Kriging, an exponential function for a variogram is selected. The
effective area for calculation of the weights is considered to be the whole field. In
case of applying MBA on a data set, two parameters should be fixed beforehand; the
number of control points in the coarsest control lattice Φ0 and the number of levels
in the control lattice hierarchy (h). Through a sensitivity analysis, m0 = n0 = 5 for
the coarsest control lattice with three levels of refinement is selected as an optimal
solution. For the evaluation of the aforementioned surface approximation methods,
five MC simulations for different cross-validation parameters are applied. The size of
the test data increases by 10% in each simulation to study the effect of data gaps on
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the performance of the methods. Overall, each simulation contains 500 MC runs and
each run includes 100 cross-validation iterations. In each MC run, a new noise vector
is generated. The noise is constant during the 100 iterations of cross-validation and
only the combination of the test data changes.
The results of the performance of the methods are illustrated in Figure 4. In this figure,
the horizontal axis represents different MC simulations based on the size of the test
data. Larger test data results in larger data gaps in the training set. The vertical axis
presents the mean of the RMSEs from all MC runs. The performance of Kriging and
MBA throughout the simulations are relatively steady. MBA has a smaller prediction
error in comparison to Kriging. By increasing the size of the data gaps the quality of
approximation decreases and especially in the case of Kriging. It can be seen that the
prediction error derived with respect to ‘trend + noise’ is in the range of the generated
noise. This means that the methods are smoothly predicting the true trend in the data
set. Overall, the results show that MBA has smaller prediction error and is the more
robust against data gaps.

Abbildung 4: Mean of RMSEs for different MC simulations.

4 Ground motion in Hengstlage

Systematic investigations of different data sources in 2007 have shown that approxi-
mately 30% of Lower Saxony’s land area is influenced by ground movements due to
raw material extraction. These movements are due to the construction and operati-
on of cavern facilities as well as the storage of CO2 and hydrocarbons in the area
[Jahn et al. (2011)]. This emphasized the necessity to update the official spatial refe-
rence system in the related area. Here specifically the ground movement in the area
of Hengstlage is investigated. For this purpose, both the stochastic method of Kriging
and the deterministic method of MBA are employed.

4.1 Data set

To investigate the ground movement, all measurements up to now are used as a basis
to derive the related velocity information. In general, data from GNSS observations,
leveling and PSI are used as a basis for the investigation of recent movements of the
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Earth’s crust. For this purpose, the existing time series of vertical and horizontal
benchmarks from ‘amtlichen Festpunktinformationssystem’ (AFIS) in Lower Saxony
are gathered [Brockmeyer (2019)].
Since 2008, a uniform coordinate monitoring by the satellite positioning service of the
German national survey (SAPOS R©) reference stations has been continuously carried
out in Lower Saxony for quality assurance of the SAPOS R© services. The results of these
weekly GNSS evaluations are free coordinate solutions with complete stochastic infor-
mation, which are examined in time series analysis to determine the three-dimensional
motion behavior of the reference stations. Besides the regular data acquired from le-
veling and GNSS observations, vertical data which are acquired by the PSI technique,
are also taken into consideration. Velocity information from PSI, as a part of the group
of differential Interferometric Synthetic Aperture Radar (InSAR), plays an important
factor in the analysis of ground movement due to the fact that this method provides
denser information especially outside the regular geodetic networks and specifically in
urban areas.
All the velocities, derived from different measurement methods, are considered to
be uncorrelated. The variance related to vertical component derived from leveling
and horizontal velocities are calculated based on Eq. 15. The variances are based on
the accuracy of the individual measurements and time difference between measure-
ments (αt). The prior standard deviation (σ0) in this case is considered to be 3 [mm]
[Brockmeyer (2019)].

σ2 = 2
1

α2
t

σ2
0 (15)

The variance related to PSI velocities is derived following Eq. 16. It should be
noted that the PSI observations are considered to be less accurate, the larger uncer-
tainty is included as a parameter to the variance (∆PSI). ∆PSI shows the instability
of points and is considered to be 2 [mm] [Brockmeyer (2019)].

σ2 = 2
1

α2
t

σ2
0 + ∆2

PSI (16)

The vertical data from leveling includes measurements from 20 years (1988 until
2008) related to 106 benchmarks. The maximum observed vertical deformation in the
center is -9.9 [mm/year]. The PSI measurements are acquired between 2003 and 2010.
The number of these observations after preprocessing is 5962. In Figure 5a the PSI
data set and the leveling are shown. The two measurement techniques of leveling and
InSAR show comparable observations.The horizontal velocities in this area are derived
from 115 benchmarks. The measurements are performed in the time span of 1968 until
2010. In Figure 5b the horizontal velocities acquired from SAPOS R© measurements
(blue arrows) and GNSS-post processing (red arrows) are shown.
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(a) Height component

(b) Horizontal component

Abbildung 5: (a) PSI and leveling data (red bars), (b) Data from AFIS (red)
and SAPOS R© (blue) in Hengstlage [Brockmeyer (2019)].

4.2 Results of approximation

The approximated ground movement for both height changes and horizontal displa-
cements are illustrated together in Figure 6. Height changes are presented as a heat
diagram and horizontal displacements are specified as a vector field combining the
displacement of the east and north components.
For approximation with MBA three levels of control lattice hierarchy in which the
coarsest control lattice is Φ4 (m = n = 4) are selected. Overall three control lattices
Φ4, Φ8 and Φ16 are used. Figure 6b shows the results of the estimation. The subsi-
dence in the middle of the area is in both approximations distinguished.
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For the approximation of horizontal displacement, observations of east and north com-
ponents are analyzed separately. The methods of Kriging and MBA show similar re-
sults. For this analysis, similar specifications are used for the methods as in height
changes approximation. The maximum absolute velocities in displacements appear
around the edges of the subsided area. In the center of the subsidence area, horizontal
displacement is zero.

(a) Kriging

(b) MBA

Abbildung 6: Ground movement approximated by (a) Kriging (b) MBA (height
changes are illustrated as heat diagram and vector field represents the horizontal
displacements).

Figure 7 shows a 3D view of the approximated surface related to height changes
by the two methods. The RMSE representing the prediction error in the location of
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the observations for Kriging and MBA are 0.44 and 0.47 [mm/year], respectively.

Abbildung 7: Approximation of the two methods of Kriging and MBA.

The approximations show similar behavior but they are not the same. The true
function behind the ground movement is not known. To have a comparison between
the result of these two approaches, the differences between the approximations are
calculated. Figure 8a shows a heat diagram of the absolute differences. Mostly the
differences can be seen in areas where less observations are available. This results from
different approaches of the two methods in interpolating information from positions
with observations to data gaps. The histogram of these differences in Figure 8b shows
that they are randomly distributed overall the field.

(a) (b)

Abbildung 8: (a) Absolute differences (b) Histogram of the differences between
approximation of Kriging and MBA.

5 Conclusion

In this paper, a stochastic and a deterministic surface approximation method are used
to mathematically model ground movements. Specifically, the stochastic method of
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Kriging and a deterministic method based on B-Spline tensor product surfaces (MBA)
are used. The performance and implementation of the methods are evaluated using
cross-validation integrated into a closed-loop MC simulation. Different data sets are
simulated, which contain data gaps in order to be comparable to the real data set.
Different appearances of data gaps in the simulated data help to investigate the effect
of data gaps on the performance of the approaches. The results show that the quality
of the estimation decreases by increasing the size of the data gaps. However, the me-
thod of MBA showed better performance in dealing with data gaps.
This research is a collaboration between LGLN and Geodetic Institute of Hannover.
All the data set related to the ground movements in Lower Saxony are processed and
provided by LGLN. The ground movement in the area of Hengstlage, modeled with
the Kriging approach is implemented by LGLN. Height changes in this area are appro-
ximated with the two approaches and Kriging shows a smaller prediction error. The
approximated surfaces by MBA and Kriging show a similar pattern of subsidence in
the area and have comparable prediction errors. The Kriging method is computatio-
nally more expensive compared to the MBA. These results are also highly dependent
on the used variogram and control lattice hierarchy.
For future research, it would be interesting to combine the deterministic and stochastic
approaches. This means to estimate the trend in the data set by means of a determi-
nistic method and model the remaining stochastic part with a stochastic method. In
the method of MBA choosing an optimal control lattice hierarchy highly affects the
final estimation. It is recommended to investigate an optimal control lattice hierarchy
to obtain a more accurate estimation.
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A Supplementary Material

A.1 MBA

MBA provides a hierarchical framework for surface approximation, based on tensor-product B-
spline surfaces. Originally developed in the 1990s for image processing tasks such as morphing
(Lee et al., 1995, 1996), a more general formulation for scattered data approximation was later
introduced by Lee et al. (1997). This appendix collects the mathematical details that are referenced
in Section 3.2.1 but omitted there to keep Chapter 3 readable. It documents the deterministic
construction (Section A.1.1), the multilevel residual refinement (Section A.1.2), the refinement-
based evaluation optimization (Section A.1.3), and the stochastic formulation (Section A.1.4) used
later for uncertainty propagation.

A.1.1 B-Spline Approximation

Given a 3D PC, ℓ, a rectangular approximation domain Ω is defined in the xy-plane (Fig. A.1).
A control lattice Φ is placed over this domain to construct the B-spline surface. Each point
p = (x, y, z) in the PC contributes to the approximation, where (x, y) is constrained to lie within
Ω, defined as Ω = {(x, y) | 0 ≤ x < m, 0 ≤ y < n}.

Figure A.1: Configuration of a control lattice Φ in the domain Ω (Lee et al., 1997).

The coordinates (x, y) are obtained by mapping the original PC into the domain Ω based on its
bounding box. This transformation is performed according to Eq. (A.2), where ℓx,min, ℓx,max, ℓy,min,
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and ℓy,max denote the minimum and maximum values of the point cloud in the x and y directions.

ℓ[s,3] =


ℓx,1 ℓy,1 ℓz,1

...
...

...
ℓx,s ℓy,s ℓz,s

 (A.1)

x = m

ℓx,max − ℓx,min
.ℓx −

ℓx,min ×m

ℓx,max − ℓx,min

y = n

ℓy,max − ℓy,min
.ℓy −

ℓy,min × n

ℓy,max − ℓy,min

(A.2)

The B-spline surface, f(x, y), is constructed as a weighted sum of bicubic basis functions and
control points:

f(x, y) =
3∑

k=0

3∑
l=0

Bk(s)Bl(t)ϕ(i+k)(j+l) (A.3)

We first define the index conventions and local coordinates used to evaluate the tensor-product
B-spline basis functions on the control lattice. Here, the control lattice Φ is defined over an
(m + 3)× (n + 3) grid. The index variables and local coordinates are defined as:

i = ⌊x⌋ − 1, j = ⌊y⌋ − 1, s = x− ⌊x⌋, t = y − ⌊y⌋. (A.4)

The cubic B-spline basis functions Bk(s) (for 0 ≤ s < 1) are given by:

B0(s) = (1− s)3

6 ,

B1(s) = 3s3 − 6s2 + 4
6 ,

B2(s) = −3s3 + 3s2 + 3s + 1
6 ,

B3(s) = s3

6 .

(A.5)

To determine the unknown control lattice Φ, a point (xc, yc, zc) in ℓ is considered. According to
Eq. (A.3), the function value f(xc, yc) is influenced by sixteen control points in its neighborhood.
Assuming that 1 ≤ xc, yc < 2, the corresponding control points are denoted as ϕkl for k, l = 0, 1, 2, 3,
and Eq. (A.3) is simplified to:

zc =
3∑

k=0

3∑
l=0

wklϕkl, with wkl = Bk(s)Bl(t), s = xc − 1, t = yc − 1. (A.6)

Multiple values of ϕkl can satisfy Eq. (A.6). To obtain a unique solution, the sum ∑3
k=0

∑3
l=0 ϕ2

kl is
minimized in the LS sense (Lee et al., 1997; Hsu et al., 1992). This leads to the following expression:

ϕkl = wklzc∑3
a=0

∑3
b=0 w2

ab

(A.7)

Now, the complete point set ℓ is considered. Each control point ϕij is influenced by observations
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located within its 4× 4 neighborhood, referred to as the proximity dataset (see Fig. A.2a):

ℓij = {(xc, yc, zc) ∈ ℓ | i− 2 ≤ xc < i + 2, j − 2 ≤ yc < j + 2} .

(a) proximity dataset (b) overlapping proximity datasets (c) overlapping control points

Figure A.2: Positional relationship between data and control points. (a) Proximity points of Pij, (b)
overlapping of proximity datasets of two control points, (c) overlapping control points
of neighboring data points.

When control points are sufficiently close, their associated proximity datasets may partially overlap
(Fig. A.2b). For each data point, Eq. (A.7) can be applied to compute the corresponding 4 × 4
neighborhood of control points. These neighborhoods will overlap when the data points themselves
are near each other (Fig. A.2c).

To obtain a unique estimate for each ϕij , the following error term is minimized: ∑c (wcϕij − wcϕc)2.
The expression (wcϕij − wcϕc) quantifies the deviation between the unknown control point and
its local approximations derived from the proximity data. The value ϕc is computed for each
observation in the proximity set using:

ϕc = wczc∑3
a=0

∑3
b=0 w2

ab

, wc = wkl = Bk(s) Bl(t), (A.8)

with indices and local coordinates defined as:

k = (i + 1)− ⌊xc⌋, (A.9)
l = (j + 1)− ⌊yc⌋, (A.10)
s = xc − ⌊xc⌋, (A.11)
t = yc − ⌊yc⌋. (A.12)

The final estimate for a single control point is then given by:

ϕ̂ij =
∑

c w2
c ϕc∑

c w2
c

, (A.13)

For each control point on the lattice, the proximity dataset (ℓij) must be identified to compute
the optimal solution. Due to the overlapping neighborhoods of adjacent control points, redundant
computations may occur, which can significantly increase the overall processing time. To avoid this,
Lee et al. (1997) proposed that, for each data point, the numerator and denominator of Eq. (A.13)
be accumulated across the 4× 4 neighborhoods of control points. This strategy forms the basis of
the so-called BA algorithm for calculating the B-spline surface (Algorithm 2). If no nearby data
are available for a given control point, it is excluded from the surface definition in Eq. (A.3), and
a default value (e. g., zero) is assigned.
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Algorithm 2: BA Algorithm (Lee et al., 1997).
1 Input: 3D PC ℓ = [x y z]
2 Output: control lattice Φ = {ϕij} i = −1, 0, . . . , m + 1 and j = −1, 0, . . . , n + 1
3 for all i, j do
4 let δij = 0 and ωij = 0
5 for each point (xc, yc, zc) in ℓ do
6 let i = ⌊xc⌋ − 1 and j = ⌊yc⌋ − 1
7 let s = xc − ⌊xc⌋ and t = yc − ⌊yc⌋
8 compute wkl’s and ∑3

a=0
∑3

b=0 w2
ab (Eq. (A.7))

9 for k, l = 0, 1, 2, 3 do
10 compute ϕkl with Eq. (A.7)
11 add w2

klϕkl to δ(i+k)(j+l)
12 add w2

kl to ω(i+k)(j+l)

13 for all i, j do
14 if ωij ̸= 0 then
15 compute ϕij = δij

ωij

16 else
17 let ϕij = 0

A.1.2 Hierarchical B-Spline Approximation

While a single B-spline surface can approximate the data, it offers limited control over local details
and model complexity. The multilevel extension addresses this by refining the control lattice in
stages and fitting residuals at each level. To build the surface hierarchy, a sequence of control lattices
Φ0, Φ1, . . . , Φh is defined. The initial control lattice Φ0 and the number of refinement levels h must
be specified in advance. Φ0 represents the coarsest level, containing the fewest control points, while
Φh defines the finest level, with the highest control point resolution. From one level to the next,
the spacing between grid lines is halved, and new control points are inserted between the existing
ones. Therefore, if Φk is an (m + 3)× (n + 3) lattice, then Φk+1 becomes an (2m + 3)× (2n + 3)
lattice. The position of the (i, j)-th control point in Φk coincides with the (2i, 2j)-th control point
in Φk+1.

The MBA process begins with the coarsest control lattice Φ0. The corresponding surface estimate,
denoted as f0, is computed using the BA algorithm. Since this estimate is based on a coarse grid,
the resulting surface is smooth but may exhibit large deviations from the original data points in ℓ.
The deviation between f0 and the observed z-values of the original PC is computed for each point
(xc, yc, zc) ∈ ℓ using Eq. (A.14).

∆(1)zc = zc − f0(xc, yc) (A.14)

In the next step, the finer lattice is applied to the data points ℓ1, which use the residuals between
the previous level’s estimation and the original data as new z values. This results in f1 as the next
surface estimate, and a smaller deviation (∆(2)z) between the original z values and the accumulated
estimates from the previous levels (f0, f1). For a point (xc, yc, zc), the second-level residual ∆(2)zc

is given by:

∆(2)zc = zc − f0(xc, yc)− f1(xc, yc). (A.15)
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In general, at level k, the function fk is computed using the control lattice Φk to approximate the
data points ℓk. For a point (xc, yc, ∆(k)zc), the recursive residual is defined as:

∆(k)zc = zc −
k−1∑
i=0

fi(xc, yc) = ∆(k−1)zc − fk−1(xc, yc) (A.16)

∆(0)zc = 0 (A.17)

The final approximation function is defined as the sum of all partial estimates fk, from the coarsest
lattice Φ0 to the finest lattice Φh (see Algorithm 3).

f(x, y) =
k−1∑
i=0

fi(x, y) (A.18)

Algorithm 3: MBA Algorithm (Lee et al., 1997).
1 Input: 3D point cloud ℓ = [x y z]
2 Output: control lattice hierarchy Φ0, Φ1, . . . , Φh

3 let k = 0 while k ⩽ h do
4 let ℓk = (xc, yc, ∆(k)zc)
5 compute Φk from Pk by BA Algorithm 2
6 compute ∆(k+1)zc = ∆(k)zc − fk(xc, yc) for each data point
7 let k = k + 1

A.1.3 Optimization with B-Spline Refinement

So far, the MBA surface has been defined as a sum over level-wise contributions. In practice,
repeatedly evaluating all levels can be expensive, especially on dense prediction grids. To reduce
this cost, the hierarchy is converted into a single control lattice on the finest grid by refinement.
Although the publications mention that the evaluation can be optimized, the details of this re-
finement step were not included there because of space limitations. The dissertation presents the
full formulation to document how the computational cost can be reduced without altering the
underlying approximation.

Let F (Φ) denote the B-spline surface generated by a control lattice Φ. An (m + 3)× (n + 3) lattice
Φ is refined to an (2m + 3) × (2n + 3) lattice Φ′ by halving the grid spacing so that the (i, j)-th
control point of Φ coincides with the (2i, 2j)-th control point of Φ′. The new control points on Φ′

are obtained as fixed linear combinations of neighboring control points on Φ through local masks;
specifically the four interleaved positions ϕ′

2i,2j , ϕ′
2i,2j+1, ϕ′

2i+1,2j , and ϕ′
2i+1,2j+1 are computed from

the surrounding ϕi−1:j+1,i−1:j+1 values according to Eqs. (A.19)–(A.22):

ϕ′
2i,2j = 1

64
[
ϕi−1,j−1 + ϕi−1,j+1 + ϕi+1,j−1 + ϕi+1,j+1

+ 6(ϕi−1,j + ϕi,j−1 + ϕi,j+1 + ϕi+1,j) + 36ϕij
]

(A.19)

ϕ′
2i,2j+1 = 1

16
[
ϕi−1,j + ϕi−1,j+1 + ϕi+1,j + ϕi+1,j+1 + 6(ϕi,j + ϕi,j+1)

]
(A.20)

ϕ′
2i+1,2j = 1

16
[
ϕi,j−1 + ϕi,j+1 + ϕi+1,j−1 + ϕi+1,j+1 + 6(ϕi,j + ϕi+1,j)

]
(A.21)

ϕ′
2i+1,2j+1 = 1

4
[
ϕij + ϕi,j+1 + ϕi+1,j + ϕi+1,j+1

]
(A.22)
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By construction, refinement preserves the surface at that level, that is F (Φ′
k) = fk. The refined

control lattices are then accumulated across levels to obtain a single lattice on the finest grid.
Starting from the coarsest level, an accumulator Ψ0 is set to Φ0. For k = 1, . . . , h, the accumulator
Ψk−1 is refined to the grid of Φk and updated by control-point addition, yielding Ψk = Ψ′

k−1 +Φk.
After the last level, Ψh defines the final refined control lattice and the approximation is evaluated
as a single B-spline surface,

F (Ψh) =
h∑

i=0
fi = f. (A.23)

This traversal can be summarized by the following pseudocode, which generates Ψh directly from
the hierarchy Φ0, . . . , Φh (Algorithm 4). Fig. A.3 illustrates this process from coarse to fine. The
refinement masks have compact support, so the work at each level is proportional to the number
of control points on that level, and only one lattice needs to be carried through the traversal. As
a result, the refined formulation evaluates and regenerates the surface as a single B-spline function
rather than as a sum of h+1 functions, which reduces runtime and memory traffic, especially when
the prediction grid is much denser than the control lattices.

Figure A.3: Schematic representation of control lattice refinement in MBA (Lee et al., 1997).
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Algorithm 4: Refinement and accumulation to obtain the final control lattice Ψh.
1 Input: control lattices Φ0, Φ1, . . . , Φh

2 Output: final refined control lattice Ψh

3 Initialize: Ψ← Φ0
4 for k = 1 to h do
5 refine Ψ to the grid of Φk using Eqs. (A.19)–(A.22)
6 Ψ← Ψ + Φk ▷ control point-wise sum
7 return Ψh ← Ψ

A.1.4 Stochastic Model of MBA

The development in this subsection is based on the adjustment-theoretic uncertainty modeling
presented in Mohammadivojdan (2019). Up to this point, MBA has been described as a determin-
istic approximation method. For quality assessment and uncertainty propagation in later chapters,
a stochastic model that links observation noise to the variability of control points and surface
estimates is required. This subsection formulates that model in terms of a linear GMM adjust-
ment. Although the publications present the main conclusions of this stochastic formulation, the
full derivation was not included there because of space limitations. The dissertation provides the
complete development to document the model and clarify the assumptions behind its use.

As described in Section A.1.1, the solution for a control point depends on its proximity dataset
and is given by Eq. (A.13). A unique estimate of ϕij is obtained by minimizing the error term∑

c(wcϕij − wcϕc)2. Here, (wcϕij − wcϕc) denotes the weighted residual of observation c. This
minimization is cast as a linear GMM. For a proximity set with c data points, let v collect the
differences between the estimate ϕij and the weighted observations, as defined in Eq. (A.24).


v1
...

vc

 =


w1
...

wc

 .ϕij −


w1ϕ1

...
wcϕc

 (A.24)

Here, wi and ϕc are defined by Eq. (A.8). Substituting ϕc from Eq. (A.8) into Eq. (A.24) yields
Eq. (A.25).


v1
...

vc

 =


w1
...

wc

 .ϕij −


w1

w1z1∑3
a=0

∑3
b=0 w2

ab...
wc

wczc∑3
a=0

∑3
b=0 w2

ab

 (A.25)

A linear GMM is given by Eq. (A.26), where z (also denoted ℓz) is the observation vector, v is the
residual vector, A is the design (Jacobian) matrix, and ϕ is the vector of unknowns. Here, z ∈ Rc

and v ∈ Rc, and A ∈ Rc×u with u = dim(ϕ). In the MBA proximity adjustment used in this
thesis, u = 1 so ϕ reduces to a scalar control-point coefficient ϕij and A ∈ Rc×1.

z + v = A.ϕ (A.26)

The estimate follows from minimizing the weighted sum of squared residuals, vT Pv, where P is
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the residual weight matrix. Within each proximity set, the observations are assumed uncorrelated,
which implies a diagonal covariance matrix and therefore a diagonal weight matrix P with entries
given by the inverse variances. Differentiating vT Pv with respect to the unknown parameter vector
ϕ leads to Eq. (A.27).

ϕ̂ =
(
AT PA

)−1
AT Pz, with N =

(
AT PA

)
and n = AT Pz (A.27)

To cast Eq. (A.25) into the GMM form, the residual vector is transformed using Eq. (A.28). We
assume equal pre-transform variances for the observations and residuals, σ2

zi
= σ2

vi
. By error

propagation, the variance of the transformed residuals follows Eq. (A.29). The data vector z is
treated as uncorrelated.

v̄i =
∑3

a=0
∑3

b=0 w2
ab

w2
i

vi (A.28)

σ2
v̄i

=
(∑3

a=0
∑3

b=0 w2
ab

w2
i

)2

· σ2
vi

(A.29)

The resulting GMM is


z1
...

zc

+


v̄1
...

v̄c

 =


∑3

a=0

∑3
b=0 w2

ab

w1...∑3
a=0

∑3
b=0 w2

ab

wc

 .ϕij (A.30)

The Variance Covariance Matrix (VCM) of the transformed residuals, Σv̄v̄, and the weight matrix
P = (Σv̄v̄)−1, are

Σv̄v̄[c×c] =



(∑3
a=0

∑3
b=0 w2

ab

w2
1

)2
.σ2

v1 . . . 0
... . . . ...

0 . . .

(∑3
a=0

∑3
b=0 w2

ab

w2
c

)2
.σ2

vc

 (A.31)

P[c×c] = (Σv̄v̄)−1 =


w4

1(∑3
a=0

∑3
b=0 w2

ab

)2 . 1
σ2

v1
. . . 0

... . . . ...
0 . . . w4

c(∑3
a=0

∑3
b=0 w2

ab

)2 . 1
σ2

vc

 (A.32)

The next steps toward the final estimate, ϕ̂, are the computation of the normal matrix N and the
vector n. Here there is a single unknown, the control point ϕij . The design matrix has dimension
[c× 1], and the normal matrix is a scalar.
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N[1×1] = AT
[1×c]P[c×c]A[c×1]

=
[∑3

a=0

∑3
b=0 w2

ab

w1
. . .

∑3
a=0

∑3
b=0 w2

ab

wc

]


w4
1(∑3

a=0

∑3
b=0 w2

ab

)2 . 1
σ2

v1
. . . 0

... . . . ...
0 . . . w4

c(∑3
a=0

∑3
b=0 w2

ab

)2 . 1
σ2

vc



×


∑3

a=0

∑3
b=0 w2

ab

w1...∑3
a=0

∑3
b=0 w2

ab

wc

 =
c∑

i=1
w2

i .
1

σ2
vi

(A.33)

N−1
[1×1] = 1∑c

i=1 w2
i . 1

σ2
vi

(A.34)

n[1×1] = AT
[1×c]P[c×c]z[c×1] =

[∑3
a=0

∑3
b=0 w2

ab

w1
. . .

∑3
a=0

∑3
b=0 w2

ab

wc

]

×


w4

1(∑3
a=0

∑3
b=0 w2

ab

)2 . 1
σ2

v1
. . . 0

... . . . ...
0 . . . w4

c(∑3
a=0

∑3
b=0 w2

ab

)2 . 1
σ2

vc




z1
...

zc



=
c∑

i=1

w3
i zi∑3

a=0
∑3

b=0 w2
ab

.
1

σ2
vi

(A.35)

ϕ̂[1×1] = N−1
[1×1].n[1×1] = 1∑c

i=1 w2
i . 1

σ2
vi

.
c∑

i=1

w3
i zi∑3

a=0
∑3

b=0 w2
ab

.
1

σ2
vi

(A.36)

If σ2
v1 = σ2

v2 = · · · = σ2
vc

,

ϕ̂[1×1] =

∑c
i=1

w3
i zi∑3

a=0

∑3
b=0 w2

ab∑c
i=1 w2

i

=
∑c

i=0 w2
i ϕi∑c

i=1 w2
i

. (A.37)

The scalar ϕ̂ is the final estimate for the control point ϕij . This agrees with Section A.1.1 (see
Eq. (A.13)). Each control point in the lattice is computed individually using Eq. (A.37). According
to Fig. A.2b, control points have overlapping proximity datasets. As a result, their solutions are
correlated. The functional relationship between the control point lattice Φ and the data points is
given in Eq. (A.38). A control point lattice contains (m + 3) × (n + 3) control points ϕij , with
i = −1, 0, 1, . . . , m, m + 1 and j = −1, 0, 1, . . . , n, n + 1. In Eq. (A.38), A1 denotes the Jacobian
matrix, and z is the vector of data points.
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Φ[((m+3)×(n+3))×1] = A1[((m+3)×(n+3))×s] · z[s×1] (A.38)


ϕ00

...
ϕ(m+3)×(n+3)

 =


w3

1(∑3
a=0

∑3
b=0 w2

ab

)∑c1
i=1 w2

i

. . .
...

... . . . ...

... . . .
...




z1
...

zs

 (A.39)

The elements of the Jacobian matrix are nonzero only for observations in the proximity dataset of
the corresponding control point. Based on the law of error propagation, the VCM of the control
points, Σϕϕ can be derived based on Eq. (A.40). Σzz is the VCM of the data points.

Σϕϕ[((m+3)×(n+3))×((m+3)×(n+3))] = A1[((m+3)×(n+3))×s]Σzz [s×s]AT
1 [s×((m+3)×(n+3))] (A.40)

A point estimated on the surface by equation Eq. (A.3) has a functional relationship with the 16
control points in its neighborhood. As a result, the estimated points which have overlapping control
points are correlated. For a set of c estimated points on the surface ẑ, the matrix A2 describes the
functional relationship between estimated points and the control points.

ẑ[s×1] = A2[s×((m+3)×(n+3))].Φ̂[((m+3)×(n+3))×1] (A.41)

Using the VCM of the control points, VCM of ẑ, can be derived based on the law of error propa-
gation.

Σẑẑ [s×s] = A2[s×((m+3)×(n+3))].Σϕϕ[((m+3)×(n+3))×((m+3)×(n+3))].A2
T

[((m+3)×(n+3))×c] (A.42)

Up to this point, the stochastic model of the BA algorithm is complete. We have the estimator
for the control points (Eq. (A.37)), the VCM of the estimated control points (Eq. (A.40)), and
the VCM of a set of surface estimates given the control points (Eq. (A.42)). The next step is the
stochastic model of the MBA algorithm. The control lattice at level k is used to generate ∆k+1z for
the next level (see Eq. (A.16)). Table A.1 summarizes the propagation of VCMs from the coarsest
level Φ0 to the finest level Φh.

Table A.1: Stochastic model of MBA algorithm.
Level VCM of New z values VCM of the VCM of the

control points estimated function new z values

Φ0 Σϕ0ϕ0 = A1ΣzzAT
1 ∆1z = z− f0 Σf0f0 = A2Σϕ0ϕ0AT

2 Σ∆1z∆1z = Σzz + Σf0f0

Φ1 Σϕ1ϕ1 = A1Σ∆1z∆1zAT
1 ∆2z = z− f0 − f1 Σf1f1 = A2Σϕ1ϕ1AT

2 Σ∆2z∆2z = Σzz + Σf0f0 + Σf1f1

...
...

...
...

...
Φk Σϕkϕk

= A1Σ∆kz∆kzAT
1 ∆k+1z = z−

∑k
i=0 fi Σfkfk

= A2Σϕkϕk
AT

2 Σ∆k+1z∆k+1z = Σzz +
∑k

i=0 Σfifi

...
...

...
...

...
Φh Σϕhϕh

= A1Σ∆hz∆hzAT
1 - Σfhfh

= A2Σϕhϕh
AT

2 Σ∆h+1z∆h+1z = Σzz +
∑h

i=0 Σfifi
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