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Abstract

Terrestrial reference frames are the basis for numerous applications such as the deter-
mination of positions and movements, for navigation on the ground, at sea, and in
the air, as well as for the referencing of geophysical processes, as they give access to
the geodetic datum de�ned by the origin of the coordinate axes, their orientation with
respect to the Earth’s body, and the scale of the unit of length. They are provided in
the form of networks of reference stations whose positions are determined with high
precision. Measurements involving the reference stations enable users to relate local
observations to the geodetic datum of the reference frame. In this context, regional
reference frames, which provide dense networks of reference stations for certain regions,
are of particular importance. Reference frames can be parameterised in di�erent ways:
Multi-year reference frames are given in the form of station positions at a reference
epoch with linear velocities that can be extrapolated to any epoch, including epochs
outside the observation period. It should be noted that the linear models usually do
not represent the true station movement which means that further correction models
are required. Epoch reference frames are realised on an epoch-wise basis (e.g., weekly)
and provided in the form of station position time series. The station positions usually
reect the local conditions much better, which makes epoch reference frames partic-
ularly interesting for the study of geophysical processes, but they cannot be reliably
extrapolated to arbitrary epochs outside the observation period.

The International Terrestrial Reference System (ITRS) de�nes a geocentric, i.e., the
origin coinciding with the Earth’s centre-of-mass, three-dimensional cartesian coordi-
nate system, whereby the z-axis coincides with the Earth’s mean rotation axis, the
x-axis is located in the plane of the Greenwich meridian and the y-axis complements
the other two axes to form a right-handed coordinate system. The orientation is based
on a de�nition of the Bureau International de l’Heure 1984 and is maintained via a
no-net-rotation condition. The scale of the ITRS is de�ned as the realisation of the
metre via the Geocentric Coordinate Time (SI second).

The realisation of the ITRS in terms of station coordinates in a terrestrial reference
frame is done by combining several space-geodetic techniques. These are SLR (Satellite
Laser Ranging), VLBI (Very Long Baseline Interferometry), GNSS (Global Navigation
Satellite Systems) and DORIS (Doppler Orbitography and Radiopositioning Integrated
by Satellite), whereby each technique contributes to the datum realisation with speci�c
strengths. In this context, SLR is of particular importance, as it is the only technique
that enables the realisation of the origin with high accuracy, while the other two satellite
techniques GNSS and DORIS do not contribute to the realisation of the origin due to
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Abstract

technique-speci�c de�ciencies. For the same reason, the scale has so far been realised by
combination of SLR and VLBI only. Due to their good global coverage, the GNSS and
DORIS station networks usually contribute to the realisation of the mathematically
de�ned orientation of the coordinate axes with respect to the Earth’s body.

The International Terrestrial Reference Frame (ITRF) is parameterised as a multi-year
reference frame. Therefore, the datum of the ITRF is a secular realisation of the ITRS,
which means in particular that the origin of the ITRF within the observation period
agrees only on average with the Earth’s instantaneous centre-of-mass and gradually
decreases in accuracy when extrapolated outside the observation period. These varia-
tions of the ITRF origin with respect to the Earth’s centre-of-mass are often denoted
as geocentre variation.

The datum of regional reference frames is usually realised by aligning a regional station
network to the global ITRF station network. For epoch reference frames, this has the
consequence that short-term and periodic variations of station positions do not relate
to the Earth’s centre-of-mass but to the geometric centre of the station network, which
approximately coincides with the Earth’s centre-of-�gure. The position time series
therefore reect only a part of the actual geophysical signal and must be corrected
for the part of the variation of the Earth’s centre-of-�gure with respect to the Earth’s
centre-of-mass. This is particularly relevant for applications in (near-)real time, where
the observation epochs are naturally outside the observation period of the ITRF, which
means that the reference coordinates have to be extrapolated.

This thesis describes a method for direct geocentric realisation of the datum of regional
epoch reference frames, which is demonstrated on the example of the Latin American
reference frame consisting of a dense GNSS station network. The datum realisation is
done by combining the observations of global SLR, VLBI, and GNSS networks, whereby
SLR and VLBI are used to realise the origin and the scale, and GNSS is used to realise
the orientation. The combination of the respective networks is done via terrestrial mea-
surements of local ties at co-location sites. Due to the fact that the station networks of
SLR and VLBI are subject to permanent changes, a �ltering approach is implemented
to stabilise the estimated geodetic parameters. In the context of the relevance of SLR
for the determination of the origin of terrestrial reference frames, further studies show
to what extent extending existing solutions by observations to additional satellites con-
tributes to the stabilisation of the geodetic parameters determined by SLR. Simulation
studies on a future evolution of the space and ground segments of SLR demonstrate the
importance of high-performing global station networks for the reliability of the datum
realisation.
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Zusammenfassung

Terrestrische Referenzrahmen bilden die Grundlage f�ur zahlreiche Anwendungen wie
zum Beispiel die Bestimmung von Positionen und Bewegungen, f�ur die Navigation am
Boden, zur See und in der Luft sowie f�ur die Referenzierung geophysikalischer Prozesse,
indem sie einen Zugri� auf das geod�atische Datum bieten, welches durch den Ursprung
der Koordinatenachsen, ihre Orientierung in Bezug auf den Erdk�orper und den Ma�stab
der L�angeneinheit de�niert ist. Sie werden in Form von Netzen von Referenzstationen,
deren Positionen hochgenau bestimmt sind, bereitgestellt. Durch Messungen unter
Einbezug der Referenzstationen erhalten Anwender die M�oglichkeit, lokale Beobach-
tungen auf das geod�atische Datum des Referenzrahmens zu beziehen. Eine besondere
Bedeutung kommt in diesem Zusammenhang regionalen Referenzrahmen zu, welche f�ur
bestimmte Regionen dichte Netze von Referenzstationen zur Verf�ugung stellen. Refe-
renzrahmen k�onnen auf verschiedene Weisen parametrisiert werden: Mehrjahresrefe-
renzrahmen sind in Form von Stationspositionen zu einer Referenzepoche mit linearen
Geschwindigkeiten gegeben, welche auf jede beliebige Epoche, auch auf Zeitpunkte
au�erhalb des Beobachtungszeitraums, extrapoliert werden k�onnen. Hierbei ist zu
beachten, dass die linearen Modelle in der Regel nicht die wahre Stationsbewegung ab-
bilden und somit weitere Korrekturmodelle erforderlich sind. Epochenreferenzrahmen
werden epochenweise realisiert (beispielsweise w�ochentlich) und in Form von Stations-
positionszeitreihen bereitgestellt. Die Stationspositionen spiegeln hierbei im Regelfall
wesentlich besser die lokalen Gegebenheiten wider, womit Epochenreferenzrahmen ins-
besondere f�ur das Studium geophysikalischer Prozesse von Interesse sind, jedoch nicht
zuverl�assig auf beliebige Epochen au�erhalb des Beobachtungszeitraums extrapoliert
werden k�onnen.

Das Internationale Terrestrische Referenzsystem (ITRS) de�niert ein geozentrisch, also
mit Ursprung im Massenzentrum der Erde, gelagertes dreidimensionales rechtwinkliges
Koordinatensystem, dessen z-Achse mit der mittleren Erdrotationsachse �ubereinstimmt,
dessen x-Achse in der Ebene des Greenwich-Meridians verl�auft und dessen y-Achse die
beiden anderen Achsen zu einem rechtsh�andigen Koordinatensystem erg�anzt. Die Ori-
entierung beruht auf einer Festlegung des Bureau International de l’Heure 1984 und
wird �uber eine No-Net-Rotation-Bedingung fortgeschrieben. Der Ma�stab des ITRS
ist als Realisierung des Meters �uber die geozentrische Koordinatenzeit (SI-Sekunde)
de�niert.

Die Realisierung des ITRS in Form von Stationskoordinaten in einem terrestrischen Re-
ferenzrahmen erfolgt durch Kombination mehrerer geod�atischer Weltraumverfahren.
Dies sind SLR (Satellite Laser Ranging, Laserentfernungsmessungen zu Satelliten),
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Zusammenfassung

VLBI (Very Long Baseline Interferometry, Interferometrie mit sehr langen Basisli-
nien), GNSS (Globale Navigations-Satellitensysteme) und DORIS (Doppler Orbito-
graphy and Radiopositioning Integrated by Satellite, Doppler-Orbitbestimmung und
Radiopositionierung integriert per Satellit), wobei jedes Verfahren mit technikspezi�-
schen St�arken zur Realisierung des Datums beitragen kann. Eine besondere Bedeutung
kommt hierbei SLR zu, da es als einziges Verfahren die Realisierung des Ursprungs mit
hoher Genauigkeit erm�oglicht, w�ahrend die anderen beiden Satellitenverfahren GNSS
und DORIS aufgrund technikspezi�scher De�zite nicht zur Realisierung des Ursprungs
beitragen. Aus dem gleichen Grund wird der Ma�stab bisher ausschlie�lich durch die
Kombination von SLR und VLBI realisiert. Die GNSS- und DORIS-Stationsnetze tra-
gen aufgrund ihrer guten globalen Verteilung in der Regel zur Realisierung der mathe-
matisch de�nierten Orientierung der Koordinatenachsen in Bezug auf den Erdk�orper
bei.

Der Internationale Terrestrische Referenzrahmen (International Terrestrial Reference
Frame, ITRF) ist als Mehrjahresreferenzrahmen parametrisiert. Dies bedeutet, dass
das Datum des ITRF eine s�akulare Realisierung des ITRS darstellt, womit insbesondere
der Ursprung des ITRF innerhalb des Beobachtungszeitraums nur im Mittel mit dem
wahren Massenzentrum der Erde �ubereinstimmt und bei Extrapolation au�erhalb des
Beobachtungszeitraums graduell in der Genauigkeit abnimmt. Die Abweichungen des
ITRF-Ursprungs vom Massenzentrum der Erde werden oft als Geozentrumsvariation
bezeichnet.

Das Datum regionaler Referenzrahmen wird meist durch Lagerung eines regionalen
Stationsnetzes auf dem globalen ITRF-Stationsnetz realisiert. F�ur Epochenreferenz-
rahmen hat dies zur Folge, dass kurzzeitige und periodische Variationen von Sta-
tionspositionen nicht auf das Massenzentrum der Erde sondern auf das geometrische
Zentrum des Stationsnetzes, welches ungef�ahr mit dem geometrischen Erdmittelpunkt
�ubereinstimmt, bezogen sind. Die Positionszeitreihen spiegeln daher nur einen Teil des
tats�achlichen geophysikalischen Signals wider und m�ussen um den Anteil der Variation
des geometrischen Erdmittelpunktes gegen�uber dem Massenzentrum korrigiert werden.
Dies ist insbesondere f�ur Anwendungen in (Nahe-)Echtzeit relevant, wo die Beobach-
tungszeitpunkte naturgem�a� au�erhalb des ITRF-Beobachtungszeitraums liegen, womit
die Referenzkoordinaten extrapoliert werden m�ussen.

Diese Arbeit beschreibt eine Methode zur direkten geozentrischen Realisierung des
Datums regionaler Epochenreferenzrahmen, welche am Beispiel des lateinamerikani-
schen Referenzrahmens, gebildet aus einem dichten GNSS-Stationsnetz, demonstriert
wird. Die Datumsrealisierung erfolgt durch Kombination der Beobachtungen globaler
SLR-, VLBI- und GNSS-Stationsnetze, wobei SLR und VLBI zur Realisierung von
Ursprung und Ma�stab und GNSS zur Realisierung der Orientierung dienen. Die
Kombination der jeweiligen Netze erfolgt �uber terrestrische Verbindungsmessungen
an Kolokationsstationen. Aufgrund der Tatsache, dass die Stationsnetze von SLR
und VLBI st�andigen Ver�anderungen unterliegen, wird zur Stabilisierung der mit ihnen
bestimmten geod�atischen Parameter ein Filteransatz implementiert. Im Kontext der
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Relevanz von SLR f�ur die Bestimmung des Ursprungs terrestrischer Referenzrahmen
zeigen weitere Studien, in welchem Umfang die Erweiterung bestehender L�osungen um
Beobachtungen zu weiteren Satelliten zur Stabilisierung der mittels SLR bestimmten
geod�atischen Parameter beitr�agt. Simulationsstudien zur zuk�unftigen Weiterentwick-
lung des Weltraum- und Bodensegments von SLR demonstrieren die Wichtigkeit leis-
tungsf�ahiger globaler Stationsnetze f�ur die Zuverl�assigkeit der Datumsrealisierung.
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Preface

The content of the present doctoral thesis is structured into an introductory block
(Chapt. 1{4) motivating the studies and outlining the basic questions and concepts,
two main subject blocks related to the scienti�c work and results (Chapt. 5{6), and a
section providing a summary of the conclusions and an outlook into potential future re-
search (Chapt. 7). Thereby, the thesis frequently refers to three scienti�c publications
�rst-authored and one scienti�c publication co-authored by the author of this work,
each of them in the context of one of the two subject blocks that build the scienti�c
part of this thesis:

Block 1 (Chapt. 5): Determination of a regional geocentric epoch reference frame for
Latin America.

Kehm et al. (2022bi ): Combination Strategy for the Geocentric Realization of Re-
gional Epoch Reference Frames.Journal of Geophysical Research: Solid Earth, 127(10):
e2021JB02388, DOI:10.1029/2021JB023880. Citations in this work refer to a preprint,
DOI: 10.1002/essoar.10511202.1 .

Block 2 (Chapt. 6): Satellite Laser Ranging and its relevance for the stable determi-
nation of geodetic parameters.

Kehm et al. (2018i ): Future global SLR network evolution and its impact on the terres-
trial reference frame. Journal of Geodesy, 92(6):625{635, DOI:10.1007/s00190-017-
1083-1.

Kehm et al. (2019i ): Future TRFs and GGOS { where to put the next SLR station?
Advances in Geosciences, 50:17{25, DOI:10.5194/adgeo-50-17-2019 .

Blo�feld et al. (2018 i ): Consistent estimation of geodetic parameters from SLR satel-
lite constellation measurements.Journal of Geodesy, 92(9):1003{1021, DOI:10.1007/
s00190-018-1166-7 .

The results presented within this thesis are the outcome of a project that aimed to
develop a combination strategy for a geocentric epoch reference frame for Latin Amer-
ica. Besides the published work, the present doctoral thesis provides more information
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Preface

on the theoretical background, the implemented algorithms, further results which have
not yet been published as well as additional discussion of the results.

While subject Block 1 of this thesis develops a strategy to combine regional epoch
reference frames from space-geodetic observations that are routinely available, subject
Block 2 investigates the potential of future enhancements of the space and ground
segments of Satellite Laser Ranging (SLR), as this is the space-geodetic technique that
is most relevant to realise the datum of terrestrial reference frames. Thereby, the
focus is put not only on the stability of the derived datum parameters but also on
the consequences for the determination of di�erent geodetic parameter groups in one
common adjustment, among them the datum parameters of terrestrial reference frames,
the coe�cients of the Earth’s gravity �eld model, and the Earth rotation parameters.

The �ndings from subject Block 1 and 2 also contributed to a project that aimed to
develop a processing strategy to consistently combine �nal and rapid Earth rotation
parameters from space-geodetic techniques, whereby the combined time series served
as basis for predictions involving geophysical uid models. In this context, the �ndings
from subject Block 2 are of special relevance not only in the view of a more reliable
determination of Earth rotation parameters alone but also in view of their joint and
consistent determination together with terrestrial reference frames. The realised strat-
egy to combine and predict Earth rotation parameters from multiple space-geodetic
techniques, however, is beyond the scope of the present thesis, so the reader may refer
to the following three scienti�c publications with contribution by the author:

Kehm et al. (2022a): Combination strategy for the consistent �nal, rapid and predicted
Earth rotation parameters. Submitted to Journal of Geodesy.

Dill et al. (2020): Evaluating Processing Choices for the Geodetic Estimation of Earth
Orientation Parameters with Numerical Models of Global Geophysical Fluids.Journal
of Geophysical Research: Solid Earth, 125(9):e2020JB02002, DOI:10.1029/2020JB
020025.

Hellmers et al. (2019): Combination of VLBI Intensive Sessions with GNSS for gen-
erating Low Latency Earth Rotation Parameters. Advances in Geosciences, 50:49{56,
DOI: 10.5194/adgeo-50-49-2019 .

The conceptual design of this doctoral thesis is a monographic representation of the
scienti�c work and results. For the sake of readability, those parts of the present text
which are directly taken from the publications related to the subject Block 1 and
2 are placed between symbols marking their beginning (L) and their end (N) in the
respective colour (see publication list above). The marked blocks cite the original text
from the publications but have been harmonised to a common orthography, style (e.g.,
hyphenation), and referencing (citation style and numbering of �gures, tables, and
equations, as well as a consistent usage of scienti�c terms). If smaller parts of these
text blocks have been reworded or extended, the modi�ed passages are placed within
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squared brackets [ . . . ]. Full-text citations stem from those parts of the publications
that have been primarily contributed by the author of the present doctoral thesis, while
other parts of these works, or parts that have been reformulated to a larger extent, are
referenced in the classical way. The captions of �gures cited from the above-listed
publications start with a mark ( i ) in the respective colour (the caption itself thereby
may be modi�ed).

Chapter 1 motivates the studies (Sect. 1.1) and outlines the scienti�c research questions
that are addressed within this thesis (Sect. 1.2).

Chapter 2 introduces into the concept of geodetic reference systems and frames. After
providing an overview of the historical evolution of the understanding of the Earth’s
geometry and orientation in space (Sect. 2.1), we introduce the modern concepts of ter-
restrial reference systems and frames (Sect. 2.2). Afterwards, the main motivation for
these studies, the question of the geocentricity of regional reference frames, is discussed
(Sect. 2.3).

Chapter 3 is dedicated to the processing and combination of space-geodetic techniques.
First, we introduce the space-geodetic techniques and outline their contribution to
the realisation of geodetic reference systems (Sect. 3.1). We continue introducing the
algorithms of geodetic parameter estimation via the Gau�-Markov model (Sect. 3.2) and
motivate the approach chosen for the intra- and inter-technique combination (Sect. 3.3).
Having motivated our approach, the algorithms relevant to combine equation systems
(Sect. 3.4) and examples for parameter transformations applied to the equation systems
(Sect. 3.5) are described in detail.

Chapter 4 introduces the implementation of the algorithms to combine and solve the
equation systems. First, we introduce the software packages which are used to create
the results of this study (Sect. 4.1), followed by a more detailed introduction into the
software packages which are used within the framework of this study to process SLR
observations (Sect. 4.2) and to combine and solve the equation systems (Sect. 4.3). The
author of the present doctoral thesis is continuously contributing to the development of
these two software packages that are also used within the framework of DGFI-TUM’s
involvement within the Scienti�c Services of the International Association of Geodesy.

Related to the subject Block 1 , Chapter 5 outlines the approach developed to realise
a regional geocentric epoch reference frame for Latin America, starting with a short
introduction of the general idea (Sect. 5.1) followed by a description of the chosen
approach in relation to the goals of the study (Sect. 5.2). The following section describes
the reprocessing of the space-geodetic input data (Sect. 5.3) that is used as input to the
combination. Afterwards, we describe our approach for the inter-technique combination
(Sect. 5.4), which includes strategies developed to �lter the input data, to assign relative
weights to the technique-speci�c contributions and to perform a datum transfer between
the technique-speci�c networks via local ties. Finally, we discuss the results of this
study by contrasting our approach and the geodetic datum realised against independent
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solutions and by comparing derived station displacement time series against geophysical
loading models (Sect. 5.5). Section 5.6 summarises the �ndings.

Related to the subject Block 2 , Chapter 6 is dedicated to SLR as the space-geodetic
technique that is most relevant to realise the datum of terrestrial reference frames.
First, we provide an overview of the current status and prospects of the SLR space
and ground segments (Sect. 6.1) and outline the consequences for the estimation of
geodetic parameters. Afterwards, the measurement principle and the applied models
for the analysis of SLR observations are explained (Sect. 6.2). We continue with studies
on the potential of exploiting more of the observations to the already-existing space
segment (Sect. 6.3), followed by introducing a simulation approach (Sect. 6.4) developed
to investigate the impact of potential future enhancements of the space (Sect. 6.5) and
ground segments of SLR (Sect. 6.6). Section 6.7 summarises the �ndings from these
studies.

Chapter 7 summarises the results, concludes with �nal remarks, and provides an outlook
into potential future research.
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1 Introduction

1.1 Background and motivation

Geodesy (from Ancient Greekgewdais—a\division of the Earth") is the science of mea-
suring and mapping the Earth’s surface (Helmert, 1880), which includes the deter-
mination of the Earth’s shape and orientation in space as well as of its gravity �eld
(Bruns, 1878), and of their temporal changes. As a consequence, the major disciplines
of geodesy are commonly structured into the so-called \three pillars of geodesy", namely

(1) Geokinematics, i.e., the description of the geometry of the Earth’s surface and its
changes,

(2) Earth rotation, i.e., the description of the evolution of the orientation of the
Earth’s rotation axis and its angular velocity, and

(3) Gravity �eld, including its temporal variations.

Plag and Pearlman (2009) outline that these three pillars are \intrinsically linked to
each other, and [that] they jointly change as a consequence of dynamical processes in
the Earth system as a whole." Consequently, the reliable long-term monitoring of, e.g.,
global change e�ects and variations in the Earth’s rotation via geometric and grav-
itational measurement systems requires that any measurements, the data processing
procedures, and the estimated geodetic or geophysical parameters must relate to a con-
sistent and stable reference that is common to all observation types. This common
reference is de�ned by geodetic reference systems (Fig. 1.1).

For geometric measurements, one di�erentiates between two types of reference systems:
Earth-�xed and space-�xed. Earth-�xed, or terrestrial, reference systems (TRSs) are
{ as the name already suggests { �xed to the Earth’s body, which means that they
are co-rotating with the Earth. They serve to describe positions or velocities with
respect to the Earth’s crust and are commonly used for navigation and positioning
purposes, but also serve as the reference for surveying, mapping, or monitoring of
processes in the Earth system (Plag and Pearlman, 2009). The TRS adopted by the
International Union of Geodesy and Geophysics (IUGG) is the International Terrestrial
Reference System (ITRS), which de�nes a rectangular coordinate axes system with an
origin , i.e., the reference point of the coordinate axes, anorientation , i.e., the direction
of the coordinate axes, and ascale, i.e., the de�ned unit of length (Sect. 2.2). The
implementation is provided in the International Earth Rotation and Reference Systems
Service (IERS) Conventions 2010 (Petit and Luzum, 2010). Space-�xed, or celestial,
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1 Introduction

Figure 1.1: The three pillars of geodesy (cf. Rummel, 2000).

reference systems (CRSs), on the other hand, do not co-rotate with the Earth but have
an orientation �xed with respect to the (quasi-)inertial space. They are used to model
positions and velocities in space and are commonly applied to navigate in space or to
describe satellite orbits. The o�cial CRS adopted by the International Astronomical
Union (IAU) is the International Celestial Reference System (ICRS; Arias et al., 1995;
Petit and Luzum, 2010). While a reference system comprises the theoretical concept
that de�nes the coordinate axis system, its realisation in the form of a set of reference
coordinates (cf. Sect. 2.2) is called a reference frame. A realisation of a TRS is thus
a terrestrial reference frame (TRF) and a realisation of a CRS is a celestial reference
frame (CRF).

The link between a TRS and a CRS is a transformation that necessarily involves the
Earth’s instantaneous orientation in space, described by the Earth orientation parame-
ters (EOPs; Petit and Luzum, 2010). The EOPs describe the orientation of the Earth’s
rotation axis with respect to the inertial space in terms of precession and nutation
and with respect to the Earth’s body in terms of polar motion (PM) and the Earth’s
angular velocity, namely the absolute o�set between the Universal Time UT1 and the
Coordinated Universal Time UTC (UT1 � UTC) and its negative time derivative length-
of-day (LOD). The latter sub-group, namely PM, UT1 � UTC, and LOD, is called the
Earth rotation parameters (ERPs). The ERPs undergo permanent irregular variations
and are monitored by various space-geodetic techniques. To ensure a reliable trans-
formation between a CRF and a TRF at any epoch, the ERPs must be determined
accurately not only retrospectively and in (near) real time, but also prospectively, in
the form of predictions based on deterministic signals derived from the observations
and/or geophysical models (e.g., Kehm et al., 2022a).
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1.1 Background and motivation

Due to the fact that most geodetic observations in some way relate to the Earth’s gravity
�eld, the natural origin of a TRS is located in the geocentre, i.e., the Earth’s centre-
of-mass. In this way, a scienti�c usage of TRFs is to observe and quantify processes
related to the Earth system. Examples for these processes of interest are geophysical
processes like tectonic deformations including episodic events like earthquakes, seasonal
loading, or anthropogenic changes like subsidence due to groundwater withdrawal. In
order to be able to relate local observations to a global TRS, two conditions must be
ful�lled: �rst, the station distribution of the TRF must be dense enough to provide a
su�cient number of reference stations in or near the region of interest, and second, the
TRF datum must be realised in a way that the observed processes can be related to
the Earth system in a reliable way. Because of the fact that the station distribution of
the global TRF often is too sparse to ful�l the �rst condition, regional reference frames
allow access to the global TRF datum by providing a dense network of reference stations
in the region of interest (Sect. 2.3). The fact that the datum of these regional reference
frames is usually aligned to a global multi-year TRF solution that realises a secular
geocentre { via �ducial coordinates that often have to be linearly extrapolated beyond
their actual observation period { raises the issue that derived displacement time series of
individual stations in the regional network are not strictly geocentric and, consequently,
are limited in their geophysical information content.

In this context, the DFG-funded project DIrect GEocentric Realisation of the American
reference frame by combination of geodetic observation TechnIques(DIGERATI) asked
whether it is possible to realise a geocentric regional epoch reference frame for the Latin
America that is

(1) geocentric at any epoch,

(2) realised epoch-wise for short periods,

(3) and stable.

The focus of the present doctoral thesis is to investigate whether a reliable epoch-
wise geocentric realisation of the datum for such a regional TRF is possible, exploiting
the capabilities of the three space-geodetic techniques Satellite Laser Ranging (SLR),
Very Long Baseline Interferometry (VLBI), and Global Navigation Satellite Systems
(GNSS). Thereby, SLR is the only space-geodetic technique that allows to determine
the TRF origin with high accuracy, while SLR and VLBI jointly realise the scale.
The Latin American regional GNSS network is extended by globally well distributed
stations in order to perform the datum transfer with the SLR and VLBI networks via
measured local tie vectors at co-located sites. Moreover, the global GNSS stations serve
to realise the orientation of the network with respect to the Earth’s body (Chapt. 5).
Afterwards, special focus is put on current de�ciencies of the SLR network that reduce
the reliability of the datum parameters realised, and how enhancements of the space and
ground segments can improve the stability of the SLR-derived TRF datum parameters
as well as their joint determination with other geodetic parameters of the Earth system
like the Stokes coe�cients of the Earth’s gravity �eld model and the ERPs (Chapt. 6).
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1 Introduction

1.2 Research goals

The motivation outlined above leads us to posing the following two research questions
(RQs) that relate to the two subject blocks that have been outlined in the Preface:

RQ 1 To what extent do currently available space-geodetic observations allow
to realise a regional reference frame that is geocentric at any epoch,
epoch-wise for short periods, and has a stable datum?

RQ 2 To what extent can further enhancements in the SLR space and ground
segments improve the reliability of SLR-derived geodetic parameters with
relation to the TRF datum?

These research questions will be addressed within the remainder of this doctoral thesis.
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2 Geodetic reference systems and frames

2.1 Historical background

Attempts to determine the shape of the Earth and its position within the cosmos are
probably as old as mankind. While assumptions about the Earth’s spherical shape
have been documented since the ancient era (Aristoteles,Per¨ o˛ranoÜ \On the Heav-
ens", also known asDe caelo, Book II, Chapt. 4; cf. Stocks, 1922), it was the Greek
polymath Eratosthenes (c. 276 BC{c. 195 BC), chief librarian at the renowned Library
of Alexandria, to be the �rst one known to determine the Earth’s circumference with
remarkable accuracy. By an arc measurement between the Egyptian cities of Alexan-
dria and Syene, he computed an Earth’s circumference of 250 000 stadia, 50 times the
distance he measured between the two cities. Assuming his measurement to reect the
distance between the two cities of 835 km in modern units, one results in a circumfer-
ence of 41 750 km. Thus, Eratosthenes’ result is less than 5 % o� the value of 40 075 km
we know today. Eratosthenes also determined the tilt of the Earth’s axis with an accu-
racy unachieved before and used a global projection introducing a system of meridians
and parallels. Unfortunately, large parts of Eratosthenes’ work have been lost and are
only accessible via secondary sources which are concisely collected by Berger (1880).
Eratosthenes is seen as one of the founders of modern geography, and his basic �nd-
ings about the Earth’s shape and surface remained state of the art in the European
sphere throughout the ancient and medieval times until the early modern era. Based
on Eratosthenes’ �ndings, Claudius Ptolemy (c. 100{c. 170) collected the knowledge of
the then-known world and published hisCosmographia(or Gewgrafik� <Uf ghsic \Ge-
ographical Guidance") around AD 150. In Europe, this work has been re-edited over
more than a thousand years and belongs to the �rst world maps that are preserved in
larger editions of incunabula (early prints; e.g., Ptolemaeus, 1482). To describe coor-
dinates for more than 8000 places all over the then-known world, Ptolemy introduces
a consistent system of meridians and parallels, the degrees of latitude being counted
from the equator and the degrees of longitude counted from a prime meridian through
the Fortunate Islands, the westernmost land recorded in his maps. By the 9th century,
Ptolemy’s map has been further improved by cartographers in the Muslim world, most
notably by the Persian polymath Muhammad ibn Musa al-Khwarizmi (c. 780{c. 850),
later head of the House of Wisdom in Baghdad. Al-Khwarizmi is responsible for in-
troducing the modern Hindu-Arabic numeral system to the western world (his name
al-Khwarizmi survives in the word \algorithm") and described the modern concept of
formula-based mathematics published in his workThe Compendious Book on Calcu-
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2 Geodetic reference systems and frames

lation by Completion and Balancing (also known by the short version Al-Jabr of its
Arab title, from which the word \Algebra" is derived). By this, al-Khwarizmi laid the
fundamental basis of modern mathematics, without which modern geodetic science and
application would be unthinkable.

Starting with gravitational studies by Newton (1687) suggesting the Earth’s oblate
shape, it was not until the �rst half of the 18th century that measurement campaigns
conducted by the French Academy of Sciences could prove that the Earth is actually
not circular in shape but has an oblateness of about 1:210, introducing the ellipsoid as
reference for the Earth’s geometrical shape. In this context, Clairaut (1743) con�rms
Newton’s assumption by being the �rst one to develop a theory for the direct relation
between the Earth’s shape (i.e., its geometry) and its gravity �eld (i.e., its physics),
while Bouguer (1749) con�rms Newton’s assumptions by a geometric arc measurement
in conjunction with gravimetric observations (thereby, Bouguer also develops the grav-
ity reduction today named after him).

A heliocentric system has already been suggested by the ancient Greek astronomer and
mathematician Aristarchus of Samos (c. 310 BC{c. 230 BC). While Aristarchus’ original
work has been lost, Archimedes (c. 287 BC{212 BC) makes reference to the Aristarchian
theory in an attempt to calculate an upper bound for the number of grains of sand re-
quired to �ll the universe (Archimedes, Yamm—thc\The Sand Reckoner"; cf. Heath,
1897, pp. 221{232). However, it took until the 16th century until Copernicus (1543)
elaborated the heliocentric theory in a detailed way, describing the Earth’s and other
then-known planets’ revolution about the Sun { assuming circular orbits { and the pre-
cession of the Earth’s rotation axis. With that, Copernicus laid one of the fundamental
bases of modern Astronomy and the description of the Earth’s rotation. Kepler (1609,
1619) improved Copernicus’ theory based on planetary observations, formulating the
three Keplerian laws of planetary motion. The �rst two laws (Kepler, 1609) describe
(1) the elliptical nature of a planet’s orbit with the Sun in one of the ellipse’s focal
points and (2) the respective planet’s revolution along the orbit with a constant area
speed, the third law (Kepler, 1619) establishes the relation between the orbit’s semi-
major axis and the planet’s orbital period. Newton (1687) generalises Kepler’s laws to
any object in space by showing that they are in accordance with his theory of gravita-
tion. Consequently, the Keplerian laws are commonly applied for the description of the
motion of natural as well as arti�cial objects in space, and serve as the mathematical
foundation for satellite-based surveillance and navigation.

Helmert (1880, 1884) uni�ed all previous �ndings to the full concept of geodesy we know
today. With the foundation of the Mitteleurop�aische Gradmessung (Central European
Arc Measurement) in 1862, geodetic measurements started to become harmonised and
coordinated on a supra-national level (Drewes et al., 2020). Extended by member states
from all continents, today’s International Association of Geodesy (IAG) as part of the
IUGG is responsible for de�ning standards and coordinating all work related to the
geodetic observation techniques operating on a global scale. Since the availability of
satellite techniques from the 1960s and of VLBI from the 1980s on, space geodesy al-
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2.2 De�nition and realisation of terrestrial reference systems

lows us to accurately realise the theoretical concepts of geocentric terrestrial reference
systems by establishing terrestrial reference frames, starting with the Bureau Inter-
national de l’Heure (BIH) Terrestrial System 1984 (BTS84; Boucher and Altamimi,
1985) that has been the �rst one to be combined from space-geodetic techniques. Since
1988, the IERS is responsible for providing realisations of the ITRS in the form of the
International Terrestrial Reference Frame (ITRF; Petit and Luzum, 2010).

2.2 De�nition and realisation of terrestrial reference systems

In (higher1) geodesy, areference systemde�nes the reference for representing geometric
measurements of absolute or relative positions and velocities by means of 3-dimensional
position or velocity vectors. Thereby, the reference system is the concept providing the
theory how the geodetic datum is de�ned, which means to de�ne the origin of the
coordinate axes (x-, y- and z-axis), their orientation with respect to the Earth’s body,
and the scale of the unit of length. Once one has agreed on numbers (e.g., the physical
constants valid within the system) and models for the physical structure (e.g., Earth
and pole tide models), one talks of aconventional reference system(Kovalevsky et al.,
1989). Conventional reference systems can be de�ned globally, i.e., related to the whole
Earth’s body, or regionally, for example aligned to a continental plate. National or local
reference systems, for example local level systems, are rather relevant in surveying
disciplines and are outside the scope of this thesis.

To be accessible to the users, global and regional conventional reference systems are
materialised by networks of reference stations with precisely determined coordinates,
called (conventional) reference frames(Kovalevsky et al., 1989). These reference coor-
dinates allow a user to refer any other observations that involve the reference stations
to the reference frame as the common, superordinate system.

According to the IERS Conventions 2010 (Petit and Luzum, 2010), \a terrestrial ref-
erence system (TRS) is a spatial reference system co-rotating with the Earth in its
diurnal motion in space. In such a system, positions of points attached to the solid sur-
face of the Earth have coordinates which undergo only small variations with time, due
to geophysical e�ects (tectonic or tidal deformations)". The ITRS is the o�cial TRS
applied by the IERS (Petit and Luzum, 2010). The IUGG2 and IAG3 1991 Resolutions
de�ne the ITRS to be a TRS ful�lling the following conditions (Fig. 2.1):

1The term \higher geodesy", as introduced by Helmert (1880, 1884), refers to the geodetic disciplines
that deal with the Earth’s �gure, rotation, and gravity �eld on a global scale and is often associated
with the stand-alone term \geodesy" (e.g., Torge, 2001). In contrast to this, the term \lower" or
\applied geodesy" refers to the geodetic disciplines related to land surveying and engineering, often
summarised under the term \surveying".

2 IUGG Resolution N o2 (1991). URL: https://iag.dgfi.tum.de/fileadmin/IAG-docs/IUGG_Resol
utions_1991.pdf (2022-06-15).

3 IAG Resolution N o1 (1991). URL: https://iag.dgfi.tum.de/fileadmin/IAG-docs/IAG_Resoluti
ons_1991.pdf (2022-06-15).
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2 Geodetic reference systems and frames

Figure 2.1: The International Terrestrial Reference System. CM denotes the Earth’s centre-
of-mass.

(1) The origin of the ITRS is de�ned geocentric, i.e., coinciding with the centre-of-
mass of the whole Earth system including oceans and atmosphere.

(2) The orientation of the ITRS with respect to the Earth’s body is de�ned equal
to the orientation de�ned by the Bureau International de l’Heure (BIH) 1984.0,
meaning that the z-axis corresponds to the Earth’s mean rotation axis, the x-axis
in the equatorial plane points towards the zero meridian (also called Greenwich
meridian) and the y-axis completes a right-handed system. Over time, the orien-
tation of the ITRS shall ful�l a no-net-rotation (NNR) condition with regard to
horizontal tectonic motions over the whole Earth’s surface.

(3) The scale of the ITRS is de�ned equal to the SI metre as unit of length, con-
sistent with the TCG (Temps Coordonn�e G�eocentrique/Geocentric Coordinate
Time) time coordinate according to the IAU 4 and IUGG 1991 Resolutions for a
geocentric local frame.

The realisation of the ITRS is the ITRF. The ITRF is determined by combining ob-
servations of the four space-geodetic techniques SLR, VLBI, GNSS, and Doppler Orbi-
tography and Radiopositioning Integrated by Satellite (DORIS). Thereby, one exploits
the di�erent technique-speci�c strengths to realise subsets of the datum-relevant geode-
tic parameters, which are outlined in detail in Section 3.1. The ITRF origin is realised
from SLR only, which is due to the fact that SLR observations are highly sensitive

4 IAU Resolution No. A4 (1991): Recommendations from the Working Group on Reference Systems.
URL: https://www.iau.org/static/resolutions/IAU1991_French.pdf (2022-06-15).
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2.3 Regional reference frames and the problem of geocentricity

to the Earth’s gravity �eld but less a�ected by modelling de�ciencies than GNSS and
DORIS. VLBI is not capable to determine the origin as its observations are not sensitive
to the Earth’s gravity �eld, but together with SLR, it contributes to the realisation of
the ITRF scale. GNSS and DORIS have globally well distributed station networks that
can contribute to realising the orientation of the ITRF with respect to the Earth’s sur-
face. Recent ITRF solutions realise the orientation by applying no-net-rotation (NNR)
constraints with respect to positions and velocities that maintain the orientation of a
new ITRF solution in accordance with its predecessor (Altamimi et al., 2016).

Realisations of the ITRS are computed by three ITRS Combination Centres. The
most recent o�cial ITRF release at the time of these studies is the ITRF2014 (Al-
tamimi et al., 2016) provided by the Institut national de l’information g�eographique
et forestri�ere (IGN). Along with the ITRF2014, two other independent ITRS reali-
sations exist, namely the DTRF2014 (Seitz et al., 2022) provided by the Deutsches
Geod�atisches Forschungsinstitut (DGFI-TUM) at the Technical University of Munich
(TUM) and the JTRF2014 (Abbondanza et al., 2017) provided by the National Aero-
nautics and Space Administration (NASA) Jet Propulsion Laboratory (JPL) at the
California Institute of Technology (Caltech). Two out of the three ITRS realisations,
namely the ITRF2014 and the DTRF2014, are conventional solutions with constant sta-
tion velocities according to the de�nition provided in the IERS Conventions 2010. The
JTRF2014, in contrast, is a subsecular frame based on a Kalman �lter and smoother
approach realising geocentric non-linear station position time series (cf. Sect. 5.5.2).
Since April 15, 2022, the newest o�cial ITRF release is the ITRF20205.

2.3 Regional reference frames and the problem of
geocentricity

The close-by accessibility to the Terrestrial Reference System is ensured by regional
reference frames. These regional reference frames are realised deliberately for certain
regions on the globe, in order to ensure a su�cient number of close-by reference stations
for various purposes related to navigation, surveying, or the monitoring of processes in
the Earth system. Usually, these regional reference frames are realised as densi�cations
of the ITRF by aligning the datum of a regional dense GNSS station network to the
global ITRF datum. Depending on the geophysical activity of the region of interest, a
regional reference frame can be determined either as a multi-year reference frame that
parameterises station positions and constant velocities, or as series of epoch reference
frame (ERF) realisations that can mirror geophysical e�ects such as loading displace-
ments or deformations due to earthquakes. An example for the �rst approach is the
European reference frame EUREF/ETRS89 (Altamimi, 2018), which is aligned to the
ITRF datum at the epoch 1989.0 and �xed to the European plate, while an example

5General Announcements: The ITRF2020 is available online. IAG Newsletter, April 2022, URL:
https://www.iag-aig.org/iag-newsletters/April2022 (2022-06-15).
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2 Geodetic reference systems and frames

for the second approach is the Latin American reference frame Sistema de Referencia
Geod�esico para las Am�ericas (SIRGAS; S�anchez et al., 2016), which is realised weekly
and aligned to the ITRF datum. In any case, the alignment to the datum of the ITRF
is done by applying NNR, no-net-translation (NNT), or no-net-scale (NNS) constraints
to a selection of regionally or globally distributed �ducial stations.

As outlined by Kehm et al. (2022bi ), the linear parameterisation of the station coordi-
nates implies that the ITRF origin reects the Earth’s centre-of-mass (CM) in a mean
sense (i.e., on secular time scales) only. The consequence of aligning regional networks
to the ITRF datum via NNT constraints is that station displacement time series on
seasonal and short time scales refer to the geometric centre of the Earth, usually called
the Earth’s centre-of-�gure (CF; Dong et al., 2003). Although this holds in particular
for the interpretation of seasonal and short-term displacement e�ects, from now on we
denote coordinates as \CM-related" if they are given in a reference frame referring to an
instantaneously-realised geocentre and as \CF-related" if they are given in a reference
frame aligned to the ITRF datum.

An ITRF solution is always computed from space-geodetic observations over a limited
time span. The constant station velocities imply that short-term and periodic mass
variations, for example caused by atmospheric, oceanic, or hydrological loading varia-
tions (Seitz and Kr�ugel, 2009; Seitz et al., 2014; Glomsda et al., 2021a), are not reected
in the ITRF coordinates. Consequently, the ITRF origin performs seasonal variations
with respect to the instantaneous geocentre (Drewes et al., 2013), an e�ect often called
\geocentre motion" (e.g., Collilieux and Altamimi, 2009; Collilieux et al., 2009). Recent
ITRF realisations bene�t from longer space-geodetic observation time series and im-
proved geophysical background models. Moreover, they provide station-speci�c models
to correct for post-seismic deformation (Altamimi et al., 2016). However, after the end
of the observation period, the reference coordinates can neither reect episodic events
like earthquakes that lead to sudden position or velocity changes (S�anchez and Drewes,
2016, 2020), nor anthropogenic inuence like subsidence caused by the withdrawal of
groundwater (e.g., Bevis et al., 2005), nor, for example, the impact of changes in the
technical equipment of individual sites on the determined positions and velocities. Con-
sequently, it is unavoidable that the ITRF coordinates become less accurate over time,
meaning a gradual decrease in the accuracy of their geocentricity until a new ITRF
release is computed. In regions with high geophysical activity, the aforementioned geo-
physical e�ects may result in a substantial loss of valid �ducial stations over time. As
an example, Fig. 2.2 shows recent changes in the station velocities induced by strong
earthquakes at selected sites in Latin America.

Regional networks aligned to the ITRF datum, in particular regional epoch reference
frames realised at short latencies (up to several weeks), practically exclusively rely on
�ducial coordinates in the extrapolation period of the ITRF. The consequence is that
the datum of the regional network cannot be realised strictly geocentric: neither in an
instantaneous sense, which is always true due to the secular nature of the ITRF origin,
nor in a mean sense, which is due to the fact that the accuracy of the geocentricity of
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the ITRF unavoidably decreases after the end of the observation period. Once a new
ITRF solution is released, the regional networks are aligned to the new ITRF datum,
resulting in discontinuous or, due to reprocessing, retrospectively changing time series.
This signi�cantly reduces the information value of the derived coordinate time series for
the study of geophysical e�ects like loading-induced site displacements on both short
and long time scales.
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Figure 2.2: i Changes in the Latin American reference frame kinematics induced by strong
earthquakes. They are inferred from the di�erence between the two latest multi-
year solutions SIR15P01 (S�anchez and Drewes, 2016) and SIR17P01 (S�anchez
and Drewes, 2020). Stars represent earthquakes with MwA 6.0 since Jan 1,
2010. The large discrepancies appear close to the epicentre of strong earthquakes:
(A) Guatemala (Mw: 7.4, 2012-11-11), (B) Nicoya (Mw: 7.6, 2012-09-05), (C)
Pedernales (Mw: 7.8, 2016-04-16), (D) Iquique (Mw: 8.2, 2014-04-01), (E) Illapel
(Mw: 8.3, 2015-09-16), (F) El Maule (Mw: 8.8, 2010-02-27).
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As Latin America is a region of high geophysical activity, the direct study of e�ects
related to the Earth system over long and short time scales, as well as the availabil-
ity of reference coordinates at short latencies, are of vital interest. To overcome the
aforementioned de�ciencies of non-geocentric reference coordinates, our study aims to
realise a regional reference frame that is CM-related, i.e., has a geocentric datum, at
any epoch.

While a long-term geocentric TRF datum can already be realised with high accuracy
(Altamimi et al., 2016; Seitz et al., 2022), also instantaneously geocentric reference
frame solutions �ltered from long-term observation time series have already been re-
alised with high accuracy (Abbondanza et al., 2017). The drawback of both approaches
is that they rely on a common processing of space-geodetic observations over a limited
time span. Short-term realisations of the ITRS that rely on observation data that is
available at short latencies up to several weeks, however, su�er from de�ciencies in
the observation networks due to several technical and administrative reasons which
decrease the reliability of the datum parameters realised. The consequences of these
de�ciencies are that the realisation of the origin and the scale are a�ected by perma-
nently changing station networks of SLR or VLBI (Chapt. 6; Blo�feld et al., 2014b,
2015b; Kehm et al., 2018i , 2019i ). As the realisation of the orientation relies on NNR
constraints with respect to a multi-year reference frame, insu�ciently distributed sta-
tion networks may also result in correlations between the orientation and the origin
(Blo�feld et al., 2014b).

Based on the example of the Latin American reference frame, the present study in-
vestigates the feasibility of direct geocentric short-term realisations of the datum of
a regional reference frame by combining global networks of SLR and VLBI with the
regional GNSS network extended by global stations (Chapt. 5). The approach imple-
ments a �ltering strategy to cope with current technique-speci�c de�ciencies reducing
the reliability of the SLR- and VLBI-derived datum parameters, and realises the ori-
entation via a globally well distributed network of GNSS stations. On the example of
SLR, further studies investigate the potential of enhanced networks for the estimation
of geodetic parameters related to the TRF datum (Chapt. 6).
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3 Space-geodetic techniques and
combination

3.1 Space-geodetic techniques and their contribution to the
determination of parameters of the Earth system

The IAG maintains technique-speci�c Scienti�c Services that are responsible to develop
the space-geodetic networks, to coordinate the work between di�erent public and pri-
vate contributing institutions, to analyse the data, and to provide scienti�c as well as
operational products. For SLR, this is the International Laser Ranging Service (ILRS;
Pearlman et al., 2019), for VLBI, this is the International VLBI Service for Geodesy
and Astrometry (IVS; Nothnagel et al., 2017), for GNSS, this is the International GNSS
Service (IGS, Johnston et al., 2017), and for DORIS, this is the International DORIS
Service (IDS; Willis et al., 2015).

Table 3.1: The sensitivity of space-geodetic techniques to selected parameters of the Earth
system. Bracketed marks indicate parameters that cannot yet be determined with
su�cient accuracy.

VLBI SLR GNSS DORIS

CRF source coordinates i
orbit parameters i i i

EOPs

nutation i (i ) ( i ) ( i )
polar motion i i i i
UT1 � UTC i
LOD i i i i

TRF station coordinates i i i i

TRF datum
and
gravity �eld

scale (GFC degree 0) i i (i ) ( i )
origin (CM; GFC degree 1) i (i ) ( i )
orientation (GFC degree 2) (i ) ( i ) ( i )
GFC A degree 2 i (i ) ( i )

Atmosphere thermosphere i i i i
ionosphere i i i
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3 Space-geodetic techniques and combination

Tab. 3.1 shows the most important geodetic parameters of the Earth system and how
the four space-geodetic techniques serve to determine them. Within the present doc-
toral thesis, we put special focus on the realisation of the TRF datum. In this context,
it is important to note that the list provided by Tab. 3.1 is non-exhaustive and could
be extended by far more parameter groups that are relevant to describe the Earth sys-
tem, for example relativistic parameters or corrections to ocean tidal models which are
directly or indirectly accessible via space-geodetic observations.

Figure 3.1: The equivalence between low-degree Stokes coe�cients and the TRF datum.

By nature, the (geometrical) TRF datum is directly linked to the (physical) properties
of the Earth’s gravity �eld. This means that the TRF datum is equivalently represented
by low-degree spherical harmonic gravity �eld coe�cients (GFCs, Stokes coe�cients)
of the Earth’s gravity �eld model (cf. Hofmann-Wellenhof and Moritz, 2006; Blo�feld,
2015), namely the Stokes coe�cients of degrees 0 (scale), 1 (origin), and the tesseral
and sectoral Stokes coe�cients of degree 2 (orientation; cf. Fig. 3.1). Assuming a
TRF datum given, its geometrical representation in the form of a TRF, i.e., a set of
station coordinates, can be determined via all four space-geodetic techniques. Rank
de�ciencies of the normal equation matrix thereby have to be eliminated by introduc-
ing corresponding datum constraints in the form of pseudo-observations. However,
only those space-geodetic techniques that are sensitive to the low-degree coe�cients of
the Earth’s gravity �eld model are able to determine whether that given TRF datum
coincides with the ITRS, namely by determining the datum-related low-degree Stokes
coe�cients.

As a result, a TRS can be de�ned physically by pre-de�ning values for the low-degree
Stokes coe�cients of the Earth’s gravity �eld model, while the geometric realisation of
the corresponding TRF (in terms of constraint-free estimated station coordinates) is
possible only if the observations are su�ciently sensitive to the corresponding coe�-
cients of the Earth’s gravity �eld model.

The scale of the ITRS is de�ned through the TCG time coordinate (cf. Sect. 2.2),
which is equivalent to setting

C0;0 �� 1, (3.1)
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3.1 Contribution to the determination of parameters of the Earth system

and, consequently, is accessible via converting measured signal running times into dis-
tances. Scaling ofC0;0 would be the equivalent to scaling the geocentric gravitational
constant GM , which, as a result of Einstein’s general theory of relativity (Einstein,
1916), would scale the TCG time coordinate, and with that any measured distance.
This means that, in principle, all four space-geodetic techniques are able to determine
the scale of a reference frame, as all of these techniques exploit the relationship between
timing and range determination.

The origin of the ITRS is de�ned equal to the Earth’s centre-of-mass, which is equivalent
to setting

C1;0 � C1;1 � S1;1 �� 0, (3.2)

and, consequently, is accessible in a geometrical way only via observations to objects
that are under direct inuence of the Earth’s gravity �eld: The aforementioned condi-
tion forces orbits determined for objects in space to be geocentric, meaning that the
centre-of-mass is forced to the coordinates� 0 0 0 � T of the TRF. In principle, all
satellite-based space-geodetic techniques (SLR, GNSS, and DORIS) are sensitive to
these Stokes coe�cients.

The tesseral and sectoral Stokes coe�cients of degree 2 of the Earth’s gravity �eld
model are directly linked to the Earth’s principle axes of inertia. Thereby, C2;1 and S2;1
describe the discrepancy between the z-axis and the Earth’s principle axis of maximum
inertia, which closely approximates the Earth’s mean rotation axis (Hofmann-Wellenhof
and Moritz, 2006; G�ottl, 2013). Setting

C2;1 � S2;1 �� 0 (3.3)

forces the z-axis to coincide with the Earth’s principle axis of maximum inertia. The
two Stokes coe�cients C2;2 and S2;2 describe the rotation of the TRS in the equatorial
plane. Aligning the conventional equatorial axes x and y with the equatorial principle
axes of inertia is equivalent to setting the angle � between those (Liu and Chao, 1991)

� �
1
2

arg� C2;2 � iS2;2� �� 0: (3.4)

Consequently, also a physical realisation of the TRF orientation aligned to the Earth’s
principle axes of inertia, in principle, is possible with all satellite-based space-geodetic
techniques. For the equatorial axes, it is important to note that this orientation aligned
to the Earth’s equatorial principle axes of inertia does not coincide with the conven-
tional BIH 1984.0 orientation. Transforming from a conventional reference system to a
system aligned to the Earth’s equatorial principle axes of inertia requires a rotation by
about 14:93X to the West (Liu and Chao, 1991), with remaining �rst-order corrections
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3 Space-geodetic techniques and combination

due to the insensitivity of the conventional reference frames to the second-order Stokes
coe�cients (Barkin and Ferrandiz, 2000; Modiri, 2021).

Although theoretically sensitive to the TRF origin and scale, GNSS and DORIS ob-
servations do not contribute to their realisation. This is because there are system-
inherent systematic errors due to mis-modelling of non-gravitational forces acting on
the satellites, and due to uncertainties caused by the orbital altitudes (e.g., M�annel
and Rothacher, 2017). Origin and scale time series from DORIS, moreover, show sig-
ni�cant constellation-related drift and discontinuity e�ects in the realised origin and
scale time series (e.g., Blo�feld et al., 2016). For GNSS, the scale realisation is highly
dependent on the applied phase center variation (PCV) models for GNSS antennas
(e.g., Steigenberger et al., 2009). Usually, these have been derived by comparing GNSS
observations to the reference positions of the stations, which means that an ITRF so-
lution has already been required in order to determine the corresponding PCV models.
Future PCV models are derived from laboratory calibrations, i.e., independent from a
pre-existing TRF solution, allowing GNSS to contribute to the realisation of the TRF
scale (Villiger et al., 2020). Extended GNSS constellations with satellites in di�erent
orbital heights shall also enable GNSS to contribute to long- and short-term realisations
of the TRF origin in the future (e.g., G�unther, 2018, Glaser et al., 2020). To date, none
of the satellite techniques is accurate enough to allow for a physical realisation of the
TRF orientation, as their observations are poorly sensitive to the tesseral and sectoral
Stokes coe�cients of degree 2, as well as due to unresolved correlations among the pa-
rameters and erroneous observation models (e.g., Blo�feld et al., 2015a; So�snica et al.,
2015; Chen et al., 2016; Couhert et al., 2020; Rosat et al., 2020). Consequently, the
degrees of freedom related to the TRF orientation must be removed in an alternative
way, which is the application of purely mathematical NNR constraints maintaining the
orientation of a new TRF in correspondence with the BIH 1984.0 orientation.

3.2 Parameter estimation

A common characteristic of all geodetic problems is that they rely on observations,
i.e., measurements of physical quantities that are in a functional relationship with the
parameter that shall be determined. None of these functional relationships is in per-
fect correspondence with reality because the applied background models, as well as the
observations, have inherent systematic and stochastic errors. The performance of a
measurement system is thus described by two quantities, namely theaccuracy describ-
ing the absolute correspondence of the expected value of the measurement with the
reality, and the precision as an internal measure of the repeatability of a measurement,
i.e., the scatter of the observations about the expected value. Consequently, the accu-
racy of a measurement predominantly relies on the absence of systematic errors which
can be detected once the precision of the measurement is high enough to determine
systematic deviation from a reference.
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3.2 Parameter estimation

The commonly applied approach for the solution of geodetic problems is the least-
squares adjustment according to the Gau�-Markov model which has been developed
by Gauss (1823) via proving that least-squares adjustment leads to a best estimate.
For detailed deductions of the model in modern notation, the reader may refer to
Koch (2004) and Niemeier (2008); the notation used in the following is a compromise
between those two publications. The goal is to estimate values for a set ofu parameters
(unknowns) x from a set ofn observationsL that are assumed to be stochastic variables
following a normal distribution. The observations are functions of the parameters,
following the relationship

L � v � f � x̂ � , (3.5)

whereby v is the vector of corrections to the observations and̂x is the vector of param-
eter estimates. The stochastic model is given by a variance-covariance matrix of the
observations

� ll � � 2
0Q ll , (3.6)

with � 2
0 is the a priori variance factor (in the following assumed to be chosen as 1:0),

and Q ll is the cofactor matrix of the observations.

In general, the relationship according to Eq. 3.5 is not linear. Taylor decomposition
yields

L � v � f � x0� �
@f
@x

V
x � x 0

� � x̂ � O, (3.7)

with x0 being the a priori values of the parameters and � x̂ being the �rst-order cor-
rections to the a priori values of the parameters. We assume the a priori values to be
known accurately enough so that the higher-order correction termsO can be omitted,
meaning that the Taylor decomposition is truncated after the �rst-order term. Con-
sequently, we can reduce Eq. 3.5 by the deterministic terms dependent only from the
a priori values x0, and result in a linear relationship between a reduced observation
vector

l � L � f � x0� (3.8)

(observed minus computedfrom the a priori values of the parameters,O � C) and the
vector of (unknown) corrections to the a priori values of the parameters � x̂ according
to

l � v � A � x̂ . (3.9)
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3 Space-geodetic techniques and combination

Thereby, A is the design matrix (dimension n� u) containing the �rst-order partial
derivatives of the functional model from Eq. 3.7. The parameter estimation according
to the Gau�-Markov model is based on this linearised (reduced) relationship.

The method of least squares implies to minimise the squared weighted sum of observa-
tion residuals

v T P ll v � min, (3.10)

whereby P ll � Q ll
� 1 is the weight matrix of the observations. This yields a relationship

between the observations and the parameters

N � x̂ � y , (3.11)

with N � A T P ll A being the normal equation matrix and y � A T P ll l being the right-
hand side vector of the normal equation system, andlT P ll l being the weighted sum
over the vector of O � C.

The system is solved for � x̂ by multiplication with the cofactor matrix of the estimated
parameters

Qx̂x̂ � N � 1; (3.12)

yielding the vector of estimated parameter corrections

� x̂ � N � 1y (3.13)

to be restored to the a priori values of the parametersx0 to obtain the parameter
estimates

x̂ � x0 � � x̂ . (3.14)

The a posteriori variance factor

�̂ 2
0 �

v T P ll v
n � u

(3.15)

can be interpreted as a measure for the agreement between the functional and stochas-
tic models { which have been chosen a priori { and the actual observations. If this
agreement is given, the a priori and a posteriori variance factors are expected to be
equal (or close to each other). In the ideal case, this means that

18
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Qx̂x̂ � � x̂x̂ ; (3.16)

where � x̂x̂ is the variance-covariance matrix of the estimated parameters. Otherwise,
the variance-covariance matrix of the estimated parameters can be calculated by mul-
tiplying the cofactor matrix with the a posteriori variance factor.

In our main study (Chapt. 5), we deal with normal equation systems of which the
stochastic information content shall be deliberately modi�ed to realise a �ltering (Sect.
5.4.2) and to compensate for known stochastic mis-modellings (Sect. 5.4.3). Conse-
quently, we use externally-derived information to appropriately scale the input normal
equations (i.e., the inverse cofactor/covariance matrices of the data sets contributing
to the solutions) beforehand, meaning that we assume the scaled inherent stochastic
model to be correct. In this case, the a posteriori variance factor is meaningless for us
(as it would compensate for modi�cations deliberately applied to the stochastic model),
and Eq. 3.16 is considered valid.

3.3 Approach for the intra- and inter-technique combination

Intra-technique combination means the combination of data sets of the same technique
into one common equation system, e.g., the combination of di�erent satellite-speci�c
SLR equation systems into one multi-satellite equation system or the combination of
di�erent session-speci�c VLBI equation systems into one multi-session equation sys-
tem. Intra-technique combination is performed to exploit di�erent data sets of the
same technique to obtain a more reliable solution. For SLR, for example, the combi-
nation of di�erent satellite-speci�c data sets allows to decorrelate di�erent parameter
groups (cf. Chapt. 6). Inter-technique combination means the combination of di�erent
technique-speci�c equation systems into one multi-technique equation system. Inter-
technique combination is performed to exploit the di�erent strengths of all techniques,
like sensitivities to di�erent parameters of the Earth system, to obtain one combined
solution for all parameters (cf. Chapt. 5).

The intra- and inter-technique combination of independently-generated space-geodetic
data sets can be performed at three di�erent levels of the Gau�-Markov model, namely
at the observation level, at the normal equation level, or at the solution level (Fig. 3.2)
with di�erent advantages and disadvantages (e.g., Seitz et al., 2015).

A combination at the observation levelwould be the most rigorous way to combine
space-geodetic data. Thereby, a common system of observation equations would be
set up to be solved in a single adjustment. The big advantage would be that, �rst,
all observations could be processed using common background models automatically
and, second, also the treatment of the observations, e.g., the outlier detection, could
follow common standards in one common, combined solution to which all techniques
contribute. Correlations between the di�erent technique-speci�c contribution could
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3 Space-geodetic techniques and combination

Figure 3.2: Combination of space-geodetic techniques at di�erent levels of the Gau�-Markov
model. The grey arrows stand for the four space-geodetic techniques SLR, VLBI,
GNSS, and DORIS. Figure taken from Seitz et al. (2015).

directly be taken into account. The datum of a TRF could be realised consistently
for all techniques applying common constraints. However, this would mean that all
input data must be processed in a single software package setting up the observation
equations and solving one common normal equation matrix. This would, by nature,
exclude combining data sets that are routinely provided by the IAG Scienti�c Services
or the processing centres of regional networks. As we focus on the combination of data
sets that already are, or could, be provided by the IAG Scienti�c Services, the approach
is not suitable for our studies.

A combination at the solution level, or at the level of parameters, uses technique-
speci�c solutions as input. These solutions are calculated beforehand and independent
from each other, and can be derived from separate technique-speci�c software packages.
Consequently, each technique-speci�c solution is computed stand-alone (ignoring any
inter-technique correlations) and has an independently-realised datum that is derived
either from the observations, given that the technique is sensitive to TRF datum pa-
rameters, or is introduced via datum constraints applied to each technique-speci�c data
set individually. Combining these solutions would always require the removal of these
(potentially unknown) constraints which would imply the estimation of empirical bias
and drift parameters, which decreases the physical signi�cance of the realised combined
TRF datum. Although the IAG Scienti�c Services and the processing centres of re-
gional networks provide technique-speci�c solutions, the aforementioned imponderables
lead us to the conclusion that the approach is not optimal for our studies aiming to
realise a consistent TRF datum for all technique-speci�c networks contributing to the
solution.

20



3.4 Combination algorithms

The combination at the normal equation level uses pre-processed datum-free normal
equations as input. Given that the processing standards, most relevant the applied
background models and the parameterisation, are harmonised, and that, apart from
their sensitivity to common parameters, the technique-speci�c observations are uncor-
related, the approach can be considered as \a close approximation" (Seitz et al., 2015)
to a combination at the observation level. After combining the datum-free normal
equations by stacking common parameters like the ERPs and introducing local ties as
constraints for the station coordinates at co-located sites, a common TRF datum can
be realised for all techniques in a single adjustment. The combination at the normal
equation level thus is a comparably rigorous, but still exible, approach to combine data
provided by independent sources like the IAG Scienti�c Services. This is the reason
why we choose this level of the Gau�-Markov model for our combination procedures.

To date, one drawback of the combination at the normal equation level is that the
parameters in the normal equations provided by the IAG Scienti�c Services are not
harmonised yet. This is of special relevance for the determination of ERPs, as non-
parameterised ERPs in a normal equation are �xed to their a priori values (e.g., Kehm
et al., 2022a).

Section 3.4 outlines the algorithms that realise a combination at the normal equation
level, Section 3.5 describes the di�erent transformations applied to the normal equation
system. All algorithms relate to the normal equation level of the Gau�-Markov model.
The equivalences (or non-equivalences) of these operations with operations at other
levels of the Gau�-Markov model are concisely described by, e.g., Blo�feld (2015).
Chapter 4 describes how these algorithms are implemented within the combination
software used for this study.

3.4 Combination algorithms

This section provides the mathematical algorithms that are used to combine normal
equations, to add constraint equation systems, and to perform an iterative relative
weighting of individual data sets contributing to the combined solution.

3.4.1 Combination of normal equation systems

Combining two normal equation systems implies adding the elements that correspond
to common parameters in the normal equation matrices. The order of the parameters
(i.e., rows and columns) and the size of the two normal equation systems must be the
same. The size of the two matrices is harmonised by introducing zero rows and columns
for parameters missing in a system.

The combined normal equation systemN c, yc, � lT P ll l � c with the a pre-de�ned a priori
variance factor � 2

0;c reads
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N c � � 1
� 2

0;c

� 2
0;1

N 1 � � 2
� 2

0;c

� 2
0;2

N 2; (3.17)

yc � � 1
� 2

0;c

� 2
0;1

y1 � � 2
� 2

0;c

� 2
0;2

y2; (3.18)

� lT P ll l � c �
� 2

0;c

� 2
0;1

� lT P ll l � 1 �
� 2

0;c

� 2
0;2

� lT P ll l � 2 (3.19)

with N 1, y1, � lT P ll l � 1 and N 2, y2, � lT P ll l � 2 being the normal equation systems to be
combined with their respective weights� 1 and � 2 and their respective a priori variance
factors � 2

0;1 and � 2
0;2.

3.4.2 Set-up and addition of condition equations

Parameters are constrained by introducing a set ofnc pseudo-observationsc in the
form

c � vc � C � x , (3.20)

wherebyvc is the vector of pseudo-observation residuals andC describes the linear func-
tional relationship between the pseudo-observations and the parameters. The weight
matrix of the constraint equations P cc is obtained by assigning standard deviations� c
to each of these pseudo-observations, whereby a zero standard deviation would force
the constraint equation to be ful�lled exactly.

The addition of the constraint equations to the normal equation system results in the
constrained normal equation system

~N � � N � CT P ccC � ; (3.21)

~y � y � CT P ccc; (3.22)

l̊T P ll l � lT P ll l � cT P ccc: (3.23)
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3.4.3 Variance component estimation

Assuming a system combined fromm individual normal equation systems (data groups),
variance component estimation (VCE) serves to determine the weight with which each
of the data groups contributes to the combined solution. This implies iterative solu-
tions of the combined normal equation system to calculate weights� k for each of the
individual data groups N k (Niemeier, 2008; B�ockmann et al., 2010).

For the iteration step � j � , the combined normal equation system reads (cf. Eq. 3.17{
3.19)

N � j �
c �

m
Q
k � 1

� � j �
k N k ; (3.24)

y � j �
c �

m
Q
k � 1

� � j �
k yk ; (3.25)

� lT P ll l � � j �
c �

m
Q
k � 1

� � j �
k � lTk P ll ;k lk � ; (3.26)

with � � j �
k being the weight of the individual contribution N k . The equation system is

solved according to Eq. 3.12{3.15.

The VCE algorithm requires initial values for the data group weights in the �rst it-
eration step; for the sake of simplicity, these weights are often chosen to be equal.
After each of the following iterations, the weighted square sum of the residuals of the
individual data group within the combined solution

� v T P ll v �
� j �
c;k � � � x̂ � j �

c �
T

N k � x̂ � j �
c � 2y T

k � x̂ � j �
c � lTk P ll ;k lk ; (3.27)

and a corresponding partial redundancy

r � j �
c;k � n � nc � � � j �

k tr � N k � N c
� j � �

� 1
� (3.28)

are computed (n is the number of observations,nc the number of constraints), resulting
in the a posteriori variance factor

� �̂ 2
0;k � � j � �

� v T P ll v � � j �
c;k

r � j �
c;k

(3.29)

de�ning the weight of the individual data group in the next iteration � j � 1�
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� k
� j � 1� �

1

� �̂ 2
0;k �

� j � . (3.30)

The calculation according to Eq. 3.24{3.30 is iterated until all data-group-speci�c dif-
ferences� �̂ 2

0;k � � j � 1� � � �̂ 2
0;k � � j � between an iteration � j � and the following iteration � j � 1�

converge below a chosen threshold.

3.5 Transformations of the normal equation system

This section provides the mathematical algorithms to transform the parameters within
a normal equation system (e.g., transformations of the parameter epoch), and to reduce
or eliminate parameters from, or to introduce new parameters into a normal equation
system.

We can divide the operations applied to the normal equation system intotranslations
of the a priori values (case 1):

x0 � ~x0 � t ;
� ~x � � x̂ � t ;

(3.31)

and into a�ne transformations of the parameter vector (case 2):

x̂ � R x̂ � d; (3.32)

speci�ed by the translation vector of the a priori values t (case 1) or the regular trans-
formation matrix R � T � 1 and the translation vector d of the a�ne transformation
(case 2).

The following three equations (Eq. 3.33{3.35) describe the possible operations on the
normal equation system by a transformation of the normal equation matrix

~N � T T NT ; (3.33)

a transformation of the right-hand side of the normal equation system

~y � T T � y � Nt � ; (3.34)

and a transformation of the weighted sum over theO � C vector

ļT P ll l � lT P ll l � t T � 2y � Nt � ; (3.35)
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with (case 1)

t � T � ~x0 � d � � x0,
~x0 de�ned;

(3.36)

or (case 2)

t � 0,

~x0 � T � 1x0 � d
� Rx 0 � d:

(3.37)

If a transformation a�ects only a subset of parameters, the transformation matrix

R � � I u� r 0
0 R i

	 (3.38)

is composed of a unity matrix block I u� r for the u � r una�ected parameters and a
transformation matrix block R i for the r transformed parameters.

3.5.1 Reduction of parameters

Reducing (or \pre-eliminating") parameters from a system means to remove them from
the explicitly-estimated parameters without constraining or �xing them to their a priori
values, i.e., the estimates for the parameters that remain in the system are not a�ected.

We assume the list of parametersx to be composed of two subsets of parametersx1
and x2

x � � x1
x2

� (3.39)

with x1 >Rn1 being the parameter set to be reduced from the normal equation system
and x2 >Rn2 being the parameter set to remain in the normal equation system.

Decomposing the normal equation system correspondingly yields

� y1
y2

� � � N 11 N 12
N T

12 N 22
	 � � x̂1

� x̂2
� : (3.40)

The reduced normal equation system is derived by applying the Gaussian elimination
method to Eq. 3.40, resulting in
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~N � N 22 � N T
12N � 1

11N 12; (3.41)

~y � y2 � N T
12N � 1

11y1; (3.42)

ļT P ll l � lT P ll l � y T
1 N � 1

11y1; (3.43)

with ~N being the reduced normal equation matrix, ~y being the reduced right-hand
side of the normal equation system, anḑlT P ll l being the weighted sum ofO � C of the
reduced normal equation system.

3.5.2 Elimination or stacking of parameters

Eliminating or stacking (equalising) ue parameters � x̂1 in a normal equation system
so that a vector of parameters � x̂2 remains according to the relation

� x̂ � � � x̂1
� x̂2

� � � ~̂x � � x̂2 (3.44)

is performed by formulating the transformation

C1� x̂1 � C2� x̂2 � z: (3.45)

Thereby, in the case of eliminating the parameters � x̂1 from the system,

C1 � I � ue � ;

C2 � 0;
z � 0;

(3.46)

while in case of stacking (equalising) the parameters in �x̂1 with the �rst ue parameters
in � x̂2,

C1 � I � ue � ;

C2 � � � I � ue � 0� u� 2ue � � ;

z � x0;2 � x0;1:

(3.47)

The elements of Matrix C2 correspond to the order of the parameters to be stacked
within � x̂2.
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The relationship between the original parameter vector� � x̂1 � x̂2 � and the reduced
parameter vector � ~̂x reads

� � x̂1
� x̂2

� � � � C � 1
1 C2

I � u� ue �
	 � ~̂x � � C � 1

1 z
0 � (3.48)

which provides us the functional model of the transformation

T � � � C � 1
1 C2

I � u� ue �
	 ;

d � 0;

t � � C � 1
1 z
0 �

(3.49)

to be inserted into Eq. 3.33{3.37.

3.5.3 Introduction of additional parameters

Introducing additional parameters into a system of u parameters that are in an a�ne
relation with parameters that do already exist in the equation system is the inverse
procedure to eliminating parameters. The functional model to introduce a set ofua
parameters q̂ j that is in a�ne relation with an existing subset of ut parameters x̂ j
of the parameter vector (e.g., introducing velocity parameters or in�nitesimal Helmert
parameters into an equation system containing station positions) would read

x̂ j � �
~̂x j
q̂ j

� (3.50)

(note that this transformation is not unique, as the dimension of the vector of solved
parameters is increased).

Starting with the inverse relationship, the transformation is formulated

x̂ j � T j � ~̂x j � d j � � Sj q̂ j

� � T j Sj � �
~̂x j
q̂ j

� � T j d j ,
(3.51)

� x̂ j � T j � ~̂x j � Sj � q̂ j � t j

� � T j Sj � � � ~̂x j
� q̂ j

� � t j ,
(3.52)
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3 Space-geodetic techniques and combination

where T j � ut � ut � is the transformation matrix for the existing set of parameters and
Sj � ua � ua � describes the functional relationship between the parameters to be introduced
and the parameters that do already exist within the system. For parameters that are
not a�ected by the transformation, the transformation matrices T and S as well as the
vectors d and t are padded with zero elements. To introduce a set ofua parameters q̂ j
into an equation system of which a subset̂x1 of u � ua � ut parameters are una�ected
by the transformation, the transformation to a new set of u parameters is described in
the following way:

� x̂1
x̂ j

�
� u� ua � 1�

�
�
�
�

x̂1
~̂x j
q̂ j

�
�
�

� u� 1�

(3.53)

with

T � � I � u� ua � ut � 0
0 T j

	 ,

S � � 0
Sj

	 ,

d � � 0
d j

� ,

t � � 0
t j

� ,

(3.54)

which extend the transformation equations given in Eq. 3.33{3.37 to derive the extended
normal equation matrix

~N � � T T NT T T NS
ST NT S T NS 	 , (3.55)

the extended right-hand side of the normal equation system

~y � � T T � y � Nt �
ST � y � Nt � � , (3.56)

and the weighted square sum ofO � C of the extended normal equation system

ļT P ll l � lT P ll l � t T � 2y � Nt � ; (3.57)

separating again the cases of prede�ned new a priori values~x0 (1) and of an a�ne
transformation of the parameter vector (2) with
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3.5 Transformations of the normal equation system

t � T � ~x0 � d � � Sq0 � x0;
~x0 de�ned (case 1);

(3.58)

or

t � 0,

~x0 � T � 1� x0 � Sq0� � d
� R � x0 � Sq0� � d (case 2):

(3.59)

In our study, this algorithm is used to remove a priori datum information contained
in normal equation systems by introducing in�nitesimal Helmert transformation pa-
rameters. For an equation system parameterising the three-dimensional positions ofN
stations, one must introduce ua � 7 in�nitesimal Helmert transformation parameters,
namely three translations (origin) t � � t1 t2 t3 � T , three rotations (orientation)
r � � r1 r2 r3 � T , and one excess scale parameter �� . For each station s, the re-
lationship between the station coordinatesxs � � xs ys zs � T and the in�nitesimal
Helmert transformation parameters is derived by a Taylor series expansion that is trun-
cated after the �rst-order correction term (cf. Gerstl et al., 2008)

xs � ~xs �
<@@@@@>

1 0 0 0 � ~zs ~ys ~xs
0 1 0 ~zs 0 � ~xs ~ys
0 0 1 � ~ys ~xs 0 ~zs

=AAAAA?
�
�
�
�

� t
� r

� � �

�
�
�

� ~xs � Ss � q;

(3.60)

with ~xs � � ~xs ~ys ~zs � T being the starting points of the Taylor expansion (e.g., the a
priori values of the station coordinates). The negative signs of the in�nitesimal Helmert
parameters relate to the direction of the transformation.

The functional model to be inserted into Eq. 3.55{3.57 reads

T � I u ;

S �

<@@@@@@@>

0�� u� 3N � � 7�
S1
�

SN

=AAAAAAA?

;

d � 0;
t � 0:

(3.61)

Thereby, the zero block ofS relates to the u � 3N parameters of the equation system
that are not in a functional relationship with the seven in�nitesimal Helmert parameters
(e.g., parameters other than station coordinates).

29



3 Space-geodetic techniques and combination

3.5.4 Transformation of a priori values

The operation serves to transform the vector of a priori valuesx0 to a new vector
of a priori values ~x0 � x0 � t . It is often applied to transform the a priori values of
identical parameters in di�erent normal equations to the same values before combining
the equation systems and stacking the parameters.

The functional model to be inserted into Eq. 3.33{3.37 reads

R � T � I u ;
d � 0;
t � ~x0 � x0;

(3.62)

resulting in a transformed normal equation system

~N � N ; (3.63)

~y � y � Nt ; (3.64)

ļT P ll l � lT P ll l � t T � 2y � Nt � : (3.65)

3.5.5 Linear epoch transformation

The operation serves to transform the a pair of parameters in an o�set/drift notation
from an epocht1 to an epoch t2 according to the relationship

� p� t1�
_p� t1� � � � p� t2�

_p� t2� � , (3.66)

with a constant drift _p� t2� � _p� t1� .

The relationship between the parameters follows

~̂x i � � p� t2�
_p� t2� � � � 1 t2 � t1

0 1 	 � p� t1�
_p� t1� �

� T � 1
i x̂ i � R x̂ i ;

(3.67)

resulting in the functional model for the transformation
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3.5 Transformations of the normal equation system

R i � � 1 t2 � t1
0 1 	 ;

d i � 0;
t i � 0

(3.68)

to be inserted into Eq. 3.33{3.37.

3.5.6 Linear epoch transformation with regularisation

The operation serves to transform a pair of parameters �UT1 and LOD � � d~dt�UT1
from an epocht1 to an epoch t2.

A three-step procedure is applied for each pair of parameters

�p� t i � ; _p� t i �� = � �UT1 � t i � ; � LOD � t i �� ,

namely

(1) regularisation
�p� t1� ; _p� t1�� � � �p� t1� ; �_p� t1�� ,

(2) linear transformation of the regularised pair of parameters
� �p� t1� ; �_p� t1�� � � �p� t2� ; �_p� t2�� ,

(3) de-regularisation
� �p� t2� ; �_p� t2�� � �p� t2� ; _p� t2�� .

The non-regularised parametersp � �UT1 ; _p � � LOD and their regularised counter-
parts �p and �_p are related according to

p� t i � � �p� t i � � r � t i � , _p� t i � � �_p� t i � � _r � t i � ; (3.69)

with r and _r being the regularisation of p and _p, respectively. Conventionally, the
regularisation is calculated according to Chapter 8:1 of Petit and Luzum (2010).

For one pair p� t i � ; _p� t i � , the relationship reads

� p� t1�
_p� t1� � � � p� t2�

_p� t2� � : (3.70)

Inserting Eq. 3.69 into Eq. 3.67 results in the functional model
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3 Space-geodetic techniques and combination

R i � � 1 t2 � t1
0 1 	 ;

d i � � r � t2� � r � t1� � � t2 � t1� _r � t1�
_r � t2� � _r � t1� � ;

t i � 0

(3.71)

to be inserted into Eq. 3.33{3.37.

3.5.7 Re-parameterisation from o�set/drift to two o�sets

The transformation serves to re-parameterise a set of parameters in o�set/drift notation
(epoch t i ) linearly to two o�sets (epochs t1, t2). It is mostly applied to transform pole
coordinates and their rates from an epoch during the day to the neighbouring day
boundaries. For one parameterp, the transformation reads

� p� t i �
_p� t i �

� � � p� t1�
p� t2� � : (3.72)

The relationship between the parameters is

~̂x i � � p� t1�
p� t2� � � � 1 t1 � t i

1 t2 � t i
	 � p� t i �

_p� t i �
�

� T � 1
i x̂ i � R x̂ i ;

(3.73)

resulting in the functional model for the transformation

R i � � 1 t1 � t i
1 t2 � t i

	 ;

d i � 0;
t i � 0

(3.74)

to be inserted into Eq. 3.33{3.37.

3.5.8 Re-parameterisation from o�set/drift to two o�sets with
regularisation

The transformation serves to re-parameterise a set of parameters �UT1 and LOD �
� d~dt�UT1 (epoch t i ) to two �UT1 o�sets at the day boundaries (epochs t1, t2).

A three-step procedure is applied for each pair of parameters
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3.5 Transformations of the normal equation system

�p� t i � , _p� t i �� � � �UT1 � t i � ; � LOD � t i �� ,

namely

(1) regularisation
�p� t i � ; _p� t i �� � � �p� t i � ; �_p� t i �� ,

(2) linear transformation of the regularised pair of parameters
� �p� t i � ; �_p� t i �� � � �p� t1� ; �p� t2�� ,

(3) de-regularisation
� �p� t1� ; �p� t2�� � �p� t1� ; p� t2�� .

The non-regularised parametersp = �UT1, _p � � LOD and their regularised counter-
parts �p and �_p are related according to Eq. 3.40

For one pair �p� t i � , _p� t i �� , the transformation reads

� p� t i �
_p� t i �

� � � p� t1�
p� t2� � : (3.75)

Inserting Eq. 3.75 into Eq. 3.73 results in the functional model

R i � � 1 t1 � t i
1 t2 � t i

	 ;

d i � � r � t1� � r � t i � � � t1 � t i � _r � t i �
r � t2� � r � t i � � � t2 � t i � _r � t i �

� ;

t i � 0

(3.76)

to be inserted into Eq. 3.33{3.37.
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4 Implementation of the analysis and
combination strategies

4.1 Software overview

With the D GFI Orbit and Geodetic parameter estimationSoftware (DOGS), DGFI-
TUM maintains a software to process space-geodetic observation data (SLR, DORIS,
and VLBI) and to integrate data sets from internal and/or external sources into com-
bined solutions. All branches of the DOGS software have been developed within the
institute for a long time and are in operational use within the framework of DGFI-
TUM’s involvement as an ITRS Combination Centre (Angermann et al., 2020) as well
as within its contribution to the IAG Scienti�c Services, namely as Analysis Centre
(AC) within the ILRS (Blo�feld and Kehm, 2020) and the IVS (Glomsda et al., 2021b),
respectively, and as Associate Analysis Centre (AAC) within the IDS (Rudenko et al.,
2021). DGFI-TUM and the Federal Agency for Cartography and Geodesy (BKG)
jointly operate an IVS Combination Centre (Bachmann et al., 2021). Moreover, DGFI-
TUM in its function as IGS SIRGAS Regional Network Associate Analysis Centre (IGS
SIRGAS RNAAC; S�anchez and Kehm, 2021) uses the Bernese GNSS Software v. 5.2
(Dach et al., 2015) to process GNSS data.

Tab. 4.1 provides an overview of the software packages used at DGFI-TUM and their
involvement within the present studies, Fig. 4.1 outlines the involvement of the software
packages in our main study (Chapt. 5) in a graphical way. The usage of the DOGS
software branches DOGS-OC and DOGS-CS in the simulation studies presented in
Section 6.4 is shown in detail in Fig. 6.8.

Table 4.1: Software packages used at DGFI-TUM. Activities in parentheses were conducted
outside of this study but the resulting data have been used.

Software techniques usage within this study

DOGS-OC SLR reprocessing of SLR observations, simulation studies
DORIS {

DOGS-RI VLBI (reprocessing of VLBI observations for ITRF2020)
Bernese GNSS reprocessing of GNSS observations
DOGS-CS all combination, normal equation operations, solution

The DOGS software comprises three branches, namely
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Figure 4.1: Usage of the software packages for the realisation of a regional geocentric reference
frame. [a] Reprocessing of SLR and VLBI, cf. Sect. 5.3.2; [b] Reprocessing of
the SIRGAS GNSS network, cf. Sect. 5.3.1; [c] Inter-technique combination, cf.
Sect. 5.4.

(1) an Orbit Computation software (DOGS-OC, Gerstl, 1997, current version 5.5)
to process SLR and DORIS data,

(2) a R adio I nterferometry software (DOGS-RI, Kwak et al., 2017, current version
1.3) to process VLBI data, and

(3) a Combination and Solution library (DOGS-CS, Gerstl et al., 2008, current ver-
sion 5.1) to combine, constrain, transform, and solve normal equation systems.

While DOGS-RI is being developed within the institute but independently from this
study and the Bernese GNSS Software is being developed externally at the University
of Berne, DOGS-OC and DOGS-CS have undergone a signi�cant development with
contribution by the author of this doctoral thesis.

4.2 The orbit computation software DOGS-OC

DOGS-OC (Gerstl, 1997) is DGFI-TUM’s software to process satellite observations
from SLR and DORIS. DOGS-OC is written in Fortran 20081. The software provides
four processing modi, namely anorbit integration modus, a simulation modus, a nor-
mal equation generation modus, and a parameter estimation modus. While the orbit
integration modus serves to dynamically integrate a satellite orbit based on a given ini-

1 ISO/IEC 1539-1:2010, URL: https://www.iso.org/standard/50459.html (2022-06-15).
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4.2 The orbit computation software DOGS-OC

tial state vector and dynamical models, a simulation modus has been implemented in
order to simulate SLR observations from an integrated orbit. The two remaining modi
allow to process (real or simulated) SLR observations to generate normal equations or
other output �les which are used to evaluate the data or to be forwarded into further
processing steps (e.g., binary normal equation �les for combination and solution with
DOGS-CS, or binary solution equation �les for analysis with DOGS-CS; cf. Fig. 4.2).
While the normal equation generation modus serves to directly set up a normal equa-
tion system, the parameter estimation modus performs an iterative optimisation of
the square sum of observation residualsv T Pv (cf. Sect. 3.2) in connection with an
automatic outlier detection. The parameter estimation modus is used to iteratively
pre-process single-satellite arcs until all observation outliers are identi�ed. Thereby,
the parameter estimates from one iteration (e.g., initial orbital elements) are used as
a priori values of the parameters for the next iteration. Finally, an arc that has been
iterated in such a way is used to generate the normal equations that are the input to
the subsequent intra- and/or inter-technique combination steps.

Figure 4.2: Structure of the DOGS-OC software.

Table 4.2: Orbit integration settings for SLR processing.

Model description

Orbit integration frame Geocentric Celestial Reference System
Integrator Gau�-Jackson predictor-corrector algorithm of

7th order
Relative error bound 10� 9

Integrator step size satellite-dependent
Arc length 7 days
Observation weight 1 cm (core stations� a� ) or 1 m (other stations)
Elevation cut-o� angle 5 X

� a � according to the ILRS Discontinuities File
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Tab. 4.2 gives an overview of the orbit integration procedure implemented in DOGS-
OC. The software applies a Gau�-Jackson algorithm of 7th order to integrate satellite
orbits in a Geocentric Celestial Reference System. The integrator step size can be
chosen satellite-dependent, the observational model of SLR is implemented according
to Section 6.2. For the processing of spherical satellites after 1993, the ILRS-de�ned
standard arc length is 7 days (i.e., one week), which is the processing standard appli-
cable to our studies. All observations are assigned a weight equivalent to a standard
deviation of 1 cm, and the elevation cut-o� angle is set to 5X for all stations. Within the
framework of these studies, the simulation modus of DOGS-OC was made operational,
complemented by an environment of script programs that allow a free choice of the
conditions assumed in a simulation scenario (tracking scheme, noise assumptions, etc.).
Moreover, the software was updated to the most recent standards and conventions for
a full and consistent reprocessing of the SLR observations.

4.3 The combination and solution library DOGS-CS

DOGS-CS (Gerstl et al., 2008) is DGFI-TUM’s library to combine (Sect. 3.4), ma-
nipulate (Sect. 3.5), and solve (Sect. 3.2) normal equation systems. Like DOGS-OC,
the DOGS-CS software is written in Fortran 2008. The software uses an internal bi-
nary format where a �le stores a full equation system including its metadata (Fig. 4.3).
Thereby, the �le header contains bookkeeping information about the processing history
(i.e., the �le tree), the equation’s type, dimension and statistics, the observation/data
type contained in the equation, the applied background models, the active, reduced,
or eliminated parameters, as well as station, eccentricity, and VLBI source inventories.
The �le body contains the actual equation system in a matrix/vector notation, i.e.,
either a set of normal equations, (pseudo-)observation equations, or solution equations,
including its right-hand side, its (pseudo-)observation vector, or its solution vector,
respectively, and relevant statistical parameters, namelylT Pl for normal equation or
(pseudo-)observation equation systems andv T Pv for solutions (cf. Blo�feld et al.,
2021).

The equation system in the �le body is stored in one of the following ways:

Normal equation system
xT

0 � 1� u� lT P ll l
N � u� u� y � u� 1�

Observation equation system
� xT

0 � 1� u� ; lT P ll l � {
p � n � 1� A � n � u� l � n � 1�

Solution equation system
xT

0 � 1� u� v T P ll v
Q � u� u� � x̂ � u� 1�
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Figure 4.3: Structure of a binary DOGS equation �le.

The principle usage of DOGS-CS is to combine and manipulate equation systems at the
normal equation level before calculating a solution. To a limited extent, also manipu-
lations of solution equation systems are possible (e.g., epoch transformations). Normal
equations can be imported either directly in the software-internal binary format (e.g.,
the output from DOGS-OC and DOGS-RI), or they can be converted from the Solu-
tion INdependent EXchange version 2.02 (SINEX v2.02, or earlier) format2. The latter
functionability allows us to process normal equation systems independently from their
origin, for example provided routinely by the IAG Scienti�c Services.

The library contains 20 standalone programs, each of them dedicated to performing
speci�c groups of operations. The routines can be classi�ed into �ve groups, namely

(1) DOGS-CS interfaces with external data formats or human-readable out-
put formats

(1.1) cs glscod : convert an equation system and/or selected related metadata from
the internal binary format to a human-readable format.

(1.2) cs solview : output the estimates of a solution equation system in a human-
readable solution format.

(1.3) cs sinexgls : convert an equation system from SINEX v2.02 (or earlier) format
into a normal equation system in the internal binary format. If the SINEX �le
contains a solution, the constraint-free normal equation is reconstructed auto-
matically if all required information is given in the SINEX �le.

2cf. IERS Message No. 103, 2006. URL:https://datacenter.iers.org/data/2/message_103.txt
(2022-06-15).
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(1.4) cs glssinex : convert an equation system (normal equation or solution) from the
internal binary format to SINEX v2.02 format.

(2) DOGS-CS routines to modify the content of equation systems

(2.1) cs headmod : modify the metadata in the header of an equation system.

(2.2) cs vasort : re-sort the parameters within an equation system.

(2.3) cs renam : rename parameters in an equation system.

(3) DOGS-CS routines to combine normal equation systems or to set up
and add constraints (cf. Sect. 3.4)

(3.1) cs add : add two normal equation systems (Eq. 3.17{3.19).

(3.2) cs cond : set up a system of (pseudo-)observation/condition equations (Eq. 3.20{
3.23).

(3.3) cs bgl2ngl : convert a (pseudo-)observation equation system into a normal equa-
tion system (the functionality is also performed automatically by cs add ). Rel-
evant to generate a normal equation of constraints to be written into a SINEX
�le.

(4) DOGS-CS routines to transform parameters within equation systems
(cf. Sect. 3.5)

(4.1) cs reduc : reduce parameters from a normal equation system (Eq. 3.39{3.43).

(4.2) cs elim : eliminate parameters from a normal equation system (Eq. 3.44{3.49).

(4.3) cs inpar : introduce parameters into a normal equation system (Eq. 3.50{3.59).

(4.4) cs trafo : parameter transformations with regular transformation matrix (general
formulation in Eq. 3.31{3.38; examples in Sect. 3.5.4{3.5.8).

(4.5) cs trasi : parameter transformations with singular transformation matrix (appli-
cable to solution equation systems only, cf. Blo�feld, 2015).

(4.6) cs wicht : re-weight (scale) a given equation system (the functionality is also
implemented in cs add ).

(5) DOGS-CS routines to solve (cf. Sect. 3.2)and evaluate equation systems

(5.1) cs invert : solve a normal equation system (Eq. 3.12{3.15).

(5.2) cs eiwe : calculate the eigenvalues of the equation matrix.

(5.3) cs helmert : estimate parameters of a Helmert transformation between two sets
of station coordinates (in the DOGS solution format or in the SINEX format). If
velocities are given, the parameter epochs can be harmonised automatically.

(5.4) cs resid : calculate the weighted square sum of observation residuals of individual
sub-equation systems that were introduced into a given solution.
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Each DOGS-CS routine is an independent program. A chain of operations on an equa-
tion system is realised by sequential calls of DOGS-CS routines via con�guration �les,
whereby the workow may be implemented in an arbitrary programming language. In
the present studies, all workows were implemented in the free Unix shell and command
language BASH (Bourne Again SHell3). The DOGS-CS routines have been extended
by additional functionalities enabling the �ltering approach realised within the frame-
work of these studies. Moreover, the interfaces with external formats as well as the
internal binary format were extended to enable a consistent bookkeeping of all relevant
information related to combined equation systems.

3https://www.gnu.org/software/bash/ (2022-06-15).
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5 Determination of a regional geocentric
epoch reference frame for Latin America

5.1 Idea and overview

This chapter describes a strategy that has been developed by Kehm et al. (2022bi ) to
achieve an improved datum realisation for a regional epoch reference frame for Latin
America. Starting with the issues raised in Section 2.3, the study aims to realise a
regional epoch reference frame that is geocentric at any epoch, whereby our area of
interest covers the regional GNSS network of SIRGAS (Sect. 5.2) while the datum
is realised by a combination of global space-geodetic networks, namely SLR, VLBI,
and a globally extended GNSS network. We continue by outlining the corresponding
reprocessing of the space-geodetic input data (Sect. 5.3) and the developed combination
and �ltering strategy (Sect. 5.4). All combination and �ltering steps are performed at
the level of normal equations (NEQs). Finally, we evaluate our approach by comparison
and validation against the JTRF2014, a subsecular geocentric realisation of the ITRS,
and against geophysical uid loading models for non-tidal loading (NT-L; Sect. 5.5).
We conclude with a summary and discussion of the results (Sect. 5.6).

5.2 Realisation of the datum

Currently, the operational weekly SIRGAS solutions are based on a GNSS network of
which positions of a subset of selected core stations are constrained to the IGS weekly
solutions, which themselves are aligned to the ITRF datum via NNR, NNT, and NNS
constraints (cf. left panel of Fig. 5.1 and Chapter 2 of Kehm et al., 2022bi ).

LDepending on the focus of interest, there are two possible ways of realising the datum
of regional ERFs: The �rst would be to maintain the strategy as it is but improve
the datum realisation via �ducial coordinates for a more accurate alignment with the
ITRF datum. By these means, one could stick to the concept of processing GNSS-
only-solutions, but consequently, coordinate variations would still be CF-related, i.e.,
the CM-minus-CF content of NT-L signals would still be missing in the station-speci�c
displacement time series, as it is removed by the application of NNT constraints with
respect to the ITRF. This would allow for a direct interpretation with respect to geo-
physics only after a correction of the CM-minus-CF variation from external geophysical
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models. Because of the growing interest in exploiting geodetic data for geophysical in-
vestigations, the second possibility would be a direct epoch-wise geocentric realisation
of the datum of the ERFs, resulting in CM-related coordinates at each epoch. This
would imply the processing not only of a globally-extended GNSS network but also of
global SLR and VLBI networks. The great advantage of such a solution would be the
direct interpretability of station displacement time series in a geophysical sense, with-
out having to rely on external information on the motion of a multi-year reference frame
with respect to the geocentre. By these means, geodetic observations could contribute
directly to interpreting geophysical processes and the improvement and validation of
geophysical models. Within this study, we investigate the second approach and have
developed a strategy for a direct realisation of the datum of weekly regional geocentric
ERF solutions based on the reference frame for Latin America.

Figure 5.1: i Concepts of datum realisation for the SIRGAS regional ERFs (left) and a direct
geocentric realisation of ERFs (right). (a) cf. Rebischung et al. (2016); (b) cf.
S�anchez and Kehm (2021); (c) cf. Sect. 5.3.1. The colours of the arrows refer to the
di�erent datum parameters. The datum of the IGS14/IGb14 and the ITRF2014
reference frames is considered identical.

Goal of this study are series of ERF solutions for Latin America, whereby the datum
of each epoch-wise solution is de�ned consistently with the ITRS. The datum realisa-
tion is performed by combining the three space-geodetic techniques of SLR, VLBI, and
GNSS. The origin is realised by SLR { the only technique permitting its realisation with
highest accuracy {, and the scale is realised as a weighted mean by SLR and VLBI.
Because these two techniques are responsible for the physically-de�ned datum param-
eters (in contrast to the orientation, which is de�ned by a mathematical constraint),
we later denote these techniques as the \datum-relevant techniques". [ . . . ] The ori-
entation is realised via a NNR constraint over the global GNSS (IGS stations) network
(Fig. 5.1). [The NNR constraint over a well-distributed network compensates for the
rank de�ciency related to the orientation only and does not impact the geocentricity
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5.2 Realisation of the datum

or deform the network. This means that the solution ful�ls the condition of \minimum
constraints" (e.g., Kotsakis, 2012).] The datum transfer between the techniques is per-
formed by introduction of local ties (LTs) at co-located sites, i.e., sites equipped with
more than one of the space-geodetic techniques used, and locally measured di�erence
vectors (ties) between the technique-speci�c reference points. Because, in our case,
the target parameters are the positions of the GNSS stations contained in the regional
network covered by SIRGAS, we do not include DORIS into the combination as this
technique serves to densify the global ITRF station network [(cf. Sect. 3.1)] though it
does not contribute to the datum parameters origin and scale.

One major issue in the realisation of ERFs is the so-called \network e�ect", i.e., ap-
parent variations in the observed origin and scale caused by variations in the observing
networks (e.g., Collilieux et al., 2009; Blo�feld et al., 2014b). Unfortunately, this e�ect
is of special importance for the datum-relevant techniques SLR and VLBI, which both
su�er from sparse and inhomogeneous network distributions. As demonstrated in var-
ious simulation studies (e.g., Pavlis and Ku�zmicz-Cie�slak, 2009; Otsubo et al., 2016;
Glaser et al., 2017, 2019a, b; Kehm et al., 2018i , 2019i ), a substantial extension of
the global SLR and VLBI networks would signi�cantly stabilise the datum parameters
realised. [In this context, Chapter 6 of this doctoral thesis presents various studies on
the importance of exploiting the SLR observations to additional satellites and on the
potential of future enhancements of the network.]

Table 5.1: i Ratio of gapsC1 week in observation time series of VLBI and SLR stations between
2000 and 2014. Corresponding to our combination approach, the investigation is
based on GPS weeks. In other words, a gap of one week means a full GPS week
without a single observation.

Gap length SLR VLBI

1 week 50:0 % 46:7 %
2 weeks 17:4 % 16:5 %
3 weeks 8:6 % 10:3 %
4 weeks 4:5 % 5:7 %

5{8 weeks 8:5 % 11:7 %
A 8 weeks 11:0 % 9:1 %

However, for the time being, we must deal with the existing networks and their ap-
parent variations due to the observational gaps of individual stations. Tab. 5.1 gives
an overview of the gaps within the observation time series of VLBI and SLR stations.
As can be seen, approximately 50 % of the gaps extend over one single week whereas
about 10 % of the gaps extend over more than 8 weeks. Another approximately 10 %
of the gaps have a length of between 4 and 8 weeks. To increase the stability of
the networks, one major point of our study has thus been to investigate the way in
which a �lter approach allows su�cient bridging of these observational gaps to reduce
the network e�ect, without systematically distorting the datum parameters realised
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5 Determination of a regional geocentric epoch reference frame for Latin America

(cf. Sect. 5.4.2).N The involvement of the di�erent software packages in the processing
steps is outlined in Section 4.1.

5.3 Reprocessing of the input data

This section describes the reprocessing of the space-geodetic input data according to the
most recent standards and conventions as well as the modi�cations in the procedures
that have been applied to achieve the goals of this study. Section 5.3.1 describes the
reprocessing of the GNSS data, while Section 5.3.2 describes the reprocessing of the
SLR and VLBI observations.

5.3.1 Reprocessing SIRGAS normal equations for combination with SLR
and VLBI

LAn appropriate combination of global SLR, VLBI, and GNSS networks is required
to implement an epoch-wise datum realisation for regional networks. In our case, the
regional GNSS network must be extended beyond the area covered by the SIRGAS net-
work to include SLR/GNSS and VLBI/GNSS co-located stations and enough GNSS
stations to realise the orientation via a NNR constraint. Therefore, one main objective
of the study was to identify the GNSS network con�guration required for a reliable
datum realisation. Di�erent scenarios were evaluated in this context. The �rst con-
sidered only those GNSS sites co-located with SLR and VLBI (blue circles and green
dots in Fig. 5.2). As most of these stations are in the northern hemisphere, this station
distribution did not turn out to be favourable for the GNSS data pre-processing. Con-
sequently, additional GNSS sites have been included to ensure a more homogeneous
global network distribution, which is also favourable for a reliable realisation of the
orientation. After a series of empirical experiments, our main conclusion is to include
the core stations of the IGS14/IGb14 reference frame into the GNSS data processing.

Further research concentrated on the simultaneous determination of GNSS satellite
orbits, satellite clock o�sets, EOPs and station positions within the GNSS data pro-
cessing. Although we use a global network in the computations, simultaneous inclusion
of all SIRGAS regional stations reduces the reliability of the EOPs and GNSS orbits
due to the dense station distribution in one speci�c region (see Fig. 5.2). Therefore,
we apply a two-step procedure: (a) orbit and EOP determination based on a global
and homogeneous network, and (b) processing of the GNSS data (global + regionally
densi�ed network), whereby the previously determined orbits and EOPs are �xed. A
priori datum information introduced into the GNSS NEQs by �xing the orbits and
the EOPs is removed before combining them with the SLR and VLBI NEQs. This is
performed by introducing and reducing (pre-eliminating) seven Helmert parameters (3
translations, 3 rotations, and 1 scale parameter; cf. Blo�feld, 2015). Thus, the GNSS
NEQs introduced into the combination process are free from datum information.
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Figure 5.2: i Extension of the SIRGAS network by global IGS stations.

The SIRGAS data reprocessing for this study covers January 2000 to December 2020.
It is based on the IGS14/IGb14 reference frame and includes 530 SIRGAS and 135
IGS reference stations (30 co-located with SLR and 31 co-located with VLBI). This
reprocessed global GNSS network is called the SIRGAS extended network hereafter.N
The GNSS data processing was performed with the Bernese GNSS Software Version
5.2. The weekly NEQs are provided in the SINEX v2.02 format as input to the further
processing steps.

5.3.2 Reprocessing of the SLR and VLBI data

LBesides a full reprocessing of the SIRGAS GNSS network, the SLR and VLBI input
data also underwent a full reprocessing to comply with the most recent standards and
conventions (Petit and Luzum, 2010, including updates until v. 1.3.0).

For SLR, we performed reprocessing speci�cally for this study. We extended the current
standard 4-satellite-constellation [ . . . ], namely LAGEOS-1/2 (LAser GEOdynamics
Satellite-1/2) and Etalon-1/2, by a �fth satellite, LARES (LAser RElativity Satellite).
This is planned to be the future ILRS standard setup to ensure a higher stability of
the SLR-derived origin (Blo�feld et al., 2018i ). The satellites have been combined
into weekly NEQs applying a [VCE (cf. Sect. 3.4.3)]. Satellite-speci�c parameters and
orbits have been pre-reduced from the NEQs, leaving station positions and range biases
as explicit parameters.

For VLBI, we rely on the VLBI contribution of DGFI-TUM to ITRF2020 (Glomsda
et al., 2020). This data set has no NT-L correction applied and is thus consistent
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5 Determination of a regional geocentric epoch reference frame for Latin America

with the routine processing standards of the other techniques. This contrasts with
DGFI-TUM’s routine contribution [to the IVS], \dgf2020a", which contains a priori
corrections for non-tidal atmospheric loading (Glomsda et al., 2021b). We use the twice-
weekly CORE/NEOS (until 2001) and R1/R4 (from 2002 on) sessions, as these are
available on a permanent twice-weekly basis and contain su�cient co-location sites for
datum realisation. VLBI-speci�c parameters like troposphere and clock are pre-reduced
and thus not explicitly contained in the NEQs. The properties of all technique-speci�c
contributions are summarised in Tab. 5.2.

Table 5.2: i Input data to the ERF combination.

Technique temporal
resolution

processing setup
SINEX NEQ content datum constraints

SLR weekly

future ILRS 5-satellite setup
station coordinates

range biases
EOPs

no

VLBI session-wise

CORE/NEOS/R1/R4 sessions
station coordinates
source coordinates

EOPs

no

GNSS weekly SIRGAS + global IGS network
station coordinates yes (to be removed)

The SLR and VLBI NEQs are free from datum constraints and thus only contain the
datum information to which the respective observations are sensitive.N The processing
of SLR and VLBI was performed with DOGS-OC and DOGS-RI, respectively. The
weekly (SLR) or session-wise (VLB) NEQs are provided in the SINEX v2.02 format as
input to the further processing steps.

5.4 Inter-technique combination strategy

This section describes the combination approach (Sect. 5.4.1) as well as the strategies
for the �ltering (Sect. 5.4.2), the technique-speci�c weighting (Sect. 5.4.3), and the
treatment of local ties in the epoch-wise solutions (Sect. 5.4.4).

5.4.1 Combination approach

LWeekly NEQs (N i
tech) from SLR and GNSS and session-wise NEQs from VLBI are the

input data for the combination. The processing for an epocht i comprises the following
steps (Fig. 5.3):
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Figure 5.3: i Concept of the technique-speci�c �ltering (SLR and VLBI) and the inter-
technique combination for epocht i . Dashed lines denote the un�ltered processing
chain (U-ERF); light yellow boxes contain the additional steps performed only
within the �ltered processing chain (F-ERF).

(1.1) Pre-processing of the technique-speci�c NEQs. Calculation of intermediate single-
technique (U-ST; \U" stands for \un�ltered") solutions.

(1.2) Rescaling of the technique-speci�c NEQs with their respective a posteriori vari-
ance factors from the U-ST solutions.

(2) Filtering the SLR and VLBI NEQs (F-ERF solution only). Calculation of inter-
mediate �ltered single-technique (F-ST) solutions.

(3.1) LT selection and weighting procedure based on the single-technique solutions.

(3.2) Inter-technique combination, the introduction of LT and NNR constraints and
the subsequent solution of the combined NEQ.

In Step (1.1), incoming single-technique NEQsN i; ori
tech are pre-processed for the combi-

nation. This includes accumulating the sessions of a week into one common NEQ for
VLBI, reducing EOPs for SLR and VLBI, reducing range bias parameters for SLR,
and eliminating source coordinates, i.e., �xing the celestial reference frame (CRF), for
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5 Determination of a regional geocentric epoch reference frame for Latin America

VLBI. [For GNSS, in�nitesimal Helmert parameters are introduced in order to remove
the datum information contained in the NEQs due to �xing the satellite orbits (for
the reprocessing of the GNSS NEQs, cf. Sect. 5.3.1)]. As a result, each NEQ is free
from arti�cial datum information and only contains station coordinates as explicitly-
estimated parameters. Afterwards, the intermediate U-ST solution is calculated with
minimal constraints (i.e., NNR for SLR, NNR + NNT for VLBI, NNR + NNT + NNS
for GNSS). The system is solved according to Eq. 3.12 and Eq. 3.15. The derived a
posteriori variance factor �̂ 2

0 (Eq. 3.15) is used to rescale the NEQ in Step (1.2). The
U-ST solutions will be used for the LT selection and weighting procedure performed in
Step (3.1). Moreover, they are used to validate the datum realisation (cf. Sect. 5.5).

Step (1.2) performs the rescaling of the NEQ with its reciprocal a posteriori variance
factor 1~̂� 2

0 to ful�l Eq. 3.16. The resulting pre-processed and rescaled technique-speci�c
NEQ N i

tech will be the actual input to the subsequent �ltering and combination steps.

Step (2) performs the �ltering for SLR and VLBI (F-ERF solution only): The single-
technique NEQs are �ltered before the combination (cf. Sect. 5.4.2) to guarantee an
enhanced stability of the physically-derived datum parameters origin and scale. The
outcome is a NEQN i; u

tech (where \u" stands for \updated") for this week, which is later
used for the combination. Afterwards, the intermediate F-ST solution is calculated
with minimal constraints. The SLR and VLBI F-ST solutions are introduced into the
LT selection and weighting procedure performed in Step (3.1). [In case of the F-ERF
solution, N i; u

tech � N i
tech .]

Step (3.1) performs the LT selection and weighting procedure (cf. Sect. 5.4.4). For
the U-ERF solution, we use the GNSS solution and the U-ST solutions of SLR and
VLBI from Step (1.1), while for the F-ERF solution, we use the GNSS solution from
Step (1.1) and the F-ST solutions of SLR and VLBI from Step (2). The outcome is a
set of LT constraint equations introduced into the combination and solution procedure
performed in Step (3.2).

Step (3.2) performs the actual inter-technique combination. The technique-speci�c
NEQs are combined into one NEQ

N i
comb � � SLR � N i; u

SLR � � VLBI � N i; u
VLBI � � GNSS � N i

GNSS; (5.1)

applying the technique-speci�c relative weights � tech (cf. Sect. 5.4.3). After introducing
the LT constraint equations set up in Step (3.1) and adding a NNR constraint over a
global selection of IGS stations (cf. Sect. 5.3.1), the solution is computed from the
combined NEQ N i

comb according to Eq. 3.12 and Eq. 3.15.N

5.4.2 Filtering

LAll the pre-processing and combination steps are performed at the NEQ level. Con-
sequently, we implement an information �lter approach, a transfer of the Kalman �lter
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(Kalman, 1960) approach from the solution level to the NEQ level (e.g., Chin, 2001;
Assimakis et al., 2012). The approach thus enables us to apply relevant modi�cations
directly to the NEQ systems without a need to solve the system beforehand. The
�lter generally implements a kinematic model that shall predict displacements of the
stations within the network and a stochastic model that shall predict the evolution of
their accuracy, or, in other words, the reliability of the predicted state.

As SLR and VLBI are the critical techniques for realising the physically-de�ned datum
parameters for the regional GNSS network, their availability for each weekly ERF
solution is crucial. Thereby, a network geometry that is as stable as possible must
be achieved to minimise the network e�ect on the datum parameters realised. The
developed �ltering strategy needs to be a compromise between

(1) the optimal �lling of observational gaps for single stations and

(2) the fact that the physical relevance of observations for the datum realisation is
only given for a limited time span.

The information content to be derived from the NEQs of the datum-relevant techniques
is uniquely related to their implicitly-contained datum information. This information is
provided by the observing networks as a whole, and single stations at co-location sites
serve to transfer the datum information [between the GNSS, SLR, and VLBI networks]
within the combined solution. Therefore, we are not interested in modelling motions of
individual non-observing stations over long periods: The arti�cial information thereby
introduced (based on assumptions) would potentially distort the realised datum. The
contribution of a single station to the datum realisation shall be based solely on its
observations. Consequently, the chosen kinematic �lter model assumes positions of
individual stations to be constant for a certain period without observations. Our �lter’s
prediction step is thus intended to modify the stochastic information contained in
the NEQ so that the decreasing reliability of the datum information due to unknown
displacements is considered.

As a result of the considerations described above, we realise the prediction step by con-
sistently modifying the complete stochastic information contained in the NEQ. Thereby,
the prediction of a NEQ N i � 1

tech from epoch t i � 1 to a NEQ N i; p
tech at epoch t i is performed

by rescaling the NEQ with a factor � :

N i; p
tech � � � N i � 1

tech (5.2)

Afterwards, the update step is performed, resulting in an updated NEQ

N i; u
tech � � N i; p

tech � N i
tech : : : if N i

tech exists;
N i; p

tech : : : otherwise;
(5.3)
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with N i
tech being the incoming information update for epocht i . Usually, an information

update for SLR and VLBI is available every week (especially in our reprocessing sce-
nario), so the second case is somewhat relevant for rare occasions of processing delays
in the routine processing.

Because of the above requirement (2), we choose to �lter the information from a speci�c
epoch only over a limited period of w � 1 weeks into the future (i.e., for all further
prediction steps, the weighting factor � is zero). Consequently, the �ltered NEQ of
epoch t i is equal to a weighted sum of the NEQs from epocht i � w to epoch t i . Each
summand is only present if a NEQ for the respective epoch exists:

N i; u
tech �

w
Q
n � 0

� n � N i � n
tech (5.4)

The two �lter parameters to be set are the �lter weight � to be applied within each
prediction step and the \cut-o�" number of prediction steps w after which the weight
of a NEQ is set to zero.

For the determination of � , auto-correlation functions have been computed for several
stations that have observed continuously for multiple years and have not been a�ected
by earthquakes. These functions follow a common pattern for both SLR and VLBI in all
three coordinate components. This lets us compute an average auto-correlation function
that roughly follows an exponential pattern for the �rst couple of weeks (Fig. 5.4).
For both SLR and VLBI, the average auto-correlation r � � t � of the station position
time series decreases weekly to about 0:5 after three weeks. From this, we deduce an
approximate decrease factor of 0:8 per week. Introducing this into Eq. 5.2 as a rescaling
factor � � 0:8 means that the overall variance level of a NEQ is raised by a factor of
1~� per prediction step, increasing the standard deviations for non-observing stations
by about 12 %.

Figure 5.4: i Average auto-correlation behaviour of selected SLR and VLBI site displacement
time series.
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The cut-o� number of prediction steps w has been chosen after three weeks (each pre-
diction step is equivalent to a step of one week), meaning that a station will be present
in the solution for no more than three weeks after its last observation. Concerning
the above requirement (1), this yields approximately 75 % of the observational gaps
within both the SLR and VLBI time series being bridged, leaving only the remaining
25 % of gaps that are longer than 3 weeks (cf. Sect. 5.2, Tab. 5.1). In this way, we
signi�cantly reduce the network e�ect (cf. Sect. 5.5.1). The cut-o� prediction step
yields a downweighting of the respective NEQ to a factor of� 3 � 0:51 by applying the
rescaling factor of � � 0:8. The resulting standard deviations are scaled by a factor of
1:4 for stations that did not provide an observation update after this epoch.N

5.4.3 Technique-speci�c weights

LIt is well known that the standard deviations of GNSS estimates are too optimistic
due to neglected correlations (Sch�on and Kutterer, 2007; Sch�on and Brunner, 2008).
This means that, although internally ful�lling the condition formulated in Eq. 3.16,
the relative weight of the GNSS NEQ is too high compared to SLR and VLBI and
could systematically distort the combined solution while simultaneously yielding too
accurate standard deviations. Therefore, technique-speci�c a priori weights are de-
termined by calculating the ratio between an empirically-derived weighted root mean
square (WRMS) deviation and the average formal error (estimated standard deviation)
of several representative and continuous coordinate time series. Thereby, the WRMS
has been calculated from the time series content that can be considered noise rather
than signal. The noise part of the time series has been extracted by applying a band-
pass �lter that sets the amplitudes of all periods above a threshold of 13 weeks (a
quarter year) to zero, leaving only the short periods below the threshold. The coordi-
nate time series have been chosen from stations that do not show signi�cant peaks in
the coordinate spectra for periods below the threshold.

Table 5.3: i Ratio between average estimated standard deviations and empirically-derived
WRMS values (3D station coordinates; upper line) and technique-speci�c weights
applied within the combination (lower line).

SLR VLBI GNSS

W RMS ~� 1:3 � 0:2 1:1 � 0:3 9:7 � 3:1
Weight applied 1.0 1.0 0.01

Tab. 5.3 gives the empirically-derived ratios between estimated standard deviations and
the WRMS of the three-dimensional (3D) coordinate time series. The resulting ratio
between WRMS and formal error is close to 1 for SLR and VLBI while it is close to 10
for GNSS. Consequently, the GNSS NEQs are introduced into the combination with
an a priori scaling factor of � GNSS � 0:01 while the scaling factor for SLR and VLBI is
set up to � SLR � � VLBI � 1:0.N
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5.4.4 Treatment of local ties

To realise a common datum for all techniques, measured LTs are introduced on an
epoch-wise basis as constraints at co-located sites. The fact that the SIRGAS extended
network includes global IGS sites thereby makes sure that we can exploit all available
co-locations between the GNSS, SLR, and VLBI networks.

LIn this study, the LT treatment is based on the procedure described in detail by Seitz
et al. (2012). The basis is the LT table initially compiled to realise the DTRF2014
[(Seitz et al., 2022)]. Concerning the techniques combined here, the table contains LTs
for 95 inter-technique station pairs (49 GNSS{SLR pairs, 38 GNSS{VLBI pairs, 8 SLR{
VLBI pairs) and 24 intra-technique station pairs (15 GNSS{GNSS pairs, 6 SLR{SLR
pairs, and 3 VLBI{VLBI pairs). Here, multiple measurements of the same LT are
counted only once. The LT selection and weighting are performed independently for
each epoch-wise ERF solution. The LT constraints are selected and weighted according
to the discrepancy between the measured LT and the coordinate di�erence derived from
the single-technique solutions. In the process, only LTs below a certain discrepancy
threshold are considered. For the U-ERF solution, this threshold is chosen as 50 mm
to achieve enough LTs per week (38 on average). A larger threshold of 70 mm would
not yield a signi�cant increase in the number of available LTs, but experiments showed
that solutions might su�er from the introduction of single LTs which do not �t the local
situation. This e�ect becomes worse when the threshold is further increased. For the
F-ERF solution, the threshold for LT introduction can be tightened to a discrepancy of
30 mm (cf. Tab. 5.4). Additional stations from the �ltering enable the use of more LTs
which ful�l a stricter discrepancy criterion. This yields a more stable datum realisation
in the F-ERF solution than U-ERF solution (cf. Sect. 5.5.1).

Table 5.4: i Average weekly number of LTs selected for the U-ERF and F-ERF solutions, resp.,
depending on the discrepancy criterion. The selected criterion is marked bold.

Solution discrepancy
criterion

GNSS
{SLR

GNSS
{VLBI

SLR
{VLBI

intra-
tech. total

30 mm 14.0 9.6 1.5 8.6 33.7
U-ERF 50 mm 16.4 11.0 1.8 8.7 37.9

70 mm 17.1 11.3 1.9 8.7 39.0

20 mm 14.0 11.5 2.2 7.4 35.1
F-ERF 30 mm 18.1 13.9 2.8 8.7 43.5

50 mm 20.3 15.6 3.0 8.8 47.7

To avoid systematic network deformations, some LTs must be excluded, especially at
those stations a�ected by severe earthquakes (Tab. 5.5). This is necessary because
LTs might still pass the selection procedure despite systematic errors. As a result, we
consider it necessary to re-measure the LTs at a�ected stations after major seismic
events.N
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Table 5.5: i Sites co-located with GNSS with local ties that have been excluded after major
seismic events.

Site DOMES No. technique from event

Concepci�on 41719M001 SLR 2010-02-27 Chile Earthquake
Concepci�on 41719S001 VLBI 2010-02-27 Chile Earthquake

Monument Peak 40497M001 SLR 2010-04-04 Baja Earthquake
Tsukuba 21730S007 VLBI 2011-03-11 T�ohoku Earthquake
Arequipa 42202M003 SLR 2017-07-18 Peru Earthquake

5.5 Validation of the results

This section presents the validation of the combination and �ltering procedure. Section
5.5.1 compares translation time series of the SLR single-technique solutions as well as of
the technique-speci�c subnetworks of the U-ERF and F-ERF solutions with respect to
the ITRF2014, while Section 5.5.2 contrasts the F-ERF solution against the JTRF2014,
a sub-secular geocentric realisation of the ITRS. Finally, Section 5.5.3 contrasts station-
speci�c displacement time series derived from the F-ERF solution against geophysical
loading models in CM- and CF-frames.

5.5.1 Impact of combination and �ltering on the datum realisation

LTab. 5.6 summarises the impact of combination and �ltering on the single-technique
and combined solutions. Tab. 5.7 summarises the weighted mean and RMS deviations
along the transformation time series of the U-ST and F-ST solutions of VLBI and SLR,
respectively, with respect to ITRF2014; shown are the non-constrained datum param-
eters. Tab. 5.8 presents the weighted mean and RMS values along the transformation
time series of the technique-speci�c subnetworks of the U-ERF and F-ERF solutions
with respect to ITRF2014.

For the U-ERF solution, we can state that the datum realisation via the introduced LTs
has no systematic e�ects on the datum-relevant technique-speci�c subnetworks. The
comparison between the SLR U-ST solution and the combined U-ERF solution shows
no signi�cant impact on the SLR origin and scale; the same holds for the VLBI-derived
scale (Tab. 5.6, U-ERF w.r.t. U-ST). The comparison of the solutions with respect
to ITRF2014 (Fig. 5.5; Tab. 5.7, U-ST; Tab. 5.8, U-ERF) con�rms that the transfer
of the origin from SLR to the VLBI and GNSS networks is well-performed, although
with a systematic e�ect of about � 3:5 mm in tz for GNSS. A drift is observed in the
scales of SLR and VLBI after 2015 [(cf. upper right panel of Fig. 5.6)], the end of the
observation period of the ITRF2014. The scale of the GNSS subnetwork lies between
the scales from SLR and VLBI. This con�rms that the combined scale is realised as a
weighted mean of the SLR and VLBI scales.
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Figure 5.5: i Translations with respect to ITRF2014 of the SLR U-ST solution (left) and the
technique-speci�c subnetworks of the U-ERF solution (right).
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Figure 5.6: i Translations (left), scale di�erence, and RMS of the residuals of the Helmert
transformation (right) of the technique-speci�c subnetworks of the F-ERF solution
with respect to ITRF2014.
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Table 5.6: i Impact of �ltering and combination on the datum parameters derived by SLR
and VLBI in terms of Helmert transformation parameters between the solutions.
Smaller RMS values mean a better agreement between the solutions.

U-ERF
w.r.t.
U-ST

F-ST
w.r.t.
U-ST

F-ERF
w.r.t.
F-ST

Technique datum mean RMS mean RMS mean RMS
parameter [mm] [mm] [mm] [mm] [mm] [mm]

SLR

tx � 0:1 0:6 0:3 2:4 0:0 0:3
ty � 0:1 0:5 � 0:1 2:0 � 0:1 0:3
tz � 0:4 1:2 � 0:3 4:8 � 0:3 0:5

scale 0:2 0:5 � 0:1 1:6 0:1 0:2

VLBI scale � 1:1 2:2 0:0 2:9 � 0:7 1:1

Table 5.7: i Helmert transformation parameters of the single-technique solutions with respect
to ITRF2014.

U-ST F-ST
Technique datum Wmean WRMS Wmean WRMS �

parameter [mm] [mm] [mm] [mm] [%]

SLR tx � 1:6 4:4 � 0:9 3:5 � 20
ty 0:0 3:6 � 0:4 2:8 � 22
tz 2:2 7:7 1:6 5:7 � 25

scale 1:5 3:5 1:4 2:8 � 18

VLBI scale 4:8 4:6 4:7 3:1 � 31

For the F-ERF solution, we can state that �ltering the datum-relevant techniques SLR
and VLBI has no systematic e�ects on the realised datum parameters. The comparison
between the U-ST and the F-ST solutions of SLR and VLBI shows no systematic impact
on the subnetworks (Tab. 5.6, F-ST w.r.t. U-ST). The same holds for the combination
step following �ltering, which is seen by a comparison between the F-ERF and the
F-ST solutions (Tab. 5.6, F-ERF w.r.t. F-ST). This con�rms that the networks are not
deformed by the selected LTs [(the mean transformation parameters are below� 0:3 mm
for SLR and � 0:4 mm for the VLBI scale)].

While the general behaviour of both the F-ERF and the U-ERF solutions is identical
(Fig. 5.5, Fig. 5.6), a signi�cant decrease in the WRMS of the transformation param-
eters with respect to ITRF2014 is observed for the F-ERF solution compared to the
U-ERF solution (Tab. 5.8). This is mostly due to a reduced noise of these time series
which is caused by the increased network stability achieved in the F-ERF solution. A
periodic variation is expected as each ERF solution is realised in an instantaneous CM-
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5 Determination of a regional geocentric epoch reference frame for Latin America

Table 5.8: i Helmert transformation parameters of the combined solutions with respect to
ITRF2014. In addition, � denotes the improvement of the WRMS of the F-ERF
solution compared to the U-ERF solution.

U-ERF F-ERF
Technique datum Wmean WRMS Wmean WRMS �

parameter [mm] [mm] [mm] [mm] [%]

SLR tx � 1:6 3:9 � 1:1 3:3 � 17
ty � 0:1 3:3 � 0:4 2:7 � 19
tz 1:5 7:1 1:2 5:4 � 24

scale 1:4 3:0 1:4 2:5 � 18

VLBI tx � 0:6 4:5 � 0:1 3:2 � 29
ty 3:5 4:1 2:0 3:4 � 17
tz 1:2 6:1 0:6 4:3 � 30

scale 3:4 3:6 3:5 2:9 � 20

GNSS tx 0:0 3:5 0:6 2:7 � 21
ty 0:9 3:1 0:7 2:3 � 26
tz � 2:0 6:0 � 1:7 4:3 � 28

scale 3:3 3:0 2:4 2:6 � 15
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Figure 5.7: i Spectra of the translation time series with respect to ITRF2014 of (1) the SLR
U-ST solution, (2) the SLR F-ST solution, (3) the SLR subnetwork of the F-ERF
solution, and (4) the GNSS subnetwork of the F-ERF solution.
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frame, whereas the ITRF2014 is a long-term CM-frame. [Important to note is that
also the systematic o�sets between the technique-speci�c subnetworks are reduced,
most notably for tz. The relative o�set between the GNSS and the SLR subnetworks
in z-direction (i.e., the di�erence of the network-speci�c z-translations with respect to
ITRF2014) is reduced from 3:5 mm in the U-ERF solution to 2 :9 mm in the F-ERF
solution, meaning that the GNSS subnetwork inherits the SLR origin with smaller sys-
tematic deviation.] This can be related to the better distribution and a larger number
of available LTs per week achieved by the �ltering. The frequency spectra (Fig. 5.7)
of the translations of the SLR solutions (U-ST and F-ST [note: the time series of the
SLR F-ST solution is shown in Fig. 5.8]), the SLR subnetwork of the F-ERF solution
and the GNSS subnetwork of the F-ERF solution agree in the main frequencies with a
decrease in the yearly amplitude for GNSS. This damping may be related to the large
and more homogeneously distributed global network (compared to SLR).N

5.5.2 Discussion of the approach with respect to existing approaches

The previous sections described an approach for �ltering and combination of technique-
speci�c networks at the normal equation level in order to realise a geocentric regional
epoch reference frame. With the JTRF2014 (Abbondanza et al., 2017), there exists a
subsecular geocentric global TRF solution based on a �ltering approach. The present
section compares the approaches and outlines their similarities and di�erences.

Table 5.9: Comparison between the combination approaches of JTRF2014 (Abbondanza et al.,
2017, 2020) and the F-ERF solution. RMC stands for \rotational minimal con-
straints" (Abbondanza et al., 2020), NNR for \no-net rotation".

Solution JTRF2014 F-ERF solution

Combination software KALREF DOGS-CS
Combination level solutions normal equations
Filtering approach Kalman �lter information �lter
Station motion model trend, annual, semi-annual none
Stochastical model random walk (tuned to NT-L) implicit scaling of NEQs
Orientation RMC w.r.t. ITRF2008 NNR w.r.t. ITRF2014

Tab. 5.9 summarises the most important properties of both approaches. The JTRF2014
is a global TRF solution that delivers epoch-wise �ltered station positions for SLR,
VLBI, GNSS, and DORIS stations. The solution is based on a Kalman �lter approach,
whereby the dynamical model for the station positions is parameterised by a trend
in composition with annual and semi-annual variations. The stochastic model for the
station positions is realised by allowing a random walk that is tuned to cover possible
station position variations caused by non-tidal loading e�ects. Co-located sites are
constrained by introducing local ties at their measurement epoch in conjunction with
co-motion constraints over time. In this way, the JTRF2014 is a reference frame that
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Figure 5.8: Translations (left), scale di�erence, and RMS of the residuals of the Helmert
transformation (right) of (1) the SLR F-ST solution, (2) the GNSS subnetwork of
the F-ERF solution, and (3) the JTRF2014 with respect to ITRF2014.
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Figure 5.9: Spectra of the translation time series with respect to ITRF2014 of (1) SLR F-ST
solution, (2) the GNSS subnetwork of the F-ERF solution and (3) the JTRF2014.

60



5.5 Validation of the results

delivers geocentric station positions for global station networks of the four contributing
space-geodetic techniques SLR, VLBI, GNSS, and DORIS, whereby all stations are
modelled over long periods of time, also outside of their observation period. The
stations of regional sub-networks are not available in the JTRF2014.

Our F-ERF solution, on the other hand, is designed to realise a geocentric datum for a
regional GNSS network, the datum realisation as well as the estimation of the epoch-
wise station positions realised in one common adjustment. The global networks of SLR,
VLBI, as well as the globally-distributed IGS sites, only serve for the purpose to realise
a global TRF datum, while the instantaneous positions of the respective stations are not
of interest. Consequently, our approach omits the explicit modelling of station positions
for these networks, whereby the �ltering approach that is applied at the normal equation
level serves to weight the datum-relevant information content of the networks in order to
stabilise it over time. We thus realise instantaneous (un�ltered) positions for the Latin
American GNSS network that are given in an as-instantaneous-as-possible (�ltered)
geocentric TRF datum, while we omit to model the station positions of the global SLR
and VLBI networks over longer periods of time without observations.

Fig. 5.8 shows the translation time series of the SLR F-ST solution and of the GNSS
subnetwork of the F-ERF solution (cf. Fig. 5.6) with respect to the ITRF2014, comple-
mented by the translation time series of the JTRF2014 with respect to the ITRF2014.
Fig. 5.9 shows the corresponding spectra. As can be seen, the datum of the SLR F-ST
and F-ERF solutions closely follows the JTRF2014 datum, whereby the amplitudes of
the annual period of tx and ty are damped for the GNSS subnetwork of the F-ERF
solution compared to the JTRF2014. This is most probably due to the reason that the
datum of the JTRF2014 is much smoother and that the underlying station positions
explicitly model semi-annual and annual periods, while our �ltering approach realises
an origin with variations distributed over a broader range of frequencies. We assume
this partially to be noise that is related to remaining network e�ects caused by our
approach of epoch-wise realisation of the datum (i.e., LTs are selected and introduced
on an epoch-wise basis), and partially to be actual geophysical signal due to a more
instantaneous realisation of the geocentre.

These assumptions are con�rmed by the translation time series between the GNSS
subnetwork of the F-ERF solution and the JTRF2014. The spectra (Fig. 5.10) do
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Figure 5.10: Spectra of the translation time series of the GNSS subnetwork of the F-ERF
solution with respect to JTRF2014.
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5 Determination of a regional geocentric epoch reference frame for Latin America

Table 5.10: Helmert transformation parameters of the F-ERF solution with respect to
JTRF2014.

F-ERF
Technique datum Wmean WRMS

parameter [mm] [mm]

GNSS tx 1:0 3:1
ty 0:3 3:0
tz � 0:7 4:6

scale 1:8 2:2

not show signi�cant peaks for tx and ty , especially not in the semi-annual and annual
periods that are explicitly modelled in the JTRF2014. For tz, an amplitude of about
1:5 mm is visible near the annual band, which is not dominant in the spectrum. The
WRMS, i.e., the mostly non-systematic scatter, of the translations between the F-
ERF solution and the JTRF2014 is about 3 mm for tx and ty and 4:6 mm for tz, with
systematic o�sets in the range ofB1:0 mm (Tab. 5.10). We thus conclude that there are
only small di�erences between the datum of the F-ERF solution and of the JTRF2014,
with no signi�cant systematic di�erences in the time evolution of the realised origins.

5.5.3 Validation against geophysical models

Within this section, we present validations by Kehm et al. (2022bi ) comparing station-
speci�c time series realised according to our approach to displacement time series de-
rived from geophysical uid loading site displacement models for non-tidal loading
(NT-L) provided by the Earth System Modelling group (ESMGFZ) at the Deutsches
GeoForschungsZentrum (GFZ) Potsdam (Dill and Dobslaw, 2013). Thereby, we use
the combined e�ect of the three NT-L components non-tidal atmospheric (NTAL),
non-tidal oceanic (NTOL), and hydrological loading (HYDL).

Fig. 5.11 shows the correlations between station-speci�c displacement time series de-
rived from the F-ERF solution and from the NT-L models in the CM-frame. All time
series are positively correlated. Fig. 5.12 shows the RMS di�erences between these time
series. Generally, the RMS di�erences are larger in the North component (0:40 cm on
average) than in the East component (0:26 cm on average). This holds especially for
equatorial regions, which can be related to the less reliable realisation of the origin of
the z-coordinate of the epoch reference frame solutions (cf. Fig. 5.6). However, the
magnitude of the RMS di�erences con�rms that the realised horizontal station displace-
ments and the horizontal displacements derived from the NT-L models agree within a
range of several millimetres for most stations. For the Up component, we derive larger
RMS di�erences (0:62 cm on average). In hydrologically active regions like the Amazon
basin, the RMS di�erences in the Up component exceed 1 cm (e.g., for the NAUS site).
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Figure 5.11: i Correlations between the site displacement time series derived from the F-ERF
solution and the ESMGFZ NT-L time series in CM-frame.
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Figure 5.12: i RMS di�erences between the site displacement time series derived from the
F-ERF solution and the ESMGFZ NT-L time series in CM-frame.

Within the framework of these studies, the reprocessed GNSS normal equations (Sect.
5.3.1) were also used to calculate a consistently reprocessed SIRGAS-like solution with
datum realisation via �ducial points (hereafter called \SIRGAS-repro"). As Kehm
et al. (2022bi ) outline, the SIRGAS solutions resemble the datum of the IGS weekly
solution including inherent processing-related discontinuities (cf. left panel of Fig. 5.1;
for more details, refer to Sect. 2 of Kehm et al., 2022bi ). In Fig. 5.13, we compare
selected station-speci�c time series derived from the SIRGAS-repro solution and from
the F-ERF solution to displacement time series derived from the NT-L models. It is
visible that the F-ERF solutions rather resemble the CM-related NT-L signals, whereas
the SIRGAS-repro time series rather resemble the CF-related NT-L signals. However,
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Figure 5.13: Coordinate time series of stations BELE, NAUS, RIO2, and PALM from the
SIRGAS-repro and F-ERF solution compared with the ESMGFZ NT-L time
series in CM- and CF-frames.

the time series of the F-ERF solution also reect the larger noise that we obtain in the
z-direction of the origin, which is directly mapped into the derived displacement time
series. The e�ect is clearly visible in a larger scatter of the North component of BELE
and NAUS, the two stations in the Amazon basin, i.e., close to the equator, and maps
into both the North and the Up components of RIO2 and PALM, the two stations
located in latitudes further in the South.

Especially for NAUS, a station in the hydrologically active Amazon basin, the East com-
ponent features a phase shift between the F-ERF solution and the CM-related NT-L
time series after a discontinuity in the second quarter of 2014. As the displacements of
the F-ERF solution closely follow the pattern visible also for the SIRGAS-repro solu-
tion, we assume that this relates to local e�ects that are not represented by the NT-L
model assumptions for the elastic deformation response of the Earth (e.g., Martens
et al., 2016). For the North components of both RIO2 and NAUS, we observe a phase
shift between the observed F-ERF displacements and the CM-related NT-L values over
the full time span, while we observe a periodic variation of the SIRGAS-repro displace-
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5.6 Summary and discussion of the results

ments which is not visible in the CF-related NT-L signal. We assume that this e�ect
also is related to local e�ects which are not covered by the geophysical uid models.

5.6 Summary and discussion of the results

Within the previous sections, we have outlined our approach to realise a geocentric
regional epoch reference frame for the Latin American SIRGAS GNSS network. The
realisation of the datum was achieved by combining normal equations of global GNSS,
SLR, and VLBI networks. The �lter method implemented for SLR and VLBI, the two
techniques that are relevant to realise the physically-de�ned datum parameters origin
and scale, signi�cantly improves the stability of the datum realisation. The WRMS
deviation (i.e., the scatter) of the epoch-wise Helmert transformation parameters be-
tween the F-ERF solution and the ITRF2014 is reduced by up to 21 % in the x-, 26 % in
the y-, and 28 % in the z-component, as compared to the corresponding transformation
parameters between the U-ERF solution and the ITRF2014. This indicates that the
datum of the F-ERF solution is realised more stable with respect to the multi-year
secular datum of the ITRF2014. Comparing the F-ERF solution to the JTRF2014, a
Kalman-�lter-based epoch-wise sub-secular realisation of the ITRS, we do not �nd sys-
tematic di�erences in the time evolution of the datum parameters realised. Comparing
station-speci�c displacement time series with geophysical models in the CM-frame also
indicates that the realised time series are geocentric. This means that the time series
allow for a direct interpretation with respect to geophysical processes without having
to rely on a transformation between CF-related and CM-related systems.

Our approach exploits global networks for the purpose of datum realisation only, while
the coordinates of interest are only those of the instantaneous GNSS subnetwork in the
regional network. Consequently, the �lter is designed to transfer information content
related to the datum over time, whereby a majority of the observational gaps can be
bridged with information from the past. Thereby, the �lter turns out to be relevant
in two ways, namely, �rst, to stabilise the datum parameters realised from SLR and
VLBI, and second, to guarantee a su�cient number of local ties for a reliable datum
transfer between the technique-speci�c networks. The chosen �lter approach allows
individual epoch-wise determination of the epoch reference frame by relying on space-
geodetic observations that are available at short latencies. By limiting the �ltering to
a restricted time span and to the global SLR and VLBI networks only, our approach
is suitable to realise the datum for dense regional networks without running into the
problem of too large amounts of observations that would require the processed network
to be reduced to a limited number of stations. This is in contrast to the approach of
multi-year reference frames like the ITRF or sub-secular frames �ltered over long time
spans like the JTRF, where the amount of processed data (and with that, the processed
station networks) has to be limited for an appropriate handling.
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5 Determination of a regional geocentric epoch reference frame for Latin America

Relying on recent space-geodetic observation data for each epoch-wise solution makes
our approach independent from reprocessing campaigns after changes in the conven-
tional models. Moreover, the realisation of the origin and scale of the epoch-wise
solutions does not rely on �ducial coordinates, meaning that the realisation of the
physical datum parameters origin and scale is independent from reference coordinates
in a multi-year reference frame which might decrease in accuracy after the end of its ob-
servation period. Consequently, our approach is an opportunity to bridge gaps between
ITRF realisations, whereby the independent realisation of the datum guarantees that
the geophysical relevance of station-speci�c displacement time series in the regional
network is maintained.

As the approach relies on global networks for the datum realisation, it is conceptually
transferable to any other region on the globe by extending a dense regional GNSS sta-
tion network by the global IGS stations. However, as the approach does not perform
an explicit modelling of SLR and VLBI station coordinates over longer observational
gaps, single stations in the global SLR and VLBI networks are not suitable to be used
as reference points for geodetic applications. In this way, our approach is deliberately
developed to realise the datum of dense regional networks at short latencies. Conse-
quently, it complements multi-year reference frames like the ITRF with a global and
stable long-term datum that allows to link geodetic observations over several decades,
and sub-secular frames like the JTRF that is highly valuable for precise orbit deter-
mination in a geocentric frame (Abbondanza et al., 2017, 2020; Rudenko et al., 2018;
Zelensky et al., 2018).

As we could demonstrate, a stable epoch-wise realisation of the physical datum param-
eters origin and scale of the reference frame is highly dependent on the performance
and distribution of the datum-relevant space-geodetic networks of SLR and VLBI. In
this context, SLR is the technique that is essential to realise the origin with high ac-
curacy. This motivates the studies presented in Chapter 6, which shall investigate
which improvements are necessary to enhance the stability of the SLR-derived datum
parameters in the context of di�erent geodetic parameter groups related to the Earth
system.
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6 Satellite Laser Ranging and its relevance
for the stable determination of geodetic
parameters

6.1 Current status and prospects

SLR is the only space-geodetic technique that allows to determine the geocentre {
i.e., the TRF origin { with high accuracy, and it contributes to the realisation of the
TRF scale together with VLBI (e.g., Blo�feld, 2015). Consequently, SLR plays a very
important role concerning the evolution of the accuracy and long-term stability of the
datum realisation of conventional TRFs. As outlined by Blo�feld et al. (2014b) and
demonstrated in Chapter 5, this is of particular relevance for epoch reference frames.
As epoch reference frames are realised for short periods, a good repeatability of the
realised TRF datum is crucial and requires a well-distributed high-performance network
of observing stations. Since the start of observations in the 1960s, the SLR space
and ground segments have undergone a permanent evolution concerning the number of
observed satellites, the number and distribution of SLR stations, and technical evolution
(Fig. 6.1; Blo�feld et al., 2018i ; Pearlman et al., 2019).
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interval between 1979 and 2017.
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Consequently, one important topic of study is the datum quality of SLR-derived TRFs,
especially of the realised origin. Furthermore, SLR contributes to determining the
Earth’s orientation in space, as SLR observations are sensitive to a subset of the ERPs,
namely PM and its rates and LOD, i.e., changes in the Earth’s angular velocity. Similar
to all satellite techniques, SLR is not sensitive to UT1 � UTC directly as satellite
observations cannot separate the Earth’s angular velocity from the common precession
of the observed satellite constellation. SLR observations are sensitive to low-degree
spherical harmonics of the Earth’s gravity �eld model, i.e., the large-area variations in
the Earth’s gravity �eld. This includes the fundamental topic of realising a physical
TRF orientation, meaning that the sensitivity of SLR observations to the sectoral and
tesseral Stokes coe�cients of degree 2 is a crucial issue (cf. Sect. 3.1).

Figure 6.2: i Average SLR station performances and number of weeks with observations for the
�ve observed satellites. The stations are sorted by performance. Station names
are complemented by the geographical latitude.

LUp to now, the global SLR network geometry has been quite inhomogeneous, especially
showing a lack of stations on the southern hemisphere with a concentration of stations
in Europe and Asia. This inhomogeneous global station distribution is one of the
major limiting factors in the datum realisation of TRFs (Collilieux and Altamimi,
2009; Collilieux et al., 2009; Blo�feld et al., 2014b; Blo�feld, 2015; Blo�feld et al.,
2015b). In order to solve this problem, additional sites are considered or already
planned. Together with the Bureau for Networks and Observations (BNO) of the
Global Geodetic Observing System1 (GGOS), the Directing Board (DB) of the ILRS
encouraged di�erent national funding agencies and research institutes to build SLR

1http://www.ggos.org
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systems in strategically valuable places all over the globe.2 The second important
limiting factor is the amount of data produced per station. Lots of the SLR stations
are producing only small amounts of data, whereas just a few stations deliver high
amounts of data. This raises the question what will be the bene�t of improving the
performances of these low-performing stations within a future SLR network.N For a
time span from January 2014 to March 2015, the pass performances, i.e., the number
of passes a station has actually observed in relation to the number of passes theoretically
observable, range from 3 % to 54 % with an average of 13 % (Fig. 6.2).

Several recent simulation studies investigate the e�ect of changing network geome-
tries and tracking scenarios on the parameters related to the TRF datum. Pavlis and
Ku�zmicz-Cie�slak (2009) compare di�erent scenarios for possible future SLR networks
comprising di�erent numbers of stations, Otsubo et al. (2016) perform covariance anal-
yses with respect to grids of stations distributed equally over the globe, and Glaser
et al. (2017, 2019a, b) simulate di�erent space-geodetic networks and also investigate
the e�ect of local ties on the datum realisation. Moreover, further SLR-speci�c as-
pects are under consideration, e.g., the impact of the overall ground-/space segment
geometry on the SLR solution and the potential of including additional targets like
GNSS satellites (Pavlis et al., 2018). The impact of di�erent tracking scenarios on
SLR-derived parameters is investigated by Andritsch et al. (2017, 2020), with a special
focus on GNSS satellites as SLR targets. Bruni et al. (2018) investigate potential im-
provements in the SLR network geometry and the tracking of GNSS satellites, whereby
space ties are used to evaluate the datum realisation via local ties. The GGOS Com-
mittee on Performance Simulations and Architectural Trade-O�s (GGOS-PLATO; cf.,
e.g., M�annel et al., 2018) provides a common framework to coordinate and integrate
the simulation studies performed by the various aforementioned groups, including our
studies presented later in this chapter.

Within the following subsections, we are going to look deeper into di�erent aspects of
SLR. After explaining the measurement principle of SLR (Sect. 6.2), we present studies
on possibilities of extending the space and ground segments of SLR and their impact on
di�erent geodetic parameter groups related to the TRF datum. We start extending the
4-satellite ILRS constellation to a multi-satellite constellation by processing the already
available observations to up to 11 spherical satellites at a time. One major point of
that study is related to the potential to decorrelate di�erent parameter groups and to
enhance the sensitivity of the SLR observations to the low-degree Stokes coe�cients
that are in relation with the TRF datum (Sect. 6.3). We continue with simulation
studies as a look into a possible future (Sect. 6.4): First, we investigate the impact of
an additional satellite in a highly excentric orbit on the estimation of the low-degree
Stokes coe�cients (Sect. 6.5); afterwards, we take a deeper insight into the potential
of extending or improving the SLR ground segment in terms of additional stations or
enhanced performance (Sect. 6.6).

2cf. 2014 ILRS Governing Board meeting: minutes and slides. URL: https://ilrs.gsfc.nasa.gov
/about/reports/meeting_reports.html (2022-06-15).
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6.2 Analysis of SLR observations

LAn SLR measurement is inuenced by a number of e�ects which need to be corrected
for. Among others, the satellite orbit is a�ected by the gravity �eld, the Earth albedo,
solar radiation and { in the case of lower orbits { by the atmospheric drag. The Earth
itself is deformed by tidal forces from other bodies in space, mainly the Moon and the
Sun. These tidal forces also cause ocean tides which have a deforming e�ect on the
Earth as well. Deformations of the Earth’s body lead to displacements of the SLR sites
which have to be taken into account; moreover, these deformations also change the orbit
of the satellite. Furthermore, the SLR laser beam itself is subject to a number of e�ects
when passing through the Earth’s atmosphere (e.g. tropospheric delay). Additionally,
the EOPs have to be taken into account when setting up the observation equation.

Within the Orbit Computation library of the DGFI Orbit Computation and Geodetic
Parameter Estimation Software (DOGS-OC [cf. Sect. 4.2]), the functional model for
laser ranging observations is implemented as (Gerstl, 1997; Blo�feld, 2015)

� � � � Yr sat� tM � �t � � r sta� tM � �t �Y � �� � ctrop � 1 � �r � � crel � csta � cmasc � cmesc, (6.1)

with � being the one-way range measurement,� being the measurement error,r sat
being the 3-dimensional satellite position in the Geocentric Celestial Reference System
(GCRS), tM being the approximated epoch of reexion of the laser pulse at the satellite,
�t being the time bias of the measurement,r sta being the 3-dimensional position of
the station in the ITRS, �� being the range bias of the measurement,ctrop being the
tropospheric range correction, �r being the bias of tropospheric refraction,crel being
the relativistic range correction, csta being the station-dependent SLR correction,cmasc
being the satellite-speci�c centre-of-mass correction andcmesc being the SLR-array
dependent correction. The EOPs are contained implicitly as the station position is
rotated from the Earth-�xed to the space-�xed reference frame. Replacing all modelled
systematic errors in Eq. 6.1 by

esyst;modelled � �� � ctrop � 1 � �r � � crel � csta � cmasc � cmesc (6.2)

yields

� � � � Yr sat� tM � �t � � r sta� tM � �t �Y � esyst;modelled : (6.3)

When processing SLR measurements, all the systematic e�ects mentioned above are
either corrected by conventional models or are estimated parameters (with the model
values as a priori values; [note: in principle, also the time bias�t can be included into
the group of modelled errors, as system-speci�c a priori values are provided in the ILRS
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Table 6.1: Dynamical models for SLR processing.

Force component model

Earth gravity �eld EIGEN-6s
static part up to degree/order 120
time variable part up to degree/order 50

Solid Earth tides IERS 2010 (Petit and Luzum, 2010)
Permanent tide IERS 2010 (Petit and Luzum, 2010)
Ocean tides EOT11a (Savcenko and Bosch, 2012) up to de-

gree/order 30
+ 62 admittance waves (IERS 2010; Petit and
Luzum, 2010)

Atmospheric tides Biancale and Bode 2003 (Biancale and Bode,
2006)

Solid Earth pole tide IERS 2010 (Petit and Luzum, 2010)
Ocean pole tide Desai (2002)
Lunar gravity �eld Konopliv et al. (2001) up to degree/order 50
Third body gravity e�ect Mercury, Venus, Mars, Jupiter, Saturn, Sun,

Moon (DE-421; Folkner et al., 2008)
Solar radiation pressure constant radiation with eclipse modelling
Earth radiation pressure albedo and infrared (Knocke et al., 1988)
Atmospheric drag JB2008 (Bowman et al., 2008; only for LEO

satellites)
General relativistic correction Schwarzschild, de Sitter, Lense-Thirring

(IERS 2010; Petit and Luzum, 2010)
Non-tidal gravitational perturba-
tion

not applied

Thermal radiation not applied

Data Handling File]). NThe measurement error� represents all unmodelled inconsisten-
cies between the measurement� and the modelled (i.e., theoretical) observation on the
right-hand side of Eq. 6.3.

For the studies presented in Chapter 5, the SLR observations (in the context of this doc-
toral thesis, the term \SLR observations" always refers to the so-callednormal points3

as they are routinely provided by the stations) to all satellites have been reprocessed
using background models that represent the most recent state at the time of the study

3Normal points are generated from the original raw observation data by applying a data screening
procedure and calculating time averages over certain satellite-dependent time bins. Refer to, e.g.,
Kehm A. (2019): Data analysis demonstration { data download and normal point computation.
First One-Day Introductory and Refresher Course on Satellite and Lunar Laser Ranging, Stuttgart,
Germany, URL: https://cddis.nasa.gov/2019_Technical_Workshop/SLR_School/index.html
(2022-06-15).

71

https://cddis.nasa.gov/2019_Technical_Workshop/SLR_School/index.html


6 Satellite Laser Ranging

Table 6.2: Geophysical background models for SLR processing.

Model description

A priori station coordinates SLRF2014
Station eccentricities csta ILRS Eccentricity File � a�

Station discontinuities ILRS Discontinuities File � b�

A priori EOP values IERS 14C04 (Bizouard et al., 2019)
with subdaily corrections (Ray et al., 1994)

Mean pole UAW 2017 secular pole model (IERS Conven-
tions 2010, v. 1.3.0� c� )

Precession/nutation IAU2000A/IAU2006 up to degree 10 (Math-
ews et al., 2002)

Solid Earth tides anelastic model (IERS 2010; Petit and Luzum,
2010)

Permanent tide IERS 2010 (Petit and Luzum, 2010)
Ocean tidal displacement EOT11a (Savcenko and Bosch, 2012)
Tidal atmospheric loading S1/S2 tidal model (Ray and Ponte, 2003)
Solid Earth pole tide UAW2017 secular pole model (IERS Conven-

tions 2010, v. 1.3.0� c� )
Ocean pole tide loading Desai (2002)
Non-tidal loading not applied
� a � https://ilrs.gsfc.nasa.gov/network/site procedures/eccentricity.html (2022-06-15)
� b� https://ilrs.gsfc.nasa.gov/network/site information/data correction.html (2022-06-15)
� c� https://iers-conventions.obspm.fr/conventions versions.php (2022-06-15)

Table 6.3: SLR measurement corrections.

Correction description

Tropospheric range correctionctrop Mendes-Pavlis with temperature correction
(Mendes and Pavlis, 2004)

Tropospheric scaling factors (only for LEO satellites)
Centre-of-mass and SLR array cor-
rections cmasc, cmesc

station-/satellite-dependent correction models
(Otsubo and Appleby, 2003; Otsubo et al.,
2015)

Relativistic range correction crel IERS 2010 (Petit and Luzum, 2010)
Range and time biases�� , �t ILRS Data Handling File � a�

� a � https://ilrs.gsfc.nasa.gov/network/site information/data correction.html (2022-06-15)
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(IERS Conventions 2010 with updates until v. 1.3.04 and updated centre-of-mass cor-
rection tables, cf. Rodr��guez et al., 2019). The dynamical models (Tab. 6.1) comprise
the force components disturbing the satellite orbit (r sat� tM � �t � in Eq. 6.1 and 6.3)
and the geophysical background models (Tab. 6.2) comprise the a priori station coordi-
nates, the a priori models for Earth rotation, and the loading displacement models due
to gravitational and non-gravitational e�ects ( r sta� tM � �t � in Eq. 6.1 and 6.3). Finally,
the SLR measurement corrections (Tab. 6.3) comprise all a priori corrections applied
to the original SLR observation (Eq. 6.2). For the SLR simulation studies presented
in Section 6.4, some of these models have been applied according to earlier standards,
being the most recent state at the time of the respective studies. For example, this
comprises the IERS 08C04 EOP time series (Bizouard and Gambis, 2009, 2011) or the
pre-2017 IERS conventional mean pole model (Petit and Luzum, 2010). This does not
have an impact on the interpretation of the results, as these models have been used
consistently within the simulation and the analysis steps.

6.3 Multi-satellite SLR: De-correlating essential geodetic
parameters

The decision which parameters can be estimated in one common adjustment and their
achievable quality are strongly dependent on the sensitivity of the observations to the
parameters. Moreover, it depends on the correlations within and between the di�erent
parameter groups. Correlations between parameters can thereby be caused by physical
or geometrical relation between the estimated quantities (e.g., the correlation between
PM and the nutation, or the correlation between the di�erent zonal Stokes coe�cients),
or by an insu�cient distribution of the observations in space and time (e.g., the SLR
station network).

Figure 6.3: Relations between selected SLR-derived parameter groups. The letters refer to
the matrix blocks explained in Fig. 6.5.

4 IERS Conventions 2010, Working Version 1.3.0, URL: https://iers-conventions.obspm.fr/conv
entions_versions.php (2022-06-15).
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Fig. 6.3 provides an overview of selected parameter groups that are accessible via SLR.
The arrows within the �gure show the dependencies between parameter groups which
become visible in terms of correlations. While a TRF datum realised from SLR is acces-
sible only implicitly via the estimated station coordinates (of a permanently changing
network of observing stations), the correlations within and between the other parameter
groups, namely the satellite-dependent orbit and force parameters, the Stokes coe�-
cients of the Earth’s gravity �eld model, and the ERPs, can be thoroughly investigated.
The less the parameter groups or individual parameters are correlated, the more reli-
able are their estimates resulting from a common adjustment. These parameters are
relevant in the context of observables describing key properties of the Earth. A list of
these parameters is compiled by the GGOS Committee on Essential Geodetic Variables
(EGVs; cf. Sect. 2.2 of Angermann et al., 2022).

Blo�feld et al. (2018 i ) process observations to all past and present spherical satellites,
extending the basic ILRS 4-satellite constellation step-wise to a constellation comprising
up to 11 satellites at a time. The following subsections outline the results with respect
to the impact of an extended space segment on the parameter correlations (Sect. 6.3.1),
the sensitivity of the observations to the Earth’s gravity �eld coe�cients (Sect. 6.3.2)
and their improvement (Sect. 6.3.3).

6.3.1 Correlations between the parameter groups

To date, the o�cial ILRS products comprise only observations to four satellites, namely
the Laser Geodynamics Satellite (LAGEOS) -1 and -2 (LA-1/2), and Etalon-1 and -2
(ET-1/2). Within the nearer future, this constellation shall be extended by a �fth satel-
lite, the Laser Relativity Satellite (LARES; LRS). While LAGEOS-1/-2 and Etalon-1/-
2 are Medium Earth Orbit (MEO) satellites, LARES will complement the constellation
by a Low Earth Orbit (LEO). As shown by Blo�feld et al. (2018 i ), this will signi�cantly
improve the sensitivity of the SLR solution to higher-degree Stokes coe�cients, i.e., it
will allow a higher spatial resolution of the Earth’s gravity �eld than possible with
the current 4-satellite constellation, while other satellites would be more bene�cial to
decorrelate the di�erent parameter groups.

However, it has to be noted that many more spherical SLR satellites are in orbit that
are routinely observed by the stations but are not used to generate the operational ILRS
products. Besides LARES, this group of satellites comprises various LEO and MEO
satellites out of which we will take into account Ajisai (AJI), Starlette (STA; Satellite
de Taille Adapt�ee avec R�eecteurs pour les Etudes de la Terre), WESTPAC (WP1;
Western Paci�c Laser Tracking Network), BLITS (BTS; Ball Lens In The Space), Stella
(STE), and Larets (LTS). Fig. 6.4 indicates the observation periods of all satellites that
have been processed within this study.

To study the correlations among the di�erent parameter groups, we investigated multi-
satellite SLR solutions that were combined from �ve selected constellations, namely
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Figure 6.4: i Time intervals of used SLR observations (blue boxes) to di�erent spherical satel-
lites. The orange boxes indicate time intervals of unused observations with lower
accuracy.

(1) the ILRS 4-satellite standard setup (LAGEOS-1/2 and Etalon-1/2),

(2) the ILRS standard setup plus Ajisai,

(3) the ILRS standard setup plus LARES,

(4) the ILRS standard setup plus Stella,

(3) a solution comprising up to 11 spherical satellites at a time.

LFigure 6.5 shows the average correlation matrices for 218 weekly solutions between
January 13, 2013 and March 18, 2017 (GPS weeks 1723{1940), for �ve selected SLR
constellations.

For a better understanding, we subdivide the correlation matrix into di�erent blocks.
The �rst three blocks represent the correlations within one parameter group each [(cf.
Fig. 6.3; the order of the parameters is according to the parameterisation in DOGS-
CS)]:

(a) Earth’s radiation pressure scaling factor palbe and satellite-speci�c orbital (Kep-
lerian) elements (LAGEOS-1 only).

(b) Stokes coe�cients (selected coe�cients up to degree 6, [see Fig. 5 of Blo�feld
et al., 2018i ]).

(c) x/y-pole coordinates, solar radiation pressure scaling factorprad and LOD pa-
rameters.

The second three blocks give information on the correlations between di�erent param-
eter groups:
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Figure 6.5: i Correlation matrices of di�erent constellation-speci�c SLR solutions. The orbit-
related block is limited to LAGEOS-1 only. The station-related rows and columns
have been omitted due to the varying station network.

(d) Correlations between the Stokes coe�cients and the x/y-pole coordinates and
LOD parameters.

(e) Correlations between the LAGEOS-1 orbit parameters and the Stokes coe�cients.

(f) Correlations between the LAGEOS-1 orbit parameters and the x/y-pole coordi-
nates and LOD parameters.

Block (a) For a 4-satellite solution, the largest correlations can be found between the
empirical accelerations themselves (extrema� � � 0:77 and � � 0:61) as well as between
the mean anomalyM 0;LA1 and the argument of perigee! LA1 which are highly correlated
with a factor of � � � 0:96 due to the very small eccentricity of the LAGEOS-1 orbit.
Signi�cant correlations are also visible betweenpalbe and the semi-major axis aLA1
(� � � 0:69) as well as the sine component of the cross-track empirical acceleration
(� � 0:46). The latter is also signi�cantly correlated with aLA1 . In a 5-satellite solution
adding Ajisai (or Starlette, not shown in the plot), the correlation pattern within this
block remains similar. If LARES or Stella is added, a signi�cant reduction in the
correlations of the sine component of the cross-track acceleration withpalbe and aLA1
can be achieved. This holds also for Larets (not shown in the plot). The reason for
this might be the fact that palbe is determined by the observations of several satellites
at di�erent inclinations [and in di�erent orbital heights] than those of the 4-satellite
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solution which decorrelates the Earth radiation pressure acceleration from o�sets in
aLA1 (radial orbit errors). In the 11-satellite solution, no additional parameters can be
decorrelated in this block of parameters. [ . . . ]

Block (b) Visible are correlations between certain Stokes coe�cients, most notably
betweenC2;0 and C4;0 [(for a detailed investigation of the correlation behaviour, refer
to Sect. 3.2 of Blo�feld et al., 2018i )]. As it can be seen, numerous of these correlations
remain equal for all solutions as most of these correlations are due to the fact that there
is no satellite which is sensitive to only one of the correlated Stokes coe�cients (e.g.,
C2;0 or C4;0 ) and strong mathematical correlations due to their parameterisation exist
between the even low-degree zonal Stokes coe�cients.

Block (c) The daily LOD values are correlated with each other (up to � � 0:60). This
holds also for the daily x/y-pole coordinates (up to � � 0:43). Here as well, the investi-
gated 5-satellite solutions can be divided into two groups: While the pole coordinates
are decorrelated in any case, the correlations between the LOD parameters are getting
smaller in case of the inclusion of Ajisai or Starlette, whereas they increase in case of
the inclusion of LARES, Larets or Stella. Again, this behaviour might be caused by
the inclinations of the satellites. Within the 11-satellite solution, all correlations are
reduced signi�cantly.

Block (d) For a 4-satellite solution, only a small correlation between theC2;0 and
the LOD parameters is visible. If Ajisai or Starlette is added to the solution, these
correlations remain small. However, additional correlations betweenC4;0 and the LOD
parameters (up to � � 0:38) become visible. In contrast to this, adding LARES, Larets
or Stella in the solutions increases the correlations between the LOD parameters and the
sine component of the cross-track acceleration (up to� � � 0:76), C2;0 (up to � � � 0:75)
and C4;0 (up to � � � 0:71). Consequently, the determination of LOD should always
be based on satellites with orbit inclinations which cause prograde and retrograde
precessions of the orbital plane.

Block (e) Signi�cant correlations are visible betweenpalbe and C2;0 (� � � 0:39) as well
as C4;0 (� � 0:48). The sine component of the cross-track empirical acceleration is
highly correlated with C2;0 (� � � 0:82) and C4;0 (� � 0:95). This fact was previously
discussed by Blo�feld et al. (2014a) who studied in detail the correlations within an
estimation of orbital parameters and Stokes coe�cients together with LOD. The cosine
component of the along-track empirical acceleration is correlated withC3;0 (� � 0:69).
In the 11-satellite solution, all these correlations between the orbit parameters and the
Stokes coe�cients are reduced. A crucial issue is the correlation between the longitude
of the ascending node 
LA1 and the low-degree even zonal Stokes coe�cients (especially
C2;0), which has already been investigated in detail by Blo�feld et al. (2015a). In a
single-satellite solution, these parameters cannot be distinguished. With the 11-satellite
constellation setup, these two parameters are nearly totally decorrelated.

Block (f ) A signi�cant correlation is visible between palbe and prad (� � 0:54). In
addition, small correlations are seen between all LOD parameters and 
LA1 (up to
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� � 0:25) as well as the sine component of the cross-track acceleration (up to� � 0:14)
and C2;0 (up to � � � 0:25). If Ajisai or Starlette is added to the solution, the correlations
between LOD and the sine component of the cross-track acceleration are getting slightly
higher up to � � 0:42. In contrast, adding LARES, Larets or Stella increases these
correlations signi�cantly up to a value of � � � 0:76. The 11-satellite solution minimises
most of these correlations; the correlations betweenprad and palbe remain in any case,
as well as small correlations between LOD and the empirical accelerations.

To conclude, the investigated 5-satellite solutions can be subdivided into two groups.
Whereas the �rst group (Ajisai and Starlette) reduces the correlations between the LOD
parameters, the orbital elements and the Stokes coe�cients, respectively, the second
group (LARES, Larets and Stella) increases them. This is, most probably, due to the
speci�c inclinations of the satellites resulting in a di�erent precession period. As the
satellites of the �rst group have lower inclinations and therefore a higher precession rate
of their orbital planes (cf. Eq. 2 in Blo�feld et al., 2014a), they can better distinguish
between LOD and orbital parameters. This behaviour results in a higher sensitivity
to variations in LOD and C2;0 which causes higher correlations. On the other hand,
the second group decreases correlations between the sine component of the cross-track
empirical acceleration andaLA1 as well aspalbe, respectively.

A solution including up to 11 satellites can remove nearly all correlations between dif-
ferent parameter groups. Remaining are only correlations among the Stokes coe�cients
themselves and within the block of satellite-speci�c orbit parameters which are due to
mathematical-physical reasons (due to the parameterisation). The correlation between
! LA1 and M 0;LA1 cannot be solved as the LAGEOS-1 orbit is nearly circular, which
means that these two parameters cannot be separated properly.N

6.3.2 Sensitivity of the observations to the coe�cients of the Earth’s
gravity �eld

LSolutions computed using SLR observations to di�erent satellite constellations allow
it to estimate di�erent sets of the Earth’s gravity �eld coe�cients. Generally, the
more satellites with di�erent orbit characteristics are used, the more reliably (small
correlations) can the low-degree spherical harmonic coe�cients be estimated. The
possibility to freely estimate a parameter includes two aspects: First, the observations
should be sensitive to the parameter, and second, the parameter should not be highly
correlated with other estimated parameters. Thus, the impact of a satellite on the SLR
constellation solution can be analysed regarding its contribution to the sensitivity of
the solution to a speci�c Earth’s gravity �eld coe�cient and regarding its contribution
to the decorrelation of the parameters. [ . . . ]

For this analysis, we use the approach by Floberghagen (2001): the free normal equation
matrix of a constellation reects the contribution of observations to each parameter
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included in this NEQ. This allows us to quantify this contribution for all parameters
of interest using the respective NEQ:

Cx � � N � � K � � 1N , (6.4)

where the diagonal elements ofCx are a vector of the length of the parameter list
x , N is the free normal equation matrix and � K is a diagonal regularisation matrix.
The diagonal elements of the K-matrix were all the same. The value of� was chosen
empirically under the condition that it should, on the one hand, repair the singularities
of the initial normal matrix and allow us to invert it, and, on the other hand, it should
not be too big to avoid the over-regularisation, with the contribution of the observations
to all the parameters fully replaced by the constraint. In our case, the value was 10� 8.

The computation of the main diagonal elements ofCx gives us a value of observation
contribution for each parameter between 0 and 1. The value 1 means that the solution
is sensitive to the parameter and it can be estimated based on the observations. The
value 0 means that the observations do not contribute to the parameter at all, the
solution is insensitive to it, and thus the parameter cannot be estimated.

Some examples are given in Fig. 6.6. In the upper panel, the sensitivity of the basic
SLR solution based on observations to 4 satellites for the GPS week 1773 (December
29, 2013, until January 5, 2014) to the gravity �eld coe�cients up to degree and order
60 (to avoid omission errors) is shown. As it can be seen, the solution is sensitive to
most spherical harmonic coe�cients up to degree and order 3. When one satellite is
added to the basic 4-satellite solution, the sensitivity changes dramatically, depending
on the orbital characteristics of the added satellite. The middle panel of Fig. 6.6 shows
a solution for the same week with the gravity �eld coe�cients set up to degree and
order 60, where LARES was added to the basic con�guration. This solution shows a
much higher sensitivity to the Earth’s gravity �eld coe�cients.

When up to 11 satellites are included in the solution (see Fig. 6.6, lower panel), the
sensitivity of the SLR constellation shows its maximum with a sensitivity of up to
degree and order 20 for the tesseral coe�cients and up to degree and order 6 for the
zonal coe�cients, among the cases studied here. The orbital resonances derived in
Table 1 [of Blo�feld et al. (2018i )] are clearly identi�ed in Fig. 6.6 (lower panel). N

The results lead us to the conclusion that the 11-satellite SLR constellation allows
a reliable determination of Stokes coe�cients up to degree and order 6, while a reli-
able estimation of the higher-degree Stokes coe�cients is not possible from this SLR
constellation.

LThe sensitivity tests show if observations included in a solution allow us to separate
information of speci�c Stokes coe�cients. Thus, if the contribution is zero, the respec-
tive coe�cient cannot be reliably estimated using these observations. The opposite
statement, that a contribution equal or close to 1 means that a coe�cient can be re-
liably estimated, is not always true. This is due to the existing correlations between
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Figure 6.6: i Sensitivity of SLR observations of 4 satellites (LAGEOS-1/2 and Etalon-1/2;
upper panel), 5 satellites (4 satellites + LARES; middle panel) and up to 11
satellites (lower panel) to the Earth’s gravity �eld coe�cients.

di�erent gravity �eld coe�cients, which are not reected by the sensitivity tests. If two
parameters are correlated one-to-one, the sensitivity of the solution may be very high
for both of them, but it would not be possible to estimate them together in one solution.
At the same time, adding observations of di�erent satellites may help to decorrelate
some gravity �eld parameters.N

6.3.3 Improvement of selected gravity �eld coe�cients

This section is dedicated to investigating the scatter (in terms of WRMS values) of
time series of low-degree Stokes coe�cient estimates. The smaller the derived WRMS
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is, the smaller is the scatter of the solutions. This means that a smaller WRMS in-
dicates a better repeatability of the results, which means that we consider a smaller
WRMS of a Stokes coe�cient as an improvement of the repeatability of the estimated
parameter. Thereby, we take the 4-satellite solution as basis and look at the magnitude
of improvement of the scatter of the time series when the constellation is extended.

Figure 6.7: i Improvements in the WRMS over the weekly SLR gravity �eld coe�cient solu-
tions w.r.t. the 4-satellite solution. Coe�cients marked in grey have not been
estimated. Note: In the solution 4-sat. + STE, S3;2 is degraded by 13 % (coe�-
cient marked in black).

LAn overview about the achieved WRMS improvements w.r.t. the 4-satellite solution
is given in Fig. 6.7. Looking at the di�erent 5-satellite solutions, one can observe a
di�erent pattern of improvement, especially for the gravity �eld coe�cients up to order
3. The WRMS of C2;0 (and also of C2;1 and S2;1) is improved by all satellites with
maximum values of over 40 % for Ajisai, LARES and Stella. Striking is the improve-
ment behaviour of the WRMS of C3;0. Whereas this coe�cient is improved extremely
by Ajisai (94 :3 % improvement) and still by C50 % by LARES and Stella, Starlette and
Larets yield improvements B 40 % with a minimum of only 14:5 % for Starlette. The
WRMS of C4;0 is mainly improved by LARES and Stella by C80 %, respectively, and
Larets by 74:5 %. All these three satellites have inclinationsA 60X. In contrast, Ajisai
and Starlette improve this coe�cient by @50 %. The smallest improvements in WRMS
of the tesseral gravity �eld coe�cients are visible for Larets and Stella (inclinations
of C 98X), followed by LARES (medium inclination of i LRS � 69:5X). The biggest im-
provements in these coe�cients can be determined for Ajisai and Starlette (inclinations
around 50X). All the sectoral GFCs are most improved by LARES. In the 11-satellite
solution, all coe�cients are signi�cantly improved by at least 40 % and reaching almost
100 % for degree 5, as well as degree 4, 6, and order 1 coe�cients. Therein, each satel-
lite contributes to speci�c coe�cients based on the geometry of Earth’s gravitational
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�eld and satellite orbital plane. This means, each coe�cient is, to a certain extent,
improved by a speci�c satellite (e.g., C3;0 by Ajisai) or by a combination of satellites.N

6.4 Simulation of potential future scenarios

DOGS-OC includes a simulation modus that has been made operational for the studies
presented hereafter. It allows to simulate SLR observations from existing or �ctional
stations to existing or �ctional satellites. The software allows to set the observation
rate (i.e., the normal point bin size), the satellite’s centre-of-mass correction, and a
minimum elevation angle as global parameters for all stations. Additionally, perfor-
mance (percentage of observed passes), measurement noise, range and time biases, or
coordinate o�sets can be de�ned for each station individually. While the simulations
are performed independently for all satellites, additional post-processing scripts have
been developed to reduce the simulated observations to certain observation patterns
and to remove \simultaneous" observations of a single station to di�erent satellites at
a time via a satellite priority list.

In the following, Sections 6.4.1 to 6.4.3 outline the simulation and solution workow
and the underlying assumptions.

6.4.1 Simulation procedure

Based on orbital elements solved from real observations, the simulation, combination,
and solution workow is implemented according to Fig. 6.8 and comprises �ve steps,
namely

(1) simulate observations for all stations,

(2) estimate the initial orbital elements from the simulated observations,

(3) generate normal equations based on the simulated observations and the initial
orbital elements from step (2),

(4) calculate single-satellite solutions, and

(5) calculate a 5-satellite combined solution.

In step (1), observations are simulated for all stations with 100 % performance based
on a dynamically-integrated satellite orbit from previously-estimated initial elements.
Afterwards, the simulated observations are reduced according to the station-speci�c
performances and the satellite priority list. Steps (2) to (5) are identical to the work-
ow to process real observation data: Step (2) delivers better initial values for the
parameters that shall be determined in step (5), step (4) is required to determine the
relative weights of the satellite-speci�c contribution in the combined solution in step
(5). These weights are calculated based on the a posteriori variance factors of the
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Figure 6.8: i SLR simulation and solution process for one week.

single-satellite solutions from step (4). The single-satellite processing steps (1) to (3)
are performed with DOGS-OC, while the combination and solution steps (4) and (5)
are performed with DOGS-CS.

To ensure comparability of the results, the di�erent scenarios are simulated under
the assumption of an observation scheduling of three normal points at the beginning,
mid, and end of each observed pass. This is in accordance with the tracking scheme
recommended by the ILRS for orbit determination.
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Within the following sections, we analyse time series of weekly SLR solutions for dif-
ferent geodetic parameters. The solutions are processed from observations that have
been simulated according to di�erent scenarios. Our criterion of interest is the WRMS
deviation between the a priori values of the parameters and their solutions. To quantify
the datum repeatability of ERFs, this means to compute the WRMS over time series of
Helmert transformation parameters between the ERF solutions and the a priori TRF.
To quantify the repeatability of the ERPs or the Stokes coe�cients, this means to
calculate the WRMS over the di�erence time series between their estimates and their
a priori values. Consequently, the WRMS delivers us a measure for therepeatability
of the solution and gives a hint how well the assumed scenario (satellite constellation,
network geometry, performances and observation errors) allows us to re-determine the
a priori values of the geodetic parameters from the simulated observations.

6.4.2 Representation of the measurement error

SLR observations are simulated by calculating a theoretical observation, which is the
geometrical distance between an SLR station and a satellite at a given epoch corrected
by all modelled e�ects according to Eq. 6.1. To guarantee realistic conditions, this
theoretical observation has to be \degraded" in quality in order to take into account
potential errors of systematic and non-systematic nature. We thus divide the measure-
ment error � (Eq. 6.3) into two parts

� � esyst;unmodelled � eerr , (6.5)

namely one part esyst;unmodelled representing systematic model de�ciencies (i.e., remain-
ing inaccuracies of the models that coveresyst;modelled in Eq. 6.3), and another part eerr
representing remaining errors of unknown source and magnitude.

To account for the systematic model de�cienciesesyst;unmodelled , we vary some of the
geophysical background models between the simulation step, i.e., the generation of sim-
ulated observations, and the orbit recovery step, i.e., the processing of these simulated
observations. LWithin this study, we have limited this modi�cation to the Earth grav-
ity �eld model, the ocean tide model, and the ocean loading model. The gravity �eld
model has been switched between EIGEN-6s (F�orste et al., 2011) for the simulation
step and GGM05S (Tapley et al., 2013; Ries et al., 2016) for the orbit recovery step.
The ocean tide and ocean loading models have been switched accordingly from EOT11a
(Savcenko and Bosch, 2012) to FES2004 (Lyard et al., 2006). Studies investigating the
impact of di�erent ocean tide and gravity �eld models on the orbit RMS of real-data
processing have determined an average variation of up to 1:3 mm for ocean tide models
(So�snica, 2015) and a variation of up to about 0:2 mm caused by switching between
di�erent recent gravity �eld models from the post-CHAMP era (So�snica et al., 2012).

The second measurement error componenteerr has been assumed to behave like white
noise. It is represented by a simulation noise with a standard deviation of� sim added to
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the simulated SLR observations. This error component contains the measurement noise
or the normal point (NP) precision as well as remaining unmodelled errors, respectively.
It can thus be represented as

� sim �
…

� 2
sta � � 2

other ; (6.6)

with � sta denoting the normal point precision (B 1 mm) and � other referring to all
other errors. Clearly, � sim is dominated by the � other contribution, rather than the NP
precision, which is not a limiting factor.NAs standard case, we have chosen a simulation
noise of � sim � 1 cm, as this value closely approximates the average orbit RMS derived
from real observations with estimating station coordinates, range biases (for certain
stations only), EOPs, empirical forces and atmospheric drag coe�cients.

LThe issue of the station-dependent range biases in the existing SLR network (e.g.,
Coulot et al., 2008; Appleby et al., 2016) has not been taken into account in the present
simulations. As this study is focused on the impact of additional stations [or satellites]
(geometry) or an increasing amount of data (performance), the range biases have been
omitted for all stations { existing and future { as they are unknown for potential future
stations.N

6.4.3 Station performances and observed satellite constellation

All of our simulations take as reference case the future ILRS 5-satellite constellation
comprising LAGEOS-1/-2, Etalon-1/-2, and LARES, observed by the existing network
of SLR stations. Thereby, the station (pass) performances of the network are chosen
such that they reect the actual performance of each individual station over a chosen
time span excluding longer periods of inactivity. This means that the performance of
existing stations has been determined for those weeks in which the station has actually
delivered observation data. In the simulations, the stations of the existing network
have, consequently, either been simulated with their determined average performance
(within weeks where the station has actually been active), or they have been omitted
(within weeks where the station has actually been inactive). The assumed minimum
elevation angle for simulated observations has been set to 10X for all stations. The
reference case is then compared to other scenarios where either additional satellites are
added to the space segment, or additional stations are added to the ground segment,
or the existing stations of the ground segment are enhanced in performance. Details
about the performance assumptions for existing and additional stations are provided
in the following subsections that describe the di�erent simulated scenarios.
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6.5 Extending the SLR space segment

In the coming years, the SLR space segment shall undergo signi�cant changes due to the
launch of additional satellites. The 2016 call for proposals for the ESA Earth Explorer
Opportunity Mission EE-9 led to a proposal for a mission called European Geodetic
Reference Antenna in Space (E-GRASP)/European Reference Antenna of Space Geode-
tic Techniques Enhancing Earth Science (Eratosthenes). The E-GRASP/Eratosthenes
mission proposed a satellite co-locating all space-geodetic techniques on one platform,
with one major goal being to achieve millimetric TRF precision by co-locations in space
(Biancale et al., 2017). Besides these aforementioned advantages, a satellite in an E-
GRASP-like orbit would extend the current SLR constellation { featuring only nearly
circular orbits in di�erent heights { by a highly excentric orbit with heights varying
between 700 and 7000 km (Fig. 6.9).

Figure 6.9: The future ILRS 5-satellite constellation extended by an E-GRASP-like orbit as
assumed for the simulation study.

Simulation studies conducted within the framework of the E-GRASP/Eratosthenes
proposal investigate the impact of enhanced SLR space and ground segments on the
estimation of low-degree spherical harmonics of the Earth’s gravitational �eld model
and on the correlations between di�erent parameter groups. The study compares a
5-satellite solution combining LAGEOS-1/2, Etalon-1/2, and LARES (future ILRS
setup) to a 6-satellite solution including a satellite in an E-GRASP-like orbit. For
the purpose of this study, the satellite has been assumed as a spherical satellite with
SLR retro-reectors only. In order to determine which parameter improvements can be
related directly to the improved orbit constellation, the study also contrasts simulations
with the existing SLR station network against a scenario with eight additional stations
as assumed by Kehm et al. (2018i , cf. Sect. 6.6.1). Tab. 6.4 summarises the simulation
conditions.

86



6.5 Extending the SLR space segment

Table 6.4: Simulation assumptions for an SLR space segment extended by an E-GRASP-like
orbit.

Statistics and performance assumptions

Pass performances of the exist-
ing network

station-speci�c average for GPS weeks 1773
(2013-12-29) to 1833 (2015-02-28)

Average network performance 13 %
Maximum performance 54 % (Yarragadee)
Additional stations 13 % (La Plata), 15 % (Colombia, Canary Is-

lands, Ny-�Alesund, Ponmudi, Mount Abu), 20 %
(Nigeria, Malindi)

Solution setup

Sampling weekly
Time span week 1773 (2013-12-29) to 1833 (2015-02-28)
Constellation 5 satellites (Etalon-1, Etalon-2, LAGEOS-1,

LAGEOS-2, LARES)
Observation scheme each pass simulated with 3 NPs at the beginning,

middle, and end (simultaneous observations of a
station to multiple satellites removed)

Noise/error assumptions

Observation (NP) noise 1 cm
Systematic errors switch of gravity �eld model (EIGEN6s to

GGM05S) and ocean tide and ocean loading
models (EOT11a to FES2004)

The assumed E-GRASP/Eratosthenes initial state vector at epoch 2012/01/01 00:00
UTC has been chosen as:

- semi-major axis: a � 10488:277 km,

- eccentricity: e � 0:32,

- inclination: i � 116:6X,

- longitude of the ascending node: 
 � 131:803X,

- argument of perigee:! � 180:0X,

- mean anomaly: M � 180:0X.

As Fig. 6.10 (left panel) shows, an SLR satellite in an E-GRASP-like orbit reduces the
standard deviations of the estimated low-degree harmonic coe�cients by up to 30 %.
The largest improvements are seen inC2;0, C4;0, and in tesseral and sectoral terms of
degrees 3 and 5 (coe�cients marked in grey were not estimated).
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Figure 6.10: Impact of an E-GRASP-like orbit on the estimated standard deviations of SLR-
derived low-degree gravity �eld coe�cients. Improvement by the E-GRASP-like
orbit (left), dominance of the additional orbit vs. dominance of the improved
ground segment (right).

Table 6.5: Correlation coe�cients � between C2;0 and the right ascension of the ascending
node of LAGEOS-1 (
 LA1 ). Taken from Blo�feld et al. (2015a), extended by values
determined for an additional E-GRASP-like orbit (lines in bold script).

Solution satellite constellation �

LA1 LA1 1.00
2-sat. LA1/2 0.44
4-sat. LA1/2, ET1/2 (current ILRS setup) 0.44
4-sat. + BTS LA1/2, ET1/2, BTS 0.43
4-sat. + LTS LA1/2, ET1/2, LTS 0.41
4-sat. + EGR LA1/2, ET1/2, EGR 0.39
4-sat. + STE LA1/2, ET1/2, STE 0.31
4-sat. + STA LA1/2, ET1/2, STA 0.28
4-sat. + AJI LA1/2, ET1/2, AJI 0.24
4-sat. + LRS LA1/2, ET1/2, LRS (future ILRS setup) 0.24
6-sat. (1) LA1/2, ET1/2, AJI, STE 0.24
6-sat. (2) LA1/2, ET1/2, LRS, EGR 0.23
7-sat. LA1/2, ET1/2, AJI, STE, STA 0.22
8-sat. LA1/2, ET1/2, AJI, STE, STA, BTS 0.21
9-sat. LA1/2, ET1/2, AJI, STE, STA, BTS, LTS 0.21
10-sat. LA1/2, ET1/2, AJI, STE, STA, BTS, LTS, LRS 0.08

In order to separate the impact of the additional number of observations { which results
from adding the satellite or adding stations to the solutions { from the impact of im-
proved observation geometry on the solution, scaling the resulting standard deviations
by the

”
n law allows to assess which of the aspects is dominant for the improvement

of the standard deviation of each Stokes coe�cient. Fig. 6.10 (right panel) summarises
the results from this comparison. We conclude that the tesseral and sectoral Stokes
coe�cients of degrees 3 and 5,C2;0, and C4;0 bene�t directly from the observation
geometry improved by the E-GRASP orbit. In contrast, C3;0 and the tesseral and
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sectoral coe�cients of degrees 2 and 4 mainly bene�t from the additional amount of
observations to an additional satellite or from additional SLR stations.

For orbits with inclinations C50 deg,C2;0 is highly correlated with the right ascension
of the ascending node. The two parameters can be decorrelated by combining satellites
with di�erent inclinations. Thus, the correlation is a measure for the impact of the
additional satellite on the estimated Stokes coe�cients. Tab. 6.5 shows the contribution
of an E-GRASP-like satellite to decorrelating the right ascension of the ascending node
of LAGEOS-1, 
 LA1 , from the gravity �eld coe�cient C2;0, within the context of results
from previous studies by Blo�feld et al. (2015a). The results indicate that adding an
E-GRASP-like satellite to the current 4-satellite or the future 5-satellite constellation
would signi�cantly decorrelate C2;0 and the right ascension of the ascending node 
LA1 .

6.6 Improving the SLR ground segment

This section is dedicated to two possible ways to improve the SLR ground segment,
namely either the inclusion of additional stations into the network or the improvement
of the performance of the stations in the existing network.

Predicting the impact of additional SLR stations on the SLR-derived parameters is
highly relevant as the �ndings can help to decide which regions should be prioritised to
host new SLR systems. Fig. 6.11 shows an overview about the studies presented in the
following sections. Thereby,Study A is one part of a study published by Kehm et al.

Figure 6.11: Overview about the di�erent simulation studies on SLR network extensions.
The triangles denote the stations of the existing network and are colour-coded
according to their average pass performances between 2012-12-28 and 2015-02-28
(cf. Fig. 6.2).
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(2018i ), investigating the impact of a network extended by eight globally-distributed
additional stations, and comparing the results to a network that has enhanced station
performances (Sect. 6.6.1). Afterwards,Study B puts the focus on three potential
stations in the Australian network that could improve the SLR network geometry on the
southern hemisphere (Sect. 6.6.2). Finally, free from any geographical or administrative
constraints, Study C, published by Kehm et al. (2019i ), aims to determine the best
locations for additional SLR stations with respect to di�erent TRF datum parameters
and EOPs (Sect. 6.6.3). Section 6.7 concludes with a summary of the results.

6.6.1 Study A: Extending the global SLR network

One part of the study by Kehm et al. (2018i ) is to investigate the impact of an SLR
network extended by eight globally-distributed additional stations. The simulation
conditions are summarised in Tab. 6.6. We assume the calculation of week-wise SLR-
only-derived epoch reference frames over a time span of 61 weeks between the end of
December 2013 and February 2015. We estimate the station coordinates, the ERPs,
and the initial state vector of the satellite. The NNR condition to realise the TRF
orientation is applied to the whole network in order to determine a direct e�ect of the
improved network geometry on the epoch-wise realisation of the orientation (omitting
di�erentiation between core and non-core stations). We simulate four di�erent scenar-
ios that assume observation noises of 1 cm (reference case), 7 mm, 4 mm, and �nally
1 mm, respectively, for all stations and all satellites. The station-speci�c minimum
station performances of the existing network are set to the average performance values
determined for the chosen time span (cf. Sect. 6.4.3). In case of future stations, the
performance values are chosen as 13 % (the average performance of the existing net-
work) for La Plata (Argentina), 15 % (the rounded average performance of the existing
network) for Colombia, the Canary Islands, Ny-�Alesund (Spitsbergen), Ponmudi and
Mount Abu (India), and 20 % for the stations in Nigeria and Malindi (Kenya). We
intend the chosen performances to reect the operating conditions of a station at the
time when it might be established, without a signi�cant technological improvement
compared to the existing systems. To investigate the impact of enhanced performances
due to a technical improvement, we perform simulation runs assuming minimum net-
work performances of 20 %, 40 %, 60 %, and 80 %.

With respect to the inuence of additional stations, the results suggest a relative im-
provement of the WRMS values of all parameters that is rather independent from the
chosen minimum network performance or the chosen measurement noise. While the
TRF datum parameters improve by about 15 % for tz and about 20 % for tx , ty , and
the scale, the ERPs improve to a smaller extent by about 3{5 % on average. We relate
the small e�ect on the ERPs to the fact that the station clusters in Europe and East
Asia do already cover the two axis directions ofxpole and ypole comparably well. A
signi�cant improvement is also visible for the condition number of the normal equation
matrix { a measure for the overall solution quality { which is reduced by about 13 %.
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Table 6.6: Simulation assumptions for a global SLR network extension.

Statistics and performance assumptions

Pass performances of the exist-
ing network

station-speci�c average for GPS weeks 1773
(2013-12-29) to 1833 (2015-02-28)

Average network performance 13 %
Maximum performance 54 % (Yarragadee)
Additional stations - minimum: 13 % (La Plata), 15 % (Colombia,

Canary Islands, Ny-�Alesund, Ponmudi, Mount
Abu), 20 % (Nigeria, Malindi)
- runs with step-wise increased performance for
the whole network (existing and new stations; cf.
Kehm et al., 2018i )

Solution setup

Sampling weekly
Time span week 1773 (2013-12-29) to 1833 (2015-02-28)
Constellation 5 satellites (Etalon-1, Etalon-2, LAGEOS-1,

LAGEOS-2, LARES)
Observation scheme each pass simulated with 3 NPs at the beginning,

middle, and end (simultaneous observations of a
station to multiple satellites removed)

Noise/error assumptions

Observation (NP) noise 1 cm, 7 mm, 4 mm, 1 mm
Systematic errors switch of gravity �eld model (EIGEN6s to

GGM05S) and ocean tide and ocean loading
models (EOT11a to FES2004)

From simulation runs varying the minimum performance of the SLR network, we �nd
that enhanced station performances signi�cantly improve the derived TRF datum pa-
rameters and the condition number of the normal equation matrix, while the ERPs
are less improved, yet signi�cantly more than by the improved network geometry. As-
suming a (theoretical) network performance of 80 % for all stations, the WRMS of the
TRF datum parameters can be improved by up to more than 70 % (depending on the
parameter), while the ERPs can be improved by up to 48 %. The condition number of
the normal equation matrix can be reduced from the order 108 by over 95 %, meaning a
reduction by two orders of magnitude. For the datum realisation of ERFs, these results
indicate that a theoretical high-performing SLR network could signi�cantly stabilise the
epoch-wise realised datum. For more details, refer to Fig. A.1 in the Appendix and the
original publication by Kehm et al. (2018i ).
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Table 6.7: Improvement of the WRMS of the Helmert parameters and of the RMS of the
transformation residuals due to technical improvement, improved network geome-
try, and combined e�ect for a minimum global SLR network performance of 20 %.
Values taken from Tab. 2 in (Kehm et al., 2018i ).

�WRMS �RMS
tx ty tz scale of residuals

Technical improvement 10 % 27 % 14 % 49 % 44 %
Network geometry 18 % 20 % 24 % 20 % 7 %
Combined e�ect 26 % 41 % 35 % 59 % 48 %

Table 6.8: Improvement of the WRMS of the ERPs due to technical improvement, improved
network geometry, and combined e�ect for a minimum global SLR network perfor-
mance of 20 %. Values taken from Tab. 2 in (Kehm et al., 2018i ).

�WRMS
xpole ypole LOD

Technical improvement 10 % 10 % 4 %
Network geometry 4 % 5 % 2 %
Combined e�ect 13 % 15 % 6 %

LThe question that arises is: Which of the scenarios is most likely for the nearer future?
Performances of 80 % do not only require the administrative and technical conditions
allowing the stations to be permanently operational (e.g., automatisation of the ground
systems). Also the weather conditions at the site need to be appropriate in order to
perform measurements. Thus, we assume that it will not be possible to increase the
minimum performance of the network to more than 20 % in the foreseeable future. For
about one third of the existing stations, this would mean a performance value two
to three times as high as presently. Tab. 6.7 and 6.8 summarise the e�ect of technical
improvement (increased performance), the e�ect of the improved network geometry, and
the combined e�ect for the simulated case assuming a minimum network performance of
20 %.N For all Helmert parameters, it turns out that the e�ect of an improved network
performance and of an improved network geometry are equally important. A signi�cant
improvement is visible for the translation components, where the e�ect of the improved
network geometry dominates fortz and tx while the e�ect of the improved performance
dominates for ty , the scale, and also for the overall RMS of the transformation residuals.
As outlined above, the quality of the ERPs is mainly improved by a higher network
performance, as the station distribution is already well-adjusted to the axes of polar
motion.

The improved datum stability achieved by extending the SLR network and by enhancing
the performance of the stations also has an impact on the station position residuals
resulting from the Helmert transformation on the a priori reference frame and are shown
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in Fig. A.2 in the Appendix. LEspecially for the high-performant stations located in
regions with a low network density on the southern hemisphere, the bene�t from an
improved network geometry and the indirect e�ect of a higher network performance are
of equal importance (remember, the performance has not been improved any further for
stations whose value is already above 20 %). The WRMS values are improved by up to
20 % by each e�ect leading to a combined improvement of up to about 40 %. This holds
for Mt. Stromlo, Yarragadee (both Australia), and Hartebeesthoek (South Africa),
but also for certain Central European stations like Graz (Austria; East component),
Zimmerwald (Switzerland; East and height component), and Wettzell (Germany; East
component). For stations in regions with a high network density (Europe, East Asia,
North America, Arequipa/Peru), the performance is the dominant factor (15 %{50 %
WRMS reduction). For these stations, the e�ect of an improved network geometry
reduces the WRMS by up to about 15 %. Especially for the stations in North America
and East Asia, no improvement in the North coordinate WRMS value can be seen.
An increased WRMS, as can be seen for a small number of stations, can result from
indirect e�ects via the estimated orbit { when performances of surrounding stations
are improved or additional stations are added to the network { in combination with
increased weights due to the larger number of observations for a number of weekly
solutions, even if the coordinate residuals themselves are not getting signi�cantly larger
w.r.t. the reference solution.N

6.6.2 Study B: Extending the SLR network on the southern hemisphere

In order to �gure out the value of additional SLR stations in the Australian subnetwork,
we simulated the existing network and di�erent scenarios for an extended network over a
time span of approximately 4.5 years between 12/2014 and 07/2019. The assumptions
taken are summarised in Tab. 6.9. The results are based on an SLR-only weekly
epoch reference frame solution. The assumed average pass performance of 22:5 % for
each additional SLR station has been chosen as a conservative guess, as the minimum
performance of current Australian SLR systems is already 29 % (Mt. Stromlo).

Eight scenarios have been simulated (Tab. 6.10): Scenario 0) simulates the existing
network only, Scenarios 11){13) each add one out of three potential stations (green
stars in Fig. 6.11) to the existing network, Scenarios 21){23) each add two of these
stations at a time, and Scenario 31) adds all three stations together.

Tab. 6.11 provides the relative improvements derived for the TRF datum (in terms of
reduced WRMS values) and Tab. 6.12 provides the relative improvements of the ERPs,
whereby the given improvements are calculated as an average of the two simulation
runs with 15 % and 30 % performance (cf. Tab. 6.9). We conclude that McDonald is
the most bene�cial site for both the TRF origin and the ERPs, which con�rms that this
station �lls a signi�cant gap in the current SLR network. McDonald and Hobart both
yield improvements in the TRF origin, predominantly, which is due to the currently
weak observation geometry for this parameter. McDonald, Hobart and Katherine all
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Table 6.9: Simulation assumptions for an extension of the Australian SLR network.

Statistics and performance assumptions

Pass performances of the exist-
ing network

station-speci�c average for GPS weeks 1825
(2014-12-28) to 2060 (2019-07-06)

Average network performance 11 %
Maximum performance 56 % (Yarragadee)
Additional stations 22 :5 % generated as average from two simulation

runs:
- run with 15 % performance (cf. Kehm et al.,
2019i ; this value is slightly above the average
performance of the network but is reasonable as
a lowest assumption for modern SLR)
- run with 30 % performance (as the minimum
performance of both current Australian SLR sys-
tems is close to 30 %)

Solution setup

Sampling weekly
Time span week 1825 (2014-12-28) to 2060 (2019-07-06)
Constellation 5 satellites (Etalon-1, Etalon-2, LAGEOS-1,

LAGEOS-2, LARES)
Observation scheme each pass simulated with 3 NPs at the beginning,

middle, and end (simultaneous observations of a
station to multiple satellites removed)

Noise/error assumptions

Observation (NP) noise 1 cm
Systematic errors switch of gravity �eld model (EIGEN6s to

GGM05S) and ocean tide and ocean loading
models (EOT11a to FES2004)

yield improvements in LOD (for Katherine, this e�ect can be seen mostly in the 30 %
performance run, with �WRMS � LOD � � � 1; 7 %; not shown in Tab. 6.12). Adding all
three stations together (Katherine, McDonald and Hobart) yields the largest improve-
ment in the TRF scale; for the translations, the results from both simulation runs di�er
(seen in the uncertainties, especially for the translations). The 15 % performance run
yields the largest improvement of 7 % in tz and 2 % in the scale, the 30 % run yields
improvements of 6 % in tx and 4 % in the scale.
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Table 6.10: Scenarios for additional Australian SLR systems.

Scenario existing network Katherine Hobart McDonald

0) i

11) i i
12) i i
13) i i

21) i i i
22) i i i
23) i i i

31) i i i i

Table 6.11: Improvement of the WRMS of the Helmert parameters for di�erent scenarios of
additional Australian SLR systems.

Scenario tx ty tz sc

0) { { { {

11) � 0:6 � 0:6 � 0:7 � 0:3 � 0:1 � 0:5 � 1:3 � 0:7
12) � 1:5 � 0:2 � 1:4 � 0:2 � 3:4 � 0:0 � 2:1 � 0:2
13) � 2:6 � 1:1 � 2:9 � 1:0 � 7:7 � 1:1 � 0:7 � 0:8

21) � 0:6 � 0:9 � 0:7 � 0:3 � 3:3 � 1:2 � 0:8 � 1:3
22) � 0:7 � 0:8 � 0:1 � 0:4 � 6:3 � 1:1 � 0:7 � 0:7
23) � 1:3 � 1:3 � 3:2 � 0:8 � 8:9 � 0:1 � 0:6 � 0:8

31) � 3:1 � 3:1 � 1:0 � 0:8 � 3:2 � 4:7 � 2:9 � 1:9

Table 6.12: Improvement of the WRMS of the ERPs for di�erent scenarios of additional Aus-
tralian SLR systems.

Scenario xpole ypole LOD

0) { { {

11) � 0:1 � 0:6 � 1:5 � 0:3 � 0:2 � 1:0
12) � 0:8 � 0:4 � 1:0 � 0:4 � 0:9 � 0:3
13) � 1:7 � 0:3 � 4:0 � 0:8 � 2:3 � 1:3

21) � 1:3 � 0:3 � 1:2 � 0:2 � 3:1 � 1:3
22) � 2:6 � 0:2 � 2:5 � 0:6 � 2:5 � 2:3
23) � 2:7 � 0:1 � 3:1 � 1:0 � 3:4 � 1:0

31) � 2:5 � 0:8 � 2:6 � 1:0 � 0:9 � 0:9
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6.6.3 Study C: Best location for a future SLR station

The study conducted by Kehm et al. (2019i ) aims to determine the regions where one
station added to the existing SLR network would be most bene�cial for the accuracy of
the estimated datum parameters and ERPs. The simulation study is again based on a
weekly SLR-only-derived epoch reference frame and has been performed as contribution
to GGOS-PLATO.

Within this study, we assume 42 di�erent potential sites. The sites are equal-area
distributed on a global grid, including the poles. We calculate 43 di�erent solutions out
of which one comprises the present SLR network (marked as triangles in Fig. 6.11) while
each of the remaining 42 solutions comprises the present network plus one additional
station located at one of the grid points (magenta dots in Fig. 6.11). As in the previous
simulation studies, we calculate weekly solutions. In contrast toStudy A, the simulated
period of time has been extended to a time span of �ve years from 2012-12-30 to 2018-
01-06.

The simulation conditions and performance assumptions have been chosen similar to
Study A, but with some modi�cations: As the SLR system at the Argentinean-German
Geodetic Observatory (AGGO; H�afner, 2019) is expected to be operational in the near
future, it has been considered to be part of the already operational network and has
been assigned a performance of 15 % (a value close to the average performance of the
existing network of 13 %). LFor each of the other simulated additional stations (i.e.,
each of the equal-area distributed sites), a common performance of 20 % has been
assigned. This common value has been chosen on purpose: We are assuming further
improvement of the systems in the foreseeable future; i.e., automated stations equipped
with, e.g., kilohertz lasers, fast-slewing telescopes, improved daytime tracking, being
able to exploit a much larger amount of the (sometimes short) phases where a satellite
is trackable. This would presumably also increase the number of measured passes
during predominantly bad weather conditions. Our assumption stands in contrast to
simulations using station performances derived from the basis of a total cloud coverage
(TCC), [an approach chosen by some of the simulation studies mentioned in Sect. 6.1].
As, e.g., pointed out by Glaser et al. (2019a), the TCC alone is not the only aspect
that has an e�ect on the performance of a station and would { neglecting all other
performance-relevant aspects { allow for a performance higher than 20 % for all of the
existing stations (Fig. 3 in Glaser et al., 2019a).

Free of these imponderables, we thus decided to assign a common performance value
of 20 % to each of the additional stations. This could be de�ned as our \minimum
performance goal" for modern laser systems. With a latitude-dependent minimum
of 4 and 5 passes per week on the LARES and LAGEOS satellites, resp., each of
the assumed sites would ful�l the ILRS Pass Performance Standard5 de�ning a �xed
minimum number of 3500 observed passes per year on all satellites, among them 600

5 ILRS Pass Performance Standard, Revision 2015. URL: https://ilrs.gsfc.nasa.gov/network/s
ystem_performance/index.html (2022-06-15).
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passes on the LAGEOS-class (LAGEOS-1, LAGEOS-2, LARES) satellites (i.e., 4 passes
per week on each LAGEOS-class satellite). The aim of the present study is to de�ne
potential sites for additional stations given the precondition of comparable conditions
at each of these sites.

Figure 6.12: i Improvement of the WRMS of the ERPs by one additional SLR station (note
the di�erent scales; for visualisation a triangulation-based natural neighbour
interpolation was applied between the grid points). Red triangles mark the
existing network, green circles the additional stations.

Figure 6.12 shows the results for the improvement of the estimated ERPs. It can be
clearly seen that the impact of an additional station is systematically a�ected by the
geographical dependence of the sensitivity to a certain ERP which is related to the axes
along which the pole coordinates are de�ned. The maximum improvements for the pole
coordinates could be achieved with stations in the polar regions (improvements up to
4:5 % and 7 % for xpole and ypole, respectively) as well as in equatorial regions along
the planes through 30X W and 180X longitude for xpole (de�ned in the direction of the
zero meridian) and through 90X E and 90X W for ypole (de�ned in the direction of 90X

W) with a maximum of about 3 % for both pole coordinates. LOD is predominantly
improved by stations in the equatorial region (maximum e�ect of Earth’s rotation),
but to a smaller extent by up to 1:5 % (note the di�erent scaling of the colour bars
in Figure 6.12). It is clearly visible that the potential for improvement is largest for
ypole with up to 7 % WRMS improvement, as the xpole plane is already covered by a
large number of stations in Europe (close to 0X longitude). This is also the reason
why the improvement in the plane of 0X longitude is reduced and shifted towards the
West into the Atlantic ocean, the \gap" between the European/African and American
sub-networks. LOD is already well determined due to a distribution of the existing
SLR stations in West-East direction. In general, an additional station in the southern
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hemisphere has a larger potential to improve the estimated ERPs. Moreover, especially
sites in the polar regions could help to improve the pole coordinates.

Figure 6.13: i Improvement of the WRMS of the Helmert parameters by one additional SLR
station (note the di�erent scales; for visualisation a triangulation-based natural
neighbour interpolation was applied between the grid points). Red triangles
mark the existing network, green circles the additional stations.

Figure 6.13 shows the geographical dependence of the impact of an additional SLR
station on the estimated datum parameters. The results follow a less systematic pattern
than the ones obtained for the ERPs. Whereas the potential for improvement of the
x-translation tx is a WRMS reduction of up to 2:5 %, larger improvements can be
achieved for the y-translation ty by additional sites in the North of South America and
the northern parts of the Australian continent (WRMS reduced by up to 4 %), as well as
in Antarctica (WRMS reduction C5{7 %). The z-translation tz is mainly improved by
stations in the Paci�c Ocean region, America, and around the Arctic (WRMS reduction
up to 4:5 %). The WRMS of the scale can be improved signi�cantly by up to 2:2 %
by stations in America, the Indian Ocean, Australia and Antarctica, as well as to a
smaller extent (WRMS reduction up to 1:5 %) by sites in Canada, the Paci�c Ocean
and the North of South America. The rough pattern of these results coincides with
the results obtained by Otsubo et al. (2016), especially the large impact of additional
stations in Antarctica on ty and in South America on all three translations as well as
the generally lower potential of improvement for the scale.N

One of our conclusions from the study is that an additional SLR site in or close to
the Antarctic should be one of the priorities for further investigation on an extended
SLR ground segment. LHowever, due to the exterior conditions like a rather high
cloud coverage and snow and ice particles transported by katabatic winds, the actual
tracking capability of an SLR site at these locations might be lower than the 20 % station
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performance assumed here. In order to be able to give a measure for the impact of
worse tracking conditions on our results, we performed an additional simulation for the
grid point located at 75X S, 120X E, in an area located between the existing Syowa and
McMurdo sites already being equipped with VLBI. [The site is marked with \AE" in
Fig. 6.11.] We assigned a performance of 7 % (half of the average performance of the
existing network) and re-performed the analysis for this grid point. With on average 3
passes per week on LAGEOS-1 and LARES and 2 passes per week on LAGEOS-2, this
station would perform below the ILRS Pass Performance Standard.

Table 6.13: i WRMS improvement [%] of the ERPs for an additional SLR site in Antarctica
(\AE" in Fig. 6.11) with assumed performances of 20 % and 7 %.

Performance xpole ypole LOD

20 % � 4:3 � 4:8 � 1:0
7 % � 1:5 � 1:4 � 0:3

As to be expected, the resulting improvements of the WRMS of the weekly solutions
w.r.t. the a priori parameters get smaller. For the datum parameters, this is signi�-
cantly visible for the y-translation ty where the improvement decreases from 6:4 % to
2:3 %, i.e., by a factor of 2.8. The x- and z- translations and the scale are not largely
a�ected as their improvements have already been rather small for this station. In case
of the ERPs, the improvements decrease by a factor of 3.3 on average (cf. Tab. 6.13).
Thus, if a single station is added to the network but achieves only about one third of
the performance we aim at, a signi�cant reduction in the WRMS improvement will be
seen; however, the improvements of about 2:3 % (ty ) and 1:5 % (pole coordinates) by
one single station are still signi�cant, keeping in mind that the maximum values that
can be obtained by adding a single station with 20 % performance are at a level of
2{7 % for the TRF-de�ning parameters as well as for the pole coordinates. This is due
to the large improvement of the network and observation geometry by an SLR site in
such a location.N

6.7 Summary and discussion of the results

Within the previous sections, we investigated scenarios to improve the sensitivity of
SLR to geodetic parameter groups related to the datum of terrestrial reference frames.
Thereby, we could show that extending the SLR space segment by processing more
observations to satellites that are already tracked would have two signi�cant impacts,
namely

(1) a decorrelation of various geodetic parameter groups estimated from SLR, and

(2) an improved sensitivity of the observations to the low-degree Stokes coe�cients.
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Both aspects in combination signi�cantly improve the combined estimation of geodetic
parameters. Consequently, including all spherical SLR satellites available into the ILRS
products is crucial to achieve the goal of a fully physical realisation of a TRF datum in-
cluding its orientation, or to study the variation of the Earth’s principal axes of inertia
with respect to the conventional TRF datum. In this context, as updated centre-of-
mass correction tables currently are available only for selected satellites (Rodr��guez
et al., 2019), we consider it essential that these tables be extended for the remaining
spherical satellites. Outreaching beyond the current situation, we simulated an addi-
tional satellite in a highly elliptic orbit, as it has been proposed within the framework
of the E-GRASP/Eratosthenes mission proposal. Our simulation results indicate that
such an orbit would signi�cantly contribute to a more stable estimation of certain low-
degree Stokes coe�cients. Adding such an orbit to the constellation would especially
help to decorrelate C2;0 and the right ascensions of the ascending nodes of the satel-
lite orbits, meaning that the geodetic parameters describing the physics of the Earth
can be more reliably separated from those describing the constellation-related celestial
mechanics.

Further simulation studies put focus on potential extensions or improvements of the
SLR ground segment. Thereby, especially the repeatability of epoch-wise derived TRF
datum parameters and ERPs have been our focus. We conclude that two components
contribute to improving the realisation of SLR-derived TRFs and ERPs: First, improv-
ing the performance of the existing stations, and second, improving the geometry of the
network. While the relative improvement of all parameters with respect to the current
situation is highly dependent on the network performance (with a very high impact in
case of very high performances, which is, however, unrealistic), it turns out to be crucial
to �ll gaps in the observational network of SLR. While the ERPs are already deter-
mined quite well by the existing network, the TRF datum parameters can be improved
signi�cantly by additional stations, especially in the Southern hemisphere. Our results
indicate that an enhancement of the station-speci�c pass performances from 13 % on
average to a minimum performance goal of 20 %, for example by automatisation of the
systems, should go hand in hand with establishing new stations in selected regions.

Going more into detail, we see that the optimal place for an additional SLR station is
strongly dependent on the parameter of interest. We conclude that a reliable estimation
of ERPs requires the SLR stations to be systematically distributed around the TRF
axes’ pierce points. To realise the TRF datum parameters, it turns out to be most
valuable to �ll gaps in the existing global station distribution, i.e., in and around the
Paci�c and Indian Oceans, Southeast Asia, and the polar regions. Consequently, the
future station at Ny- �Alesund (cf. Pearlman and Noll, 2018) should be complemented
by an additional station in the Antarctic region, as both prove valuable for both the
ERPs and the TRF datum parameters. Such a station could be established at an
existing VLBI site, as it is under investigation in case of the Japanese site Syowa (cf.
Aoyama et al., 2017), and { as investigated in an additional scenario { also proves to
be signi�cant even if the local conditions do not allow to meet the performance goal of
20 %.
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One main limiting factor of the performance of SLR stations are the actual, and po-
tentially changing, local weather conditions, while our simulation studies relied on
performance assumptions that have been kept constant over the simulation period.
Consequently, any location for an additional SLR site should undergo a thorough in-
vestigation before a decision to erect a new system is taken. First of all, one should
consider co-location sites with other techniques that allow for a better linking of the
di�erent space-geodetic observing networks via local ties, as their availability and dis-
tribution are very important factors that impact the reliability of the datum realisation
for combined networks (Chapt. 5). In this context, Glaser et al. (2019a, b) con�rm
that the availability of well distributed and precisely measured local ties is crucial to
be able to realise a consistent datum for all space-geodetic techniques contributing to
a multi-technique reference frame. The focus of the simulation studies presented here
has been on SLR-derived TRF datum parameters and ERPs only. Thus, in view of
precise orbit determination, also other locations for additional SLR sites might turn
out to be valuable.

Taking into account the aforementioned results and bearing in mind the increasing cost,
we draw the following conclusions: First of all, the ILRS ACs should aim to include
observations to all available spherical satellites into their routine products in order
to exploit these observations for the determination of reliable geodetic parameters.
Second, one should focus on improving the performances of the stations in the existing
SLR network. This could be done by automated systems that do no longer rely on
permanent on-site sta�. Third, one should consider establishing new SLR stations in
regions with low coverage. While we could demonstrate that �lling the gaps in the
observational network is highly bene�cial for the SLR-derived geodetic parameters, the
�rst priority should be to establish additional co-location sites with other space-geodetic
techniques to enhance the distribution of local ties.
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This doctoral thesis presents a strategy to integrate currently available observation
data of SLR, VLBI, and GNSS to realise an epoch-wise stable datum for a regional
epoch reference frame. The datum is realised from global networks, whereby the goal
parameters are the station coordinates from a regional network, in our case the Latin
American SIRGAS GNSS station network. In this context, Chapter 5 addresses our
�rst research question, namely

RQ 1 To what extent do currently available space-geodetic observations allow
to realise a regional reference frame that is geocentric at any epoch,
epoch-wise for short periods, and has a stable datum?

The implemented strategy compensates for the network e�ects of SLR and VLBI in
order to achieve a reliable epoch-wise realisation of the origin and scale of the epoch
reference frame. Thereby, the information content of the technique-speci�c normal
equations of SLR and VLBI is �ltered prior to the combination with GNSS. The �ltering
approach is designed to bridge observational gaps of individual stations up to several
weeks, whereby only the stochastic model is modi�ed in order to omit introducing
external information about potential station motions. Comparisons with the JTRF2014
and geophysical models indicate that the realised station position time series reect
motions in a geocentric frame (cf. Sect. 5.5). The chosen �ltering approach allows
to bridge approximately 75 % of the observational gaps of both SLR and VLBI. This
means that the approach achieves both a stabilisation of the datum parameters realised
from SLR and VLBI and a more reliable datum transfer between the technique-speci�c
networks due to an improved availability and distribution of local ties. Reecting
geocentric motions, the approach is suitable to study regional geophysical e�ects on
short and long time scales. Avoiding the alignment of the datum to a global multi-year
TRF, the approach does not rely on external and, in the extrapolation period of the
multi-year TRF potentially degrading, information for the datum parameters origin
and scale. With that, the approach can serve as independent reference for various
applications in geosciences.

The results are based on a reprocessing of the available observations resulting in normal
equation input data that are, or soon could, similarly be routinely provided by the IAG
Scienti�c Services and the regional network analysis centres. Thereby, the realisation
of the origin and scale relies on a fully reprocessed SLR constellation according to the
future ILRS setup comprising �ve satellites and on a reprocessed VLBI contribution
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according to the most recent standards and conventions. These global networks have
been combined with a fully reprocessed globally-extended GNSS network that comprises
all stations of the Latin American SIRGAS network plus the globally-distributed IGS
sites in order to exploit all co-locations and to have a homogeneous network to apply a
NNR constraint to realise the orientation. These global networks have been combined
via local ties in order to transfer the datum information from SLR and VLBI (i.e., origin
and scale) to the GNSS network and vice-versa (i.e., the orientation). As the approach
relies on global networks and does not necessarily require local ties (or, in the classical
sense, �ducial points) in the region of interest, the concept can be transferred to any
other global region, including regions that have high geophysical activity limiting the
number of locally available co-location sites with precisely measured local ties.

The results show that the space-geodetic techniques SLR, VLBI, and GNSS can be in-
tegrated to determine a reliable and epoch-wise datum, provided that the data undergo
a �ltering for the sake of datum stability issues caused by de�ciencies of the networks.
Thereby, it clearly turns out that the reliability of the realised origin is fully dependent
on the SLR contribution. In this context, Chapter 6 addresses the second of our two
research questions, namely

RQ 2 To what extent can further enhancements in the SLR space and ground
segments improve the reliability of SLR-derived geodetic parameters with
relation to the TRF datum?

While it is well known that SLR is crucial to determine the TRF origin, the results in-
dicate that the potential of this space-geodetic technique, to date, is not fully exploited.
Calculating multi-satellite solutions that integrate observations to up to 11 spherical
satellites into one common solution, it can be shown that it is possible to decorrelate
the di�erent parameter groups to which SLR observations are sensitive, namely the
satellite orbit parameters from the gravity �eld coe�cients and the ERPs. This is an
essential prerequisite for the integrated realisation of gravity and geometrical reference
frames (having in mind that the TRF datum and the low-degree Stokes coe�cients of
the Earth’s gravity �eld model are interdependent, cf. Sect. 3.1) as well as ERP time
series, i.e., the di�erent parameter groups to be integrated by GGOS (cf. Sect. 6.3).
Simulation studies point out the relevance of further extensions and enhancements
of the SLR space and ground segments. While a satellite in a highly elliptic orbit
could be highly bene�cial to improve the tesseral and sectoral low-degree coe�cients
of the Earth’s gravity �eld model (cf. Sect. 6.5) { a crucial issue with respect to the
physical realisation of the TRF orientation { a more homogeneous distribution of the
global network of observing stations is indispensable to stabilise the derived geodetic
parameters and should go hand in hand with a further enhancement of the station
performances. Simulations of possible future scenarios show that the WRMS of the
Helmert parameters can be reduced by up to 24 % if the station network is extended
by eight globally-distributed stations, and by up to 41 % if, in addition, the station
performances are increased toC20 % (cf. Sect. 6.6).
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Having answered the two research questions posed in the beginning leads
to the following conclusion:

Reliable epoch-wise short-term realisations of the ITRS require high-performing space-
geodetic networks with homogeneous global coverage. This is of special relevance for the
SLR network as this is the only technique allowing to realise the TRF origin with high
accuracy.

The results demonstrate that the performance of the observational network has a sig-
ni�cant impact on the reliability of the datum parameters realised. While observers
should aim to avoid gaps in the observation time series and enhance the performances
of the existing stations, analysts can try to compensate for remaining gaps through an
appropriate �ltering of the data. Both steps are essential to improve the long-term sta-
bility of the geodetic parameter estimates. Extending the ground and space segments of
SLR further decorrelates the geodetic parameter groups related to the TRF datum and
further improves the sensitivity of the observations to the low-degree Stokes coe�cients
that represent the physical realisation of the TRF datum. Finally, establishing new
co-location sites with other space-geodetic techniques is essential to guarantee a reliable
realisation of the geodetic datum in multi-technique combined reference frames.

In the future, SLR will gain relevance within the context of millimetric TRF realisa-
tion. Although investigations on exploiting other satellite techniques, mainly GNSS,
do already deliver promising results, for the foreseeable future there is no alternative to
SLR as the only space-geodetic technique realising the TRF origin with high accuracy.
On the long term, a high-performing global SLR network will be a central contribution
to the combined multi-satellite technique realisation of the TRF datum. While these
solutions are developed, SLR will have the central role to provide the reference for
validation of the datum realisation performed by the other satellite techniques.

In the context of exploiting existing and potential co-location sites, a review of the
current non-standardised procedures of providing local ties should be considered, as it
would be valuable if local ties would be re-measured and provided on a standardised
regular basis. Moreover, the issue of using space ties for a more rigorous combination of
the space-geodetic techniques should be investigated. In this context, the processing of
SLR observations to GNSS satellites could be valuable to strengthen the link between
those two space-geodetic networks, which could be a signi�cant step towards meeting
the ambitious goals of GGOS, namely the realisation of TRFs at sub-millimetre level.

Geocentric regional epoch reference frames available in (near-)real time with a stable
datum have the potential to serve as a common reference to integrate di�erent obser-
vation types from geodesy and geophysics in order to study local geophysical e�ects at
low latencies. In this way, they can be a valuable complement to multi-year reference
frames like the ITRF and sub-secular reference frames like the JTRF, which will re-
main the benchmarks for high-precision positioning and navigation relating to a stable
reference over long time spans or for the precise determination of satellite orbits.
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Acronyms

AC Analysis Centre.
AGGO Argentinean-German Geodetic Observatory.

BASH Bourne-Again Shell.
BIH Bureau International de l’Heure.
BKG Bundesamt f�ur Kartographie und Geod�asie/Federal

Agency for Cartography and Geodesy.
BLITS Ball Lens In The Space.
BNO Bureau for Networks and Observations.
BTS Bureau International de l’Heure Terrestrial System.

Caltech California Institute of Technology.
CF centre-of-�gure.
CM centre-of-mass.
CRF celestial reference frame.
CRS celestial reference system.

DB Directing Board.
DGFI-TUM Deutsches Geod�atisches Forschungsinstitut at the

Technical University of Munich.
DIGERATI DIrect GEocentric Realisation of the American ref-

erence frame by combination of geodetic observation
TechnIques.

DOGS DGFI Orbit and Geodetic Parameter estimation
Software.

DOGS-CS | Combination and Solution library.
DOGS-RI | Radio Interferometry software.
DOGS-OC | Orbit Computation software.
DORIS Doppler Orbitography and Radiopositioning Inte-

grated by Satellite.

E-GRASP European Geodetic Reference Antenna in Space.
EOP Earth orientation parameter.
ERF epoch reference frame.
ERP Earth rotation parameter.
ESA European Space Agency.
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Acronyms

ESMGFZ Earth System Modelling group at the Deutsches Geo-
ForschungsZentrum Potsdam.

ETRS89 European Terrestrial Reference System 89.
EUREF Reference Frame Sub Commission for Europe.

GCRS geocentric celestial reference system.
GFC gravity �eld coe�cient (Stokes coe�cient).
GFZ Deutsches GeoForschungsZentrum Potsdam/GFZ

German Research Centre for Geosciences.
GGOS Global Geodetic Observing System.
GGOS-PLATO | Committee on Performance Simulations and Ar-

chitectural Trade-O�s.
GNSS Global Navigation Satellite Systems.

HEO High Earth Orbit.

IAG International Association of Geodesy.
IAU International Astronomical Union.
ICRF International Celestial Reference Frame.
ICRS International Celestial Reference System.
IDS International DORIS Service.
IERS International Earth Rotation and Reference Systems

Service.
IGN Institut national de l’information g�eographique et

forestri�ere.
IGS International GNSS Service.
ILRS International Laser Ranging Service.
ITRF International Terrestrial Reference Frame.
ITRS International Terrestrial Reference System.
IUGG International Union of Geodesy and Geophysics.
IVS International VLBI Service for Geodesy and Astrom-

etry.

JPL Jet Propulsion Laboratory.

LAGEOS Laser Geodynamics Satellite.
LARES Laser Relativity Satellite.
LEO Low Earth Orbit.
LOD length-of-day.
LT local tie.

MEO Medium Earth Orbit.

NASA National Aeronautics and Space Administration.
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Acronyms

NEQ normal equation.
NNR no-net rotation.
NNS no-net scale.
NNT no-net translation.
NP normal point.
NT-L non-tidal loading.

PM polar motion.

RMC rotational minimal constraints.
RMS root mean square.
RQ research question.

SINEX Solution INdependent EXchange format.
SIRGAS Sistema de Referencia Geod�esico para las Am�ericas.
SLR Satellite Laser Ranging.
Starlette Satellite de Taille Adapt�ee avec R�eecteurs pour les

Etudes de la Terre.

TCC total cloud coverage.
TCG Temps Coordonn�e G�eocentrique.
TRF terrestrial reference frame.
TRS terrestrial reference system.
TUM Technische Universit�at M�unchen/Technical Univer-

sity of Munich.

UT1 Universal Time (No. 1).
UTC Coordinated Universal Time.

VLBI Very Long Baseline Interferometry.

WESTPAC Western Paci�c Laser Tracking Network.
WRMS weighted root mean square.
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Appendix

Figure A.1: i Solutions from Study A. The x-axes represent the minimum station performance,
the y-axes represent the simulation noise of a scenario. First column: relative
WRMS improvement w.r.t. reference scenario (� sim � 10 mm, real performances),
starting with 0 % improvement in the upper left of a plot (red circles). Second
column: same as before but with extended station network, i.e., combined e�ect
of technical improvement and network geometry. Third column: e�ect of network
geometry only, i.e., relative improvement between scenarios with current and the
extended station networks assuming the same noise and performance conditions.
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Figure A.2: i Improvement of the WRMS of the station coordinates from Study A. Only sta-
tions present in the solutions within the same number of weeks are compared.
Shown is the average WRMS improvement due to an improved network geometry
(red) and due to improved station performances (blue). WRMS reductions given
in percentage w.r.t. the WRMS of the reference solution. The sum of the red and
blue bars reects the combined e�ect (grey). The indicated performance improve-
ment (bottom, orange) is the di�erence between a station’s real performance and
its improved performance of 20 % at minimum. If it is zero, the station’s perfor-
mance has already been equal to or higher than 20 % in the reference scenario.
Stations sorted by latitude from South to North.
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